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Abstract

Benign overfitting is a phenomenon in machine learning where a model perfectly fits (interpolates)
the training data, including noisy examples, yet still generalizes well to unseen data. Understanding
this phenomenon has attracted considerable attention in recent years. In this work, we introduce
a conceptual shift, by focusing on almost benign overfitting, where models simultaneously achieve
both arbitrarily small training and test errors. This behavior is characteristic of neural networks,
which often achieve low (but non-zero) training error while still generalizing well. We hypothesize that
this almost benign overfitting can emerge even in classical regimes, by analyzing how the interaction
between sample size and model complexity enables larger models to achieve both good training fit but
still approach Bayes-optimal generalization. We substantiate this hypothesis with theoretical evidence
from two case studies: (i) kernel ridge regression, and (ii) least-squares regression using a two-layer
fully connected ReLU neural network trained via gradient flow. In both cases, we overcome the strong
assumptions often required in prior work on benign overfitting.

Our results on neural networks also provide the first generalization result in this setting that does
not rely on any assumptions about the underlying regression function or noise, beyond boundedness.
Our analysis introduces a novel proof technique based on decomposing the excess risk into estimation
and approximation errors, interpreting gradient flow as an implicit regularizer, that helps avoid uniform
convergence traps. This analysis idea could be of independent interest.
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1 Introduction

Traditional statistical learning theory posits that overfitting impairs generalization, advocating for models
with capacity balanced between under- and overfitting, as illustrated by the U-shaped excess risk curve
(Gyorfi et al., 2006; Hastie et al., 2009). However, recent observations—particularly in overparameterized
neural networks that interpolate noisy data yet generalize well—have challenged this view, giving rise to
the “benign overfitting” phenomenon and spurring significant theoretical interest. A related trend is the
double descent effect, where the excess risk decreases again as model complexity increases beyond the
interpolation threshold, see e.g., Belkin et al. (2019).

In this paper, we investigate whether models can simultaneously achieve vanishing empirical risk (i.e.,
overfit to the noisy training data) while also attaining vanishing excess risk (i.e., generalize well). Departing
from prior works that focus on exact interpolation, we consider models that nearly interpolate—training
error is arbitrarily small but non-zero. This setting better reflects practical scenarios, where neural network
training typically results in small, but non-zero, training error. Throughout this paper, we adopt this
broader interpretation of the term benign overfitting to refer to scenarios where both the empirical risk
and excess risk are arbitrarily small (see Definition 1), rather than requiring exact interpolation.

We operate in the “classical regime” in the risk vs. model complexity plot, and provide theoretical
evidence that benign overfitting can, in fact, occur even in the classical regime, represented by the
U-shaped curve. This serves as a counterpoint to the predominant view in the literature that benign
overfitting is a phenomenon that occurs outside the classical regime. The key insight is that the risk
versus model capacity plots are, to our knowledge, almost always plotted for fized sample size', whether
it is the classical U-shaped curve, or the double (or indeed multiple) descent curves proposed in recent
years, or the multidimensional curves of (Curth et al., 2023). This omission is somewhat surprising, as the
sample size is a crucial element in assessing the ability of a model to fit the training data and to generalize
to unseen data. By carefully analyzing the relationship between sample size, model complexity, and the
nature of their effect on the empirical and excess risks, we prove that, with some commonly used ML
models, benign overfitting can occur in what is considered the classical regime. This allows us to avoid
the assumptions commonly made in prior works on benign overfitting—such as high input dimensionality,
specific structural properties of the regression function, or prescribed eigenvalue decay patterns of the
feature covariance matrix, see e.g. the survey by Bartlett et al. (2021).

Our Contributions. We start with an in-depth investigation into the risk versus model capacity plots.
Unlike previous works, we explicitly add sample size into the picture, and study the nature of the joint
effect of the model complexity and sample size on the risks. We hypothesize that benign overfitting can
occur in the classical regime, i.e., the trough of the U-shaped curve. We provide evidence supporting
this hypothesis by theoretically establishing benign overfitting in two foundational cases: i) kernel ridge
regression (KRR), and (ii) regression with two-layer fully connected ReLU neural network trained by
gradient flow. All of our results are non-asymptotic and hold with high probability. Notably, they also
hold on low-dimensional inputs.

As an initial illustration, we theoretically validate this hypothesis in the case of kernel KRR, in
which the model complexity is given by the reproducing kernel Hilbert space (RKHS) norm, which
in turn is controlled by a single regularization parameter. Our proof is based on integral operator
techniques (Caponnetto and De Vito, 2007; Park and Muandet, 2020), and does not rely on uniform
convergence. Also, unlike previous results on benign overfitting with KRR (e.g., Liang and Rakhlin (2020);
Barzilai and Shamir (2024) who impose heavy assumptions on the spectral decomposition of the regression
function), we impose minimal assumptions on the true regression function and the noise — just that they
are both bounded.

Our main technical contribution is the analysis of least-square regression using two-layer ReLU neural
networks trained via gradient flow, wherein we establish the first benign overfitting result in this setting?
We make no assumptions on the underlying regression function or the noise, other than that they are
both bounded. Establishing benign overfitting requires understanding generalization. We provide high-
probability generalization guarantees for arbitrary regression functions, addressing a fundamental open
question in the theory. We impose assumptions that the network width as well as the sample size are

1Some exceptions exist, for example, Nakkiran et al. (2021, Figures 11 & 12).
2The use of ReLU activations introduces additional challenges due to the non-differentiability of the resulting loss function.
In contrast, extending our approach to smooth activations would yield simpler proofs.



sufficiently large (but still finite), which, together with the fact that we are doing gradient flow, means
that we are in the NTK regime (Jacot et al., 2018)3 Here, the model complexity has two dimensions: the
network width and the duration of gradient flow. The proof contains multiple novelties. (i) Decomposition
of the excess risk into approximation and estimation errors, inspired by the integral operator technique in
KRR, with gradient flow viewed as implicit regularization. (ii) Extension of a bound on the Hadamard
product of matrices to integral operators for the approximation error proof. (iii) Side-stepping uniform
convergence in the estimation error proof by concentrating only at initialization, using novel results on
concentration of vector-valued U- and V-statistics (Lee, 1990), and using repeated integration to obtain
bounds at later times. Furthermore, we show that under the same high-probability event, under the same
set of assumptions on the relative scaling of input size, dimension, and network width, these networks
also exhibit overfitting behavior, thus establishing benign overfitting. We validate these results through
experiments on both real and synthetic datasets.

Finally, we stress that, due to technical challenges, we did not optimize bounds on various parameters
like sample size, and we believe tighter bounds are possible with refined analysis. We also like to point
that several novel tools in our proofs may independently interest the community.

Related Works. Benign overfitting is a challenging phenomenon to analyze theoretically, and therefore
researchers took to analyzing it in simple models, such as linear regression (Bartlett et al., 2020; Muthuku-
mar et al., 2020; Zou et al., 2021; Koehler et al., 2021; Chinot and Lerasle, 2022), kernel regression
(Ghorbani et al., 2020; Liang and Rakhlin, 2020; Liang et al., 2020; Montanari and Zhong, 2022; Mallinar
et al., 2022; Xiao et al., 2022; Zhou et al., 2024; Barzilai and Shamir, 2024; Cheng et al., 2024) or random
feature regression (Ghorbani et al., 2021; Li et al., 2021; Hastie et al., 2022; Mei and Montanari, 2022).
Extensions to neural network classifiers have emerged (Frei et al., 2022; Cao et al., 2022; Frei et al.,
2023; Xu and Gu, 2023; Kou et al., 2023; Kornowski et al., 2023; Zhu et al., 2023; Harel et al., 2024;
Xu and Chen, 2025; Wang et al., 2024), though these often rely on margin-based techniques specific to
classification. Zhu et al. (2023) study benign overfitting of deep networks in the NTK regime for the
classification problem. They also discuss the regression problem, but the result is an expectation bound of
the excess risk rather than a high-probability bound, and their solution is not explicitly shown to overfit
that we do. Additionally, as with some prior works, they also rely on an assumption that the regression
function lives in the RKHS of the NTK, that we do not make here. The concept of overfitting was recently
categorized as “benign”, “tempered”, or “catastrophic” based on the behavior of the excess risk in the limit
of infinite data (Mallinar et al., 2022).

While prior non-asymptotic analyses of KRR provide sharp excess risk bounds under weak assumptions
(Caponnetto and De Vito, 2007; Rudi and Rosasco, 2017; Mourtada and Rosasco, 2022), they do not
address the simultaneous minimization of empirical and excess risks in noisy settings—except under strong
spectral assumptions (Liang and Rakhlin, 2020; Barzilai and Shamir, 2024). In contrast, we show benign
overfitting with minimal assumption on the regression function and noise, even in low dimensions.

As noted, existing proofs of benign overfitting typically rely on strong assumptions and high-dimensional
settings. In contrast, numerous negative results rule it out in fixed dimensions, particularly for kernel
methods (Rakhlin and Zhai, 2019; Buchholz, 2022; Haas et al., 2023; Beaglehole et al., 2023; Li et al.,
2024; Medvedev et al., 2024; Yang, 2025) and interpolating neural networks (Joshi et al., 2024). We
address these apparent contradictions in Section 2.

A more in-depth discussion of several additional related works is postponed to Appendix A.

Notations. Let x € R? and y € R be random variables*. We make a standard assumption from the
literature, e.g., (Arora et al., 2019; Mei and Montanari, 2022; Razborov, 2022) , that x follows the uniform
distribution on the sphere S?~!, denoted by pg_1. ° We denote the space of square-integrable (with
respect to pg_1) functions by L?(pg_1), with norm [|-]|o. We assume that |y| is almost surely bounded
above by 1:

P(yl<1) =1 (Iyl-Bound)

3This regime (a.k.a. lazy training regime) informally refers to the behavior that network parameters experience minimal
change (in the Frobenius norm) from their random initialization throughout training (Razborov, 2022; Montanari and Zhong,
2022). Refer Appendix A for discussion on additional NTK-related work.

4We use uppercase letters for matrices, bold lowercase for vectors, and regular lowercase for scalars, without distinguishing
random variables from their values; context will make meanings clear.

5Note that while this assumption is violated in our real data experiments, our hypothesis continues to hold.



We consider the problem of estimating the regression function f*:R? — R defined by f*(x) = E[y | x].
Then clearly, P(|f*(x)| > 1) = P(|Ely | x]| > 1) < P(E[ly| | x] > 1) < 0, so the essential supremum
ess SuPyega—1|f*(x)| < 1 and we have

P(f =) <1) =1, [£*]l2 < 1. (f*-Bound)

Define the noise variable £* =y — E[y | x] = y — f*(x); evidently, E[¢*] = 0. We make no assumption
on the noise generation process other than boundedness. For n € N and i = 1,...,n, let {(x;,yi, &)},
be i.i.d. copies of (x,y,£&*). Also, define the feature matriz, the label vector and the noise vector as

XlT Y &
X:=|: | erR™ yi=|:1]€eR" &=\ :|eR™

We consider the square loss, (y,') — (y —%')? : R x R — R. For a function f : R? — R, the population
risk (or test error, or generalization error) of f is

It is straightforward to see that R is minimized by f*. The main quantity of interest in generalization is
the excess risk of f, defined by

Excess Risk: R(f) — R(f*) = |If — f*|5.
Now write f = (f(x1), ..., f(x,))" € R™.% Then the empirical risk (or training error) of f is

Z (f(xi) — yi)2~

=1

Empirical Risk: R(f) =

S|

Definition 1 (Benign Overfitting). A learning algorithm A : {(x;,y;)}7q — f takes as input an i.i.d.
sample of n noisy data points (as defined above), and outputs a function f :RY —» R. We say that a
(possibly random) learning algorithm A achieves benign overfitting if, for all €,6 > 0, there exists some
n such that, with probability at least 1 — §, we simultaneously have vanishing excess risk and vanishing
empirical risk:

Empirical risk: R(f) <& and Excess risk: R(f) — R(f*) <.

2 Adding Sample Size to the Risk vs. Model Complexity Plots

In this section, we investigate various scenarios that can occur in the risk versus model complexity plot”,
taking into account the sample size. We highlight one scenario in which benign overfitting occurs in
the classical regime of U-shaped excess risk curve (Figure 1(b)), with proofs covering two concrete cases
provided in later sections. We also offer hypotheses on which scenario/regimes existing results (both
positive and negative) on benign overfitting reside in (Figure 1(d)).

Figure 1(a) shows a classical U-shaped excess risk and monotonically decreasing empirical risk, for a
fized sample size. As the sample size increases, two possible scenarios may occur.

Scenario 1: First is the well-specified case (Figure 1(c)), whereby the learning algorithm at the trough
of the U-curve is able to produce the true underlying regression function, f*. This is typically true in
well-specified, simple, parametric models. As an example, consider well-specified linear regression, where
f*(x) = BTx for some B € R% Then regardless of the sample size, the model with the lowest excess risk

6We will use bold letters to denote that evaluation on the training set {(x1,¥1), ..., (Xn, yn)} has taken place; the non-bold
letters denote their population counterparts.

"For clarity, we illustrate using a single-dimensional model complexity with a U-shaped excess risk curve, though real-world
complexity is often multidimensional and the curve need not be U-shaped (Curth et al., 2023). Note also that we plot the
excess risk rather than the usual population risk used commonly in such plots.
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Figure 1: Dashed and solid lines show empirical and excess risk, respectively. On plots (b), (c) and (d),
black, blue and red curves are in order of increasing sample size. The vertical dotted lines represent the
model complexity of the model under consideration, and the points where the empirical and excess risk
curves cross and stay over are marked with * (which may not necessarily happen at the troughs of the
U-curves). In (a) and (c), the model is taken at trough of the stationary U-curve, and in (b), the model is
taken at the troughs of the moving U-curve. In (d), the model is taken in the interpolation regime.

is found by minimizing the empirical risk with f (x) = ATx (corresponding to the vertical dotted line in
Figure 1(c) at the trough of the U-curves), and any deviation from this model complexity, for example by
adding more features, will produce poorly generalizing models. With more data, the excess risk decreases
toward the Bayes-optimal level, but the empirical risk increases with sample size and approaches the noise
level, so benign overfitting does not arise.

Scenario 2: The more interesting case for modern learning algorithms is represented in Figure 1(b).
It is rarely the case in modern machine learning that the learning algorithm at a particular complexity
level is well-specified. For neural networks, even if f* is a neural network, using gradient-based learning
algorithms with a network of the same architecture as f* will not recover the true parameters. This is also
true for kernel regression, where there is a closed form solution. Suppose that regression is being carried
out in an RKHS with kernel  : R? x R? — R, and f* lives in this RKHS, say f*(-) = Z;nzl a;k(X;, ) for
some {X}" ;. Even in this seemingly well-specified case, confining solutions to have the same RKHS norm

=1
as f* Wilf not recover f*, since the empirical risk minimizer is of the form Y . | 8;x(x;,-) — the kernel
evaluations are taken at different x points.

In these cases, instead of there being a single “right” model as in Figure 1(c), we hypothesize that the
ideal model complexity (corresponding to the vertical dotted lines in Figure 1(b)) will depend on the
sample size, with more samples and larger models enabling better generalization — in other words, the
excess risk curves move “down and to the right”, as in Figure 1(b). Moreover, we hypothesize that the
empirical risk at these “moving troughs” of the U-curve will also decrease, such that, as the sample size
and model complexity become sufficiently large for both the empirical and excess risks to be below a
desired accuracy level. This phenomenon was empirically shown in (Nakkiran et al., 2021, Figures 11 &
12), and we rigorously establish it via upper bounds in two settings:

1. As the first case study, we consider the setting of KRR, i.e., regularized empirical risk minimizers in
an RKHS. Consider a kernel x : R? x R — R. We denote its associated RKHS by .7, and its norm
by ||-|| . Define the empirical risk minimizer:

. 1 o
fry = argmin ¢ - Z(f(x’) =42 + YN f1I%-

i=1



We prove that under appropriate scaling of the sample size (n) and the regularization parameter (vy)
with respect to other quantities, such as the failure probability (0) and the accuracy level (¢), we
can make both empirical risk (R(f,)) and excess risk (R(fy) — R(f*)) small.

2. For the second case study, we consider the regression problem with the square loss, of two-layer
ReLU neural networks trained by gradient flow. We theoretically establish conditions on the sample
size, network width, feature dimension with respect to € and §, under which the neural network fT
obtained by running gradient flow for T" amount of time has both small empirical risk (R( fT)) and

excess risk (R(fr) — R(f*)).

At first glance, our findings may seem inconsistent with prior results, both positive which require strong
assumptions like high dimensionality, and negative which rule out benign overfitting in low dimensions.
The resolution lies in the fact that existing works, both positive and negative, start by assuming an
overfitting (interpolating) model, often in closed form (models in the interpolation regime, to the right of
the vertical dotted lines in Figure 1(d)), then study the behavior of the excess risk in this interpolation
regime as sample size is increased, rather than staying at the trough of the U-curve, as in Figure 1(b).
As the sample size increases, larger and larger models are required to fit the data perfectly, thus the
interpolation regime shifts to the right, but the model under consideration is always some way up the
slope of the U-curve. Hence, it is not surprising that there exist negative results stating that, even if the
sample size goes to infinity, interpolating models do not approach the Bayes optimal excess risk. On the
other hand, it is equally unsurprising that the positive results rely on heavy assumptions to show that the
excess risk of the model, which is always some way up the slope of the U-curve, converges to zero with
increasing sample size.

3 Benign Overfitting with Kernel Ridge Regression (KRR)

In this section, we prove that solutions of KRR, i.e., regularized empirical risk minimizers in an RKHS,
achieves benign overfitting, with the appropriate scaling of the sample size and the regularization parameter.

We take the kernel x : RY x RY — R. We denote its associated RKHS by 7, and its norm by ||-|| .
In addition to the risks defined in Section 1, we define the regularized population and empirical risks for
functions f € S as follows:

Ry(f) =E[(f(x) =)’ ] +Ilfll%.  and Ry (f)= . D (F6a) =y 113

i=1

We denote their minimizers in J# as f, = argmin ¢ 5 R,(f) and fv = argmingeyf R, (f). Define the
accuracy level e > 0 and probability of failure § > 0. By the denseness of .7 in L*(p), there is an f. € 5
such that ||f* — f.[|3 < £.

Now, for simplicity, in this paper, we focus on the specific case of the Neural Tangent Kernel
(NTK) (Jacot et al., 2018) defined by

1 arccos(x-x')
2 27 '

K(x,x) =x - % ( _

The only purpose that the Neural Tangent Kernel serves in this section is to allow us to use the same
minimum eigenvalue results. We stress that the same proofs and qualitative behavior hold for any bounded
reproducing kernel with appropriate lower bound conditions on the minimum eigenvalue of the Gram
matrix, with the associated RKHS dense in L?(pg_1)%.

Assumption 1. Suppose that the quantities ¢, 8, v, d, ||f-||,# and n satisfy the following relations’. In
the text in red below, we give more intuitive interpretations of the technical assumptions.

2 ; p
(i) et <3, v-CVaz Zvi, (57r) <e (d > Qlog(L)), n > Qd), ¥ < 0(%))

8¢ is dense in L2(p) if, for any f € L2?(p) and any ¢, there exists some f. € H such that ||f — fc|]l2 < e. Thisis a
common condition, satisfied by many common kernels (Micchelli et al., 2006).
9Note that C' > 0 is an absolute constant that first appears in Lemma 17(i).




(i) Y| f-% < Le. (v < Olyr))

~

o=

1y2 4 og( =
(iii) n > w“*j%g(é) (n > Q(H2))

™

For fixed € and §, we start with the existence of f., then sequentially choose d, v and n to satisfy (i),
(ii) and (iii) respectively, so it is clear that there are no inconsistencies between these assumptions. Given
the model, fw, we now look at the defned empirical and excess risks. Our first result bounds the empirical
risk of fy.

We first recall the following explicit expressions of the regularized risk minimizers (Park and Muandet,
2020, Lemma 2.4):

fr=0 o+ Aldy) "N f* = (o Lt 4 AIdy) T
f,y = (nty oux +Idy) " teky = L (nex o 4+ yIdga) "y,
We also inherit the notations from Appendix B.3.

Theorem 2 (Overfitting). Suppose that Assumption 1(i) holds. Then there is an event with probability at
least 1 — S on which R(f,) < e.

Next, we investigate whether fv can also generalize. For this, we use the following decomposition of
(the square-root of) the excess risk into approximation and estimation errors:

I =flle< I =Hllz + 1= FHlz - (3.1)
———— ————
Approximation Error  Estimation Error
The next result shows that we can bound the approximation error.
Theorem 3 (Approximation). If Assumption 1(ii) holds, then we have that || f* — fy|l2 < 3+/E.
Note that Theorem 3 is a deterministic result. Next, we have a bound on the estimation error.

Theorem 4 (Estimation). Suppose that Assumption 1(iii) holds. Then there is an event with probability
at least 1 — & on which || f, — f4|l2 < 3v/E.

Using the decomposition in (3.1), we have the following generalization bound as an immediate corollary
of Theorems 3 and 4.

Theorem 5 (Generalization). Suppose that Assumption 1(ii) & (iii) hold. Then on the same event as in
Theorem 4, we have R(f,) — R(f*) <e.

Finally, as an immediate corollary of Theorems 2 and 5, we have the benign overfitting result.

Theorem 6 (Benign Overfitting). Suppose that all the conditions in Assumption 1 hold. Then there is
an event with probability at least 1 — § on which

Empirical Risk: R(f,y) <e and  FEzcess Risk: R(f,y) —R(f*) <e.

These results precisely match our hypothesis in Section 2. If we reduce v while keeping n fixed, then
Assumption 1(iii) is not satisfied, and we get vacuous estimation error bounds, corresponding to the
upward slope of each curve in Figure 1(b). However, if we simultaneously reduce v and increase n, making
sure that all the conditions in Assumption 1 hold, corresponding to staying at the trough of the U-shaped
curves in Figure 1(b), then we achieve benign overfitting.

4 Bengin Overfitting with Trained Two-Layer ReLU Networks

In this section, we prove the precise conditions under which two-layer fully connected ReLU neural
networks trained by gradient flow in the NTK regime achieve benign overfitting!® Our proofs are different

10There are some valid criticisms on the shortcomings of NTK regime, which we discuss in Appendix A.



from the standard NTK technique of matching the dynamics of the neural network to that of gradient
iterates in an RKHS, and brings novel ideas that could be of independent interest. We start with a
discussion of the model and assumptions, with the main results presented in Section 4.2.

We consider a 2-layer fully-connected neural network with ReLLU activation function, where m € N,
the width of the hidden layer, is an even number for the antisymmetric initialization scheme to come
later. Specifically, write ¢ : R — R for the ReLU function defined as ¢(z) = max{0, z}, and with a slight
abuse of notation, write ¢ : R™ — R™ for the componentwise ReLU function. Denote by W € R™*¢
the weight matrix of the hidden layer, by w; € R? j =1,...,m the j* neuron of the hidden layer and
a=(ay,...,am) €R™ the weights of the output layer. Then for x = (z1,...,74) " € R? the output of
the network is

1 1 m 1 m d
Jw(x) = ﬁa'¢(WX) = ﬁ;aﬂ(“’j "X) = ﬁ;aﬂ? (I; ij$k> .

We also define the “gradient” ¢’ of the ReLU function by ¢'(z) = 1{z > 0}, and the gradient function (see
beginning of Appendix D.2) Gy : R — R™*4 at W as

Giv () = Vi fur () = = (0 0/ (W) ",
In Appendix D.2, we discuss and develop the relevant parts of neural tangent kernel theory. In Table 1,
we collect all relevant notations introduced in this part.

We now discuss the initialization of the weights, W(0) € R™*? or w;(0) € R%, j = 1,...,m. The
hidden layer weights are initialized by standard Gaussians. Recall that m is an even number; this was to
facilitate the popular antisymmetric initialization trick, e.g., (Zhang et al., 2020, Section 6), (Bowman and
Montufar, 2022, Section 2.3), and (Montanari and Zhong, 2022, Eqn. (34) & Remark 7(ii)). We provide
details of this initialization in Appendix D.2.2. This initialization ensures that our network at initialization
is exactly zero, i.e., fyy(o)(x) =0 for all x € S?-1. The output layer weights a;,j = 1, ...,m are initialized
from Unif{—1,1} and are kept fixed throughout training. This assumption of keeping output layer weights
fixed is also quite standard in theoretical analysis of two-layer networks (Wang et al., 2024; Bartlett et al.,
2021; Montanari and Zhong, 2022).

We perform gradient flow with respect to both R and R as follows. For ¢ > 0, denote by W (¢) and
W(t) the weight matrix at time ¢ obtained by gradient flow with respect to R and R respectively.!! They
both start at random initialization W (0) and are updated as follows:

dW dW

E = _VWR(fW(t))a ﬁ

For more details about the gradient flow, see Appendix D.2.4 and Table 2. As a matter of notation, we
denote fi = fw@), fi = fiv -

We define the analytical NTK r : R* x R — R by k(x,x) = Ew.ow (o) [(Gw (x), Gw (x))r]. This
kernel has an associated operator H : L*(pg—1) = L*(pa—1), Hf(-) = Ex[f(x)r(x,-)]. We denote the
eigenvalues and associated eigenfunctions of H as Ay > Ay > ... and ¢;,1 = 1,2,.... For an arbitrary L € N
and a function f € L?(pg_1), we denote by the superscript L in fL the projection of f onto the subspace
of L?(p4—1) spanned by the first L eigenfunctions ¢1, ..., o1, and we denote by fL the projection of f

= —VWR(fW(t))-

onto the subspace of L?(p4_1) spanned by the remaining eigenfunctions 741, @r42,.... Then we have
L B 0o . .
Fr= heeen fr= )0 (feeen f =R TR 1B = IFEI3+ PRI
1=1 I=L+1

See Appendix D.2.3 and Table 3 for more details on these projections and decompositions.

4.1 Assumptions on Parameters

Recall that we defined € and § as the desired accuracy level and failure probability respectively. We define
a few additional quantities.

1INote that we have no GF iterates on the RKHS, but rather, two neural network GF iterates, based on population and
empirical risks. The population risk iterate is not computable and is used only for proof purposes.



Since || f*[|3 = Y2, (f*, ¢1)3 is a convergent series, there exists some L. € N such that

. 1/2
||f*L€2:< > <f*,gol>§> <V (4.1)

I=L.+1

Define A\. = Az as the L.-th eigenvalue of H. The duration for which gradient flow will be run is

T. = )%log (\2) . (4.2)

Finally, we define U,, needed to bound the estimation error, as the smallest integer U such that

() ”

Note that U, has to exist, since U! grows much faster than (%)U
Assumption 2. Suppose that d, n, m and U, satisfy the following relations with respect to §.
(i) ed < L. (d > Q(log(5)))
(it) n(v2e)~% < ¢ and /n—CVd > %\/ﬁ (m —logn > Q(log(3)) and n > Q(d))
(i) 2= <3 (3> 3)

These assumptions connect key quantities to the failure probability § and support the high-probability
results in Appendix D.3. Assumption 2(i) applies to all results, Assumption 2(ii) to overfitting and
estimation, and Assumption 2(iii) to estimation only.

Assumption 3. Suppose that n and m are sufficiently large with respect to d, €, A\, T. and U, in the
following sense.

(Z) 4(34 v IOg m) \/ % < % - %6 10er: = ( ))

.. 1 277 Vi — m
(’”) )\E 2 10 Og( L) + \/?)\ (3f + IOg ) log m / (d.‘jl)\-/ﬁl ))
L8 U (2T)" [log(nu) 1 n UZ2(2T.)* =+ log(2T2)
(Z“) ﬁ ZuZI u! f%J < ﬁ\/g logn Z Q ( (15((2T5)!)2g >)
6+W T 1 m U?(%)QTEM
(i) S U e (i > 2 (ks

Assumptions 3(i) & 3(ii) are the minimum width of the network required for the overfitting and
approximation results respectively. Assumption 3(iii) is the sample complexity required for estimation
error, and is a sufficient condition for (ii). Assumption 3(iv) is a condition on the width of the network m
required for the proof of the estimation error result, and is a sufficient condition for Assumptions 3(i)
and 3(ii).

Consistency of the Assumptions. From fixed € and 4, we start by choosing d to satisfy Assumption 2(i).
Note that we just require the d = Q(log(1/6)). Then choose A, T. and U, (which implicitly depend on d).
Finally, we choose n and m to satisfy the remaining conditions in Assumptions 2 & 3. While our results
holds for any f*, a point to keep in mind is that without further assumptions, . can be arbitrarily small,
leading to arbitrarily large T, and U,, which in turn would require n and m to be arbitrarily large to
ensure our results hold, in accordance with the no free lunch principle.
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Simplifying the Assumptions. We note that for particular classes of f*, we can simplify the above
assumptions. For example, if we assume that || f*?[, < 11/ (ie., most of f* is concentrated on the first
d eigenfunctions of H), then we have particularly nice properties. From Appendix D.2.3, we know that
Ae = 75, and hence T, = 8d log( \[) and U will be in the order of log( f) This would in turn imply that
the network width required for approximation (Assumption 3(ii)) would be 7= > €(d), the same as the

width required for overfitting (Assumption 3(i)). Moreover, using d > Q(log(})), the sample complexity

required for estimation in Assumption 3(iii) would be, hiding logarithmic terms, n > Q(E VL L)
which is essentially polynomial in 1/e and 1/4. Finally, the network width required for estimation in
Assumption 3(iv) would be, again hiding logarithmic terms, m > Q( Finally, we expect

that a more refined analysis could reduce this dependence.

TR V)
gloglog(1/+/e)+1 /"

4.2 Establishing Benign Overfitting

Our main idea is to view gradient flow as implicit regularization. Denote by ft the neural network obtained
by running gradient flow for £ amount of time on the empirical risk R, and by f; the network obtained from
gradient flow on the population risk R!? Then we analyze the excess risk of ft using the decomposition,

1o =l < [lfe=fellz + =Pz (44)
—_—— N

estimation error  approximation error

Our technical novelty comes in terms of introducing this approximation-estimation decomposition of the
gradient flow trajectory. We initiate the study of the population risk gradient flow trajectory f; of the
finite-width network, both in terms of how it approximates the regression function and how it deviates
from the empirical trajectory ft. Our results do not rely on any uniform convergence over the function
class or the parameter space, therefore, the bounds do not deteriorate with more parameters.

Overfitting. We first state the overfitting result. A crucial requirement for establishing benign overfitting
is that all our results must hold on the same high-probability event, under a common set of assumptions.
The proof is in Appendix D.4.

Theorem 7 (Overfitting). If Assumptions 2(i) & (ii) and 3(i) are satisfied, there is an event with
probability at least 1 — & on which R(ft) < e %, Moreover, at time t = T., we have R(fT ) < e.

The proof outline of this result is by now somewhat standard recipe in the NTK literature, by lower-
bounding the minimum eigenvalue of the NTK matrix uniformly over time with high probability, and
applying Gronwall’s inequality. Also worth noting is that our analysis of the empirical risk can also easily
be extended to gradient descent, instead of gradient flow.

Bounding Approximation Error. Under no other assumption on the underlying true regression
function than the fact that it is essentially bounded (f*-Bound), we first show that we can find a width
m of the network such that, if we run gradient flow for 7. (as defined in (4.2)), then the approximation
error becomes vanishingly small. Note that approximation error has no dependence on the samples. The
full proof is in Appendix D.5,.

Theorem 8 (Approximation Error). Suppose that Assumptions 2(i) and 3(ii) are satisfied. Then, on
the same event as in Theorem 7, we have, fort € [0,T:], ||f: — f*|l2 < exp (—A:t/2). Moreover, at time

t =T., we have ||ft — f*|l2 < VE/2.

The proof follows a similar outline as the overfitting proof, with the empirical risk R replaced by
the population risk, R. However, this provides significant challenges, as the NTK Gram matrices are
replaced by the NTK operators, and unlike the eigenvalues of the NTK Gram matrices, which can be
lower-bounded uniformly over time, the NTK operators have infinitely many eigenvalues that converge to
zero. To overcome this issue, we find the eigenspace of L?(ps_1) based on ¢ in which “most” (all but /¢/4
of the norm, to be specific) of f* lives in, spanned by the top L. eigenfunctions of H. In this subspace, we

12Note that we can’t construct f; as we do not have access to population risk. This quantity is only used for theoretical
analysis.
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show that ||f; — f*||2 can be shown to decay exponentially until it is below /£/2, treating ). essentially
as the minimum eigenvalue, while ensuring that the component of f* in the complement does not grow
beyond &/4.

On the technical side, additional hurdles had to be overcome. The concentration of the NTK operator at
initialization to the analytic NTK operator is a much more difficult task than the analogous concentration
of NTK matrices, since these objects live in the Banach space of operators rather than Euclidean spaces.
Much of the work for this is done in Lemma 16(ii), where we used rather laborious VC-theory arguments.
Along the gradient flow trajectory, the key result was Lemma 12, which extends a bound on the spectral
norm of Hadamard product of matrices (M-2) to analogous integral operators. This is a novel result that
could be of independent interest.

Bounding Estimation Error. We show that, for the network width m and the time T (given in (4.2))
required to reach vanishingly small approximation error, we can find a sample size n large enough to
ensure small estimation error. The full proof is provided in Appendix D.6.

Theorem 9 (Estimation Error). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have || fr. — fr.|l2 < v€/2.

We briefly sketch the proof here. We first note that

l/ﬂmcwwﬁ
V| Jo dtdt |

using the 1-Lipschitzness of the ReLU function and the isotropy of the data distribution. At first glance,
it seems that one has to perform uniform concentration of d;l/ to % over (some subset of) the parameter

space R™*4 and over t € [0, T%], which would give vacuous bounds. However, this can be avoided following

nm—mm<%wmm—wmm<

the key observation that, at time ¢t = 0, the concentration of % t % . requires no uniform
t=
concentration. Hence, we have the following bound:
I fr. — fr. |l <1/TEdeW’+dW’det +£ ﬂ’,ﬂ’
Te m RSy dt dt o T oat lo dt v || dt lodt lof|

Here, the second term can be bound using standard concentration arguments. The first term is trickier.
We can bound the first term using arguments similar to those used to bound the difference between
the first derivatives, which will produce an additional vanilla concentration term at ¢ = 0. We continue
iteratively for U. € N steps, until we have U, vanilla concentrations and a factor of 7= /U.! when the
supremum is taken out of the remaining integral, and use the fact that U.! is large enough to make the
integral sufficiently small. Technically, we derive new concentration bounds for vector-valued U- and
V-statistics (Propositions 13, 14), which may be of independent interest.

The excess risk bound below follows directly from Theorems 8 and 9, and to best of our knowledge, is
the first generalization result in this setting for arbitrary f* (under f*-Bound).

Theorem 10 (Generalization). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have R(fr.) — R(f*) = |fr. — f*||3 <.

Finally, as an immediate corollary of Theorems 7 and 10, we have the benign overfitting result.

Theorem 11 (Benign Overfitting). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have

Empirical Risk: R(fr.) <e and  Excess Risk: R(fr.) — R(f*) <e.

These results align with our hypothesis: with fixed n, increasing T" raises model complexity and leads
to vacuous estimation error bounds, matching the upward slope in Figure 1(b). On the other hand, by
increasing the sample size n and the two model complexities m and T' simultaneously at a rate specified by
Assumptions 2 & 3, we can ensure that we stay on the trough of the U-curves in Figure 1, and eventually
reach benign overfitting.

12
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Figure 2: Risk vs. model complexity plot for Abalone dataset with Gaussian noise (mean-zero, std. dev
0.2) added to the target variable (age) during the training process. We use m = 100000.

4.3 Experiments

We support our theoretical results on two-layer ReLU NNs with experiments on real and synthetic
data. This section highlights one experiment; further results and experimental details are included in
Appendix D.8. In all our experiments, we initialize network weights as in Section 4, with the only change
being the use of gradient descent (with learning rate = 0.1) instead of gradient flow.

Our first real data experiment is with Abalone dataset (Nash et al., 1994) to predict age from d =7
physical measurements, with standardized features and targets (zero mean, unit variance). In Figure 2,
we plot empirical (dashed) and excess (solid) risk curves against gradient descent iterations T for various
training sample sizes n, using matching colors for each n. We add mean-zero Gaussian noise with standard
deviation 0.2 to the target variable in the training data!® As expected, empirical risk decreases with
T, with smaller n yielding stronger overfitting. Excess risk exhibits a U-shaped curve, first decreasing
then increasing. For each n, the point where the excess risk for that n crosses and remains over the
corresponding empirical risk for that n are marked by * symbols. At these crossing points, both excess
and empirical risks are equal to the Y-axis value. Notice that as n increases, this crossing point shifts
both down and to the right. For instance, with n = 1000 and 140 iterations, both empirical and excess
risks reach 0.632; increasing to n = 3000 and 3207 iterations reduces both risks to 0.377. This supports
our theory that both risks drop with enough data and suitable model complexity.

5 Conclusion

We offer a new perspective on benign overfitting and the classic risk—complexity trade-off. In traditional,
well-specified models, the excess risk can be driven down to zero with the same model by increasing the
sample size. In this case, the empirical risk will stay around the noise level, and benign overfitting will
not occur. In contrast, we hypothesize—and prove in two interesting cases—that modern models can
leverage more data to support higher complexity, achieving both low training and test error without
strong assumptions. Our analysis departs from prior approaches which focused on interpolating models,
instead deriving guarantees through a principled trade-off between data size and model capacity.

A key limitation of our work is that we provide only upper bounds supporting our hypothesis;
establishing matching lower bounds remains an open question. Additionally, our analysis is restricted to
kernel ridge regression and two-layer ReLU networks trained in the NTK regime—models that may not
fully capture the behavior of modern deep networks. However, this probably reflects broader limitations
in current deep learning theory rather than of this work specifically.

13In Appendix D.8, we present results with varying noise levels and initializations.
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A Additional Related Works

In this section, we give a more in-depth review of the literature that was omitted in the main body due to
space constraints, especially regarding the neural tangent kernel and implicit regularization.

Since neural networks are often heavily overparameterized without explicit regularization, the capacity
of the function class huge, preventing a meaningful analysis through classical uniform convergence
techniques in statistical learning theory (Nagarajan and Kolter, 2019).

There have been a plethora of works in the last few years proving the convergence of the empirical
risk to the global minimum in the NTK regime (Allen-Zhu et al., 2019b; Du et al., 2019b,a; Oymak and
Soltanolkotabi, 2020; Nguyen, 2021; Razborov, 2022), as well as generalization properties in this regime
(Arora et al., 2019; Allen-Zhu et al., 2019a; Zhang et al., 2020; Adlam and Pennington, 2020; E et al.,
2019; Ju et al., 2021; Suh et al., 2021; Ju et al., 2022; Lai et al., 2023). Moreover, many works on kernel
methods mention that their results carry over to neural networks in the NTK regime (Montanari and
Zhong, 2022; Barzilai and Shamir, 2024). These works either compare the gradient trajectory of the
neural network with the corresponding gradient trajectory of the kernel method, or compare directly with
the closed form kernel regression solution with the NTK, or compare with a random feature regression.
Our approach is fundamentally different in that we track the trajectory of the trained network against an
oracle trajectory of the same architecture, which can be designed to approximate any regression function
with arbitrary precision. We also do not impose the common assumption that the true regression function
lives in the RKHS of the NTK, and we do not require smooth activation function, but instead use the
ReLU activation, the analysis of which is made more difficult by its non-differentiability.

A pre-dominant hypothesis as to how overparametrized networks find solutions with good generalization
properties is that gradient-based optimization algorithms used to train neural networks impose an implicit
reqularization effect. In the simpler settings wherein it is possible to characterize this implicit regularization
effect explicitly, we can then study uniform convergence by explicitly re-writing the hypothesis class. For
example, in linear regression or linear networks, gradient descent converges to the minimum norm solution
(Azulay et al., 2021; Yun et al., 2020; Vardi, 2023), and for classification, convergence to maximum margin
classifiers are by now well-known (Ji and Telgarsky, 2020). However, for general neural networks for
regression, including the two-layer ReLU network considered in this work, our understanding of the kind of
implicit regularization that is imposed by gradient descent is limited (Vardi, 2023, Section 4.4), although
some insights exist for the NTK regime (Bietti and Mairal, 2019; Jin and Montufar, 2023).

There are also a few other lines of work that analyze optimization and generalization properties of
neural networks without NTKs, such as those based on stability (Richards and Kuzborskij, 2021; Lei
et al., 2022) and mean field theory (Chizat and Bach, 2018; Mei et al., 2018, 2019). While all these are
fields of active research, we are not aware of any result based on these theories implying the results that
we establish here, and in general the results across these theories are incomparable.

Our results on neural network also has connections to the line of work investigating the spectral bias
of gradient-based training (Cao et al., 2021; Bowman and Montufar, 2021, 2022). In particular, Bowman
and Montufar (2022) investigates how closely a finite-width network trained on finite samples follows
the idealized trajectory of an infinite-width trained on infinite samples, assuming smooth activation and
noiselessness. The estimation error in our case tracks how closely a finite-width network trained on finite
samples follows a network with the same architecture trained with respect to the population risk, without
assuming smoothness of the activation function while allowing noise.

A Remark on the NTK Regime. As mentioned before, we operate in the NTK regime arising from
the seminal work of Jacot et al. (2018). This regime (a.k.a. lazy training regime) informally refers to
the behavior whereby network parameters experience minimal change (in the Frobenius norm) from
their random initialization throughout training (Razborov, 2022; Montanari and Zhong, 2022). This in
turn implies that the gradient of the risk, and consequently the NTK matrix, remain relatively stable
from their initialized values. Since its introduction, the NTK theory has received a huge amount of
attention, and facilitated the analysis of neural networks in the overparameterized regime. It also receives
its share of criticism, mainly that the neurons hardly move and therefore no meaningful learning of the
features takes place (Yang and Hu, 2020). While we also share these concerns, the analysis of neural
networks outside the NTK regime is still extremely challenging, and would need more sophisticated ways
of controlling the learning trajectory. Currently, as reiterated recently by Razborov (2022), in the general
regression setting that we operate in, the evidence of overfitting/generalization outside the NTK regime
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is either empirical or fragmentary at best. Moreover, our results establish benign overfitting, a complex
phenomenon which is challenging to analyze in almost any setting. We hope that our analysis, as a first
result on benign overfitting for finite-width, trained ReLLU networks for arbitrary regression functions,
deepens our theoretical understanding of the behavior of these neural networks.

Relation between Empirical and Excess Risks. The relationship between empirical and excess risk
depends on various factors such as model complexity and sample size. In overfitting scenarios, a model
may achieve low empirical risk by fitting noise in the training data, resulting in high excess risk due to
poor generalization. Conversely, in underfitting or well-regularized models, empirical risk may exceed
excess risk if the model fails to fit the training data well yet still generalizes reasonably. In cases of benign
overfitting, both empirical and excess risks are simultaneously low, even when the model closely fits noisy
training data.

B Additional Preliminaries

In this section, we introduce some additional notations and results required in the proofs. Existing results,
for example, matrix bounds and concentration inequalities, will be quoted. We also state and prove a
couple of novel results that will be required for the proofs later, but could also be of independent interest.
The first is Lemma 12 in Appendix B.3, which extends a bound on the spectral norm of Hadamard
products of matrices (M-2) to a bound on the spectral norm of integral operators obtained by an analogous
procedure. The second are Propositions 13 and 14 in Appendix B.6, which are concentration inequalities
for (possibly infinite-dimensional) vector-valued U- and V-statistics.

B.1 Vectors and Matrices

Take any p € N. For two vectors v = (vy, ...,Up)T € RP and u = (uq, ...,up)T € RP, we denote their dot
product by v -u = vius + ... + vpu,, and we denote by ||v|j2 = /v - v its Fuclidean norm. We denote by
SP=t = {v € R? : ||v||a = 1} the unit sphere in RP.

Take any p,q € N. We write I, for the p x p identity matriz, and for v € RP, we write diag[v] for the
p X p diagonal matriz with diagv]; ; = v; and diag[v]; ; = 0 for ¢ # j. For a p X ¢ matrix M, we write
M for the transpose of M.

For p x ¢ matrices M, M; and My, we denote by My ® My their Hadamard (entry-wise) product given by
[My ®Ms); j = [Mi]; j[Ms);j fori=1,...,pand j = 1,...,q. We denote by (M, Ms)p their Frobenius inner
product, i.e.,<]\417 M2>F = TI'(MITM2> = le E?:l[Ml]iJ[Mﬂi,j' We write ||M||% = le ;1-:1 Mij for
its Frobenius norm. By an abuse of notation, let || M||s = supycge—1||M V|2 denote its spectral norm. For
two matrices M7, My with dimensions p; X ¢ and py X q, we denote by M; * My their Khatri-Rao product,
i.e., the p1ps x ¢ matrix given by [My * Ma]i—1)p,+jk = [M1]ix[Ma]jx for i =1,...,p1, j =1,...,p2 and
k=1,...,q (Rao and Rao, 1998, p.216, (6.4.1)).

Firstly, we have the following result from (Rao and Rao, 1998, p.216, P.6.4.2) on Khatri-Rao products
of matrices:

(M« My) " (M % My) = (M, My) ® (M, M) € RI*9, (M-1)

For two p x p positive semi-definite matrices M7 and M, (Horn and Johnson, 2013, p.484, Exercise
7.5.P24(b)) tells us that
M1 © Mal2 < max }|[M1]“»|||M2||2. (M-2)

i)

B.2 Standard Distributions and Concentration Results

For p € R? and ¥ € RP*P_ we denote by N (p, ) the p-dimensional Gaussian distribution with mean
vector p and covariance matrix X. For a set A, we denote the uniform distribution over A by Unif(A),
and by x2(p) the x-squared distribution with p degrees of freedom. If z ~ x2(p), then by we have the
following concentration bounds on z (Laurent and Massart, 2000, Section 4.1, Eqn.(4.3) and (4.4)). For
any ¢ > 0,

P(z>2p+2ypc+2c)<e ® (x%-1)
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P(z<p—2ypc)<e™ (x*-2)

We also quote the exact form of concentration inequalities that we will use in this paper. First is Hoeffding’s
inequality (Vershynin, 2018, p.16, Theorem 2.2.6). For independent real-valued random variables z1, ..., 2z,
with z; € [C, D] for every i =1, ..., n, for any ¢ > 0, we have

P (Z(ZZ —Elz)) > c) < exp (_7L(D2CC’)2> . (Hoefl)

i=1

We also need an extension of Hoeffding’s inequality to vector-valued random variables. Pinelis (1992)
extended Hoeffding’s inequality to martingales in Banach spaces with certain smoothness properties (see
also (Rosasco et al., 2010, Eqn. (3)) and (Steinwart and Christmann, 2008, p.217, Corollary 6.15)). The
version we quote is the corresponding simplified result for Hilbert spaces as stated in (Park and Muandet,
2023, Proposition A.4). Suppose that H is a (possibly infinite-dimensional) Hilbert space, with norm
denoted by ||-||x. If 2, ..., 2, are independent H-valued random variables with E[z;] = 0 and ||z;||» < C;,
)<t ast
>c| <2exp ( ) . (V-Hoeft)
H

then for any ¢ > 0,
P - n
( 4550, CF

Next is McDiarmid’s inequality (Shalev-Shwartz and Ben-David, 2014, p.328, Lemma 26.4), (Vershynin,
2018, p.36, Theorem 2.9.1). Let V be some set and f : V™ — R a function of n variables such that for some
C>0,forallie{1,..,n}and all z1,..., 2, 2} € V, we have | f(z1, ..., 2n) — f(21, e, Zic1, 2} Zig 1y ooy 2n)| <
C. Then, if z, ..., z, are independent random variables taking values in V', we have, for any ¢ > 0,

n

D=

i=1

2c?
P (et 20) — Elf Gt n)] > 0) < exp (—202 ). (MeD)
Finally, we recall the Matrix Chernoff inequality (Tropp, 2012, Theorem 1.1). Consider a finite sequence
My, ..., My, of independent, random, self-adjoint matrices of dimension p. Assume that each M; is positive
semi-definite and has ||AZ;|[2 < R almost surely. Then denoting the minimum eigenvalue of 37" | M; as
Amin and that of Z;nzl E[M;] as fimin, we have

P (Amin < M;in) < p(V2e) R (M-Chernoff)

For a random variable z € R, we denote by | 2|y, = inf{c > 0: E[e**/¢"] < 2} the sub-Gaussian norm of z,
and we say that z is sub-Gaussian if ||z||y, is finite (Vershynin, 2018, p.24, Definition 2.5.6). We say that
a random variable z € R? is sub-Gaussian if v - z is sub-Gaussian for all v € RP, and the sub-Gaussian
norm of z is defined as ||z||y, = Supycgpr—1/|z - V||, (Vershynin, 2018, p.51, Definition 3.4.1). We say that
a random variable z € RP is isotropic if E[zz'| = I, (Vershynin, 2018, p.43, Definition 3.2.1).

B.3 Functions, Operators and Reproducing Kernel Hilbert Spaces

We denote by L?(ps_1) the space of functions f : R? — R such that E[f(x)?] < co. For f,g € L*(p4_1),
by an abuse of notation, we denote their inner product as (f,g)s = E[f(x)g(x)], and the norm by
I flle = \/{f, f)2- Moreover, for a linear operator K : L?(ps_1) — L*(p4—1), via a further abuse of
notation'*, we denote its operator norm as ||K|js = SUD rer2(py 1), flla=1 [ E£ (f)]l2- We also denote by
L?(N) the space of functions f : R? — R such that E[f(w)?] < oo, and for f,g € L?(N), define
(Fo9)x = ELFw)g(w)l, | Flly = v/ P

We extend (M-2) from matrices to general integral operators given by kernels. To the best of our
knowledge, this is a novel result.

4 The ||-||2 notation is heavily abused, but should not cause confusion. For clarification, ||-||2 denotes the L?(pg_1)-norm
for functions in L%(pg_1), the operator norm for linear operators L2(pg_1) — L?(pq_1), the Euclidean norm for vectors
and the spectral norm for matrices. In the main body of the paper, ||-||2 was only used for L?(pg_1) norm of functions, and
not for Euclidean norm of vectors or spectral norm of matrices.
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Lemma 12. Suppose that K1, Ky : L*(pg_1) — L*(pa_1) are positive semi-definite linear operators
defined as integral operators associated with positive semi-definite kernels ky, ko : ST x S¥=1 5 R, i.e.

Ky f(x) = B[k (x,x) f(X)],  Kaf (%) = Ex [k (x, x) f(x')].
Define a linear operator K : L*(pg_1) — L?(pa_1) by
K f(x) = Euor [y (%, X )2 (3, X) f (x)],

i.e. the integral operator given by the tensor product kernel of k1 and ko (Berlinet and Thomas-Agnan,
2004, p.31, Theorem 13). Then we have

K2 < [[K2]l2 Sup RLACSEIIE

Proof. Since K, K; and K> are self-adjoint (and therefore normal) operator, their operator norms are the
same as their largest eigenvalues. Denote by I : L?(pg_1) — L?(p4_1) the identity operator, i.e. the integral
operator given by the indicator kernel 1{x = x’}. Then the integral operator K’ : L?(pg_1) — L*(p4—1)
given by

K’ F(x) = B [k1 (5, %) (| Kall1{x = x'} — ka(x, X)) f(x)]

is positive semi-definite. Hence, for any f € L%(pg_1),

(£, K [)2

B [f(30)k1(x, %) ([ Eall21{x = x"} — ka(x, X)) f(x)
[ KallaBx [f(%)%k1 (%, %)]

K22 Sup ka(x, x)[|1£1I5

I

>0
>0
>< aKf>2
> (f, Kf)2.

Now we take the supremum of both sides over all f € L?(pg_1) with ||f||2 = 1. Then the right-hand side
is || K22 supyega—1|k1(x,x)[, and the left-hand side is precisely || K||2. Hence,

1Kz < K22 sup 1 (x, %))

Xe
as required. |

Suppose that x : R? x R? — R is a positive semi-definite kernel, with sup,cga #(x,x) < 1. By the
Moore-Aronszajn Theorem (Berlinet and Thomas-Agnan, 2004, p.19, Theorem 3), there exists a unique
reproducing kernel Hilbert space (RKHS) 5 with k as its associated kernel. We denote the inner product
in this Hilbert space by (-,-) s, and its corresponding norm by |[-|| ;». By the reproducing property, for
every f € S, we have (f, k(x,")) e = f(X).

By the boundedness of the kernel, we have # C L?(py_1), meaning we can define the inclusion
operator and its adjoint

L — L (pa_1), L (pay) — .
We can also find an explicit integral expression for this adjoint. See that, for g € 5 and f € L?(pg_1),
(tg, f)2 = Ex[g(x) f (x)] = Ex[(g, 5(x, ) e f(X)] = (9, Ex[f (x) (%, )] (e,

and so for f € L?(p4_1),

The self-adjoint operator
H:=10":L*(pg_1) — L*(pa_1)

has the same analytical expression as ¢*.
As a finite-sample approximation of the inclusion operator ¢, we also define the (random) sampling
operator ¢ : 7€ — R™ based on the (random) i.i.d. copies {x;}I; of x by

of = f:%(f(xl),...,f(xn))T for f € .
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Then the adjoint ¢* : R™ — 5 can be calculated explicitly. The reproducing property gives that, for any

z=(z1,...,2n)" €R",
(ef) 2= = Zzif(xi) = <f7 = Zziﬁ(xi7‘)> )
n i=1 n i=1 H
and so

TR ST
L 'Z—= — Zik (X5, ).
ni:l

Then see that

1 n n T
Lotz = — < K(X1, Xi)Ziy ooy K(Xn,Xi)Zi>
K3

n2 ;
=1 =1
1 H(Xl,Xl) e n(xl,x") Z1
T2
K(Xn,X1) .. K(Xn,Xn) Zn
1
= EHZ7

where we denoted by H the Gram matrix of the kernel &, i.e., the n X n matrix given by [HJ;; = x(x;,x;).

B.4 Integral Operator Technique for RKHS

A popular technique to analyze kernel regressors, called the integral operator technique (Caponnetto
and De Vito, 2007; Park and Muandet, 2020), which does not rely on uniform convergence. For a
reproducing kernel Hilbert space (RKHS) H and a function f € H, let Ry(f) = E[(f(x) — y)?] + Al fll%
and Ra(f) = £ 30, (f(xi) — 4i)* + A|| f||l denote the regularized population and empirical risks, and fy
and f>\ their respective minimizers in H. Then the excess risk of f,\ can be written as

R(f2) = R(f*) = E[(fa(x) = f ()T = I = 1713,
where we denoted the L?-norm by ||-||2. We can then consider the following decomposition:
1 Fx = £ Nl < s = Fallz + 15 = £l

Here, || fx — fall2 is bounded by standard concentration (that is not uniform over the function class), and
lfx — f*|l2 can be bounded as the regularizer A decays, and in particular, if the RKHS H is universal,
then it decays to 0.

B.5 Real Induction

We recall the principle of real induction (Hathaway, 2011) (Clark, 2019, Theorem 1).
Let a < b be real numbers. We define a subset S C [a, b] to be inductive if:

(RI1) We have a € S.
(RI2) Ifa < c< band c €S, then [¢,d] C S for some d > c.
(RI3) If a < ¢ < band [a,c) C S, thence S.

Then a subset S C [a, ] is inductive if and only if S = [a, b].
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B.6 U- and V-Statistics

We recall the theory of U- and V-statistics, where we allow the associated function to be vector-valued.

Suppose that z1, ..., z, are i.i.d. random variables in R?, and A some Hilbert space. Let ¥ : (RP)* — H
be a symmetric function'®, which we assume to be centered: E,, ., [V(z1,...,2,)] = 0. The U-statistic
from the samples {21, ...,2z,} is (Serfling, 1980, p.172)

1
ooy X W) €W

(u) 1<i1<...<iu <N

where the summation is over the (7') combinations of u distinct elements {i1, ..., i, } from {1,...,n}.

We prove the following Hoeffding-type result for vector-valued U-statistics, which, to the best of our
knowledge, is novel. It requires significantly more work than standard results in e.g. (Serfling, 1980, p.201,
Theorem A), using martingale ideas to deal with the fact that we have vector-valued functions, in the
same vein as (Pinelis, 1992).

Proposition 13. Suppose that ||¥(z1,...,2.)||x < C almost surely for some constant C > 0. Then for
all ¢ >0 and n > u, we have

|2
(T > o) < 203 (g )

Proof. We use the representation of U,, as an average of (dependent) averages of i.i.d. random variables,
as given in (Serfling, 1980, p.180, Section 5.1.6). Define

1
\I!/(zl, . Zn) = @ (\I/(zl, ey Zu) + \IJ(Zu+1, ...,Zgu) + ...+ \P(Z(L%J—l)u—i-l» 7Z\_%Ju)) .

u

Then Serfling (1980, p.180, Section 5.1.6) tells us that

1
Un = E Z \I//(Zil, ) Zin),

where the sum is over all n! permutations {41, ...,4,} of {1,...,n}. For all ¢ > 0 and all A > 0, see that

_
cosh(Ac)

1 A
< —— Elcosh ([ =S¥ (2, ... 2
cosh(Ac) [COS (n! ZH (i1, s 2i,)

1
<———— S E[cosh \|V (i, ..., 7
cosh(Ac)n! Z [cosh (A[|W'(z;, Z;,)

P(|Unlln = ¢) < E [cosh (A|Un||%)] Markov’s inequality

H)] triangle inequality

|%)] Jensen’s inequality. (*

Now we will bound each of the summands E [cosh (A||¥/(z;,, ..., 2;,)||%)]. Denote by .# the o-algebra

generated by z;,, ..., Zign) ), W also introduce the following notations to ease the notational burden:
1
S = LLLJ (\I/(Zil, ceny Ziu) + ...+ qj(zi([%J—2)u+1’ '"’Zi(\_%]—l)u)) 5
u
1
D = 7\I}(Zi(L%j—1)u+1’ ceey ZiL%Ju)'

Then we have U'(z;,,...,2;,) = S + D. Define a stochastic process F(t) indexed by t € R, given by
Fy(t) =E[cosh (\||S +tD|w) | Z].

If we define maps J; : R — H and J> : H — R by Ji(t) = ¢||D||3 and J2(h) = A||S + h||3, the derivative
of F\ with respect to ¢t can be calculated from the chain rule as

F(t) =E[(Jy 0 J1)'(t) sinh (\||S + tD||%) | Z].

15This function is often called the kernel in the literature of U-statistics and V-statistics, but to avoid confusion with the
dominant use of the word kernel in this paper, we do not use the term here.
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Now, Precup (2002, p.100, Example 7.3) tells us that (Ja o J1)'(t) = (Jf o J5 0 J1)(t). We can easily
_ A

S+Ah

compute the adjoint J;(h) = (h, D)3, and the Fréchet derivative J}(h) RS

, so we have

AS + AtD
Bt =E|{(D, ——- " inh D 7.
(0 =D s ). s 1S+ Do | 7|

Then since E[D | %] =0,

o PR o zl AN
F0) =& (D3 sinh (VS | 7| = sish M) (EID | 7] 757-) =0

Now we take the second derivative of F. Define Js : H — R by J3(h) = (D, S + h)y. Then the Fréchet

derivative of Js can easily be seen to be J{(h) = D. Then using the quotient rule,

d< )\S+>\tD> A||D|3, <D,S+tD>H< )\S+>\tD> _ XD,
w  IS+tDly IS +tDIf3,

At \" S+ tDly /4 115 + D],

Then see that, using the elementary inequality sinh a < a cosha,

AS +xtD \?
cosh (A [|S +tD||,,) <<D; |+> + A ||D||3-¢> | f]
H

F!(t) <E
N (1) |S +tDl|y,

<E [cosh (AIS +tD]y) (2)\2 HD||3_L) | 5?} Cauchy-Schwarz inequality

2

C
<23 —
Ak
02
|52

Henceforth, we write A = % for the simplicity of notation.

E [cosh (A [|S + tD||;,) | Z]

= 2)\?

Fa(t).

) SIS +tDlly,

Define G(t) = 535z FY (t) — FA(t). Then by the preceding argument, G\(¢) < 0 for all ¢ € R. But

consider the differential equation
FY(t) = 202A% (F\(t) + GA(1)), F{(0) = 0.
We claim that

F(t) = Fx(0) cosh (ﬁAAt) + /O\/i)\m G (\/;)\A) sinh (\/ﬁAAt - s) ds

solves the differential equation (**). Indeed, we clearly have F(0) = F(0); further, we have

F'(t) = V2AAF(0) sinh (ﬂmt) FV2AA / v G ( ) cosh (ﬁmt - 3) ds
0

s
V2XA
which clearly satisfies F/(0) = 0; and finally,

F"(t) = 2A2A? F(0) cosh (ﬂAAt)

V2AAL s
+2A2A2 / G < ﬂm) sinh (\/imt - 5) ds + 2X2A2G\(t)
0

= 2A2A2 (F(t) + GA(t)),

Hence this F' is the solution to (**), and so we have
V2AA s
Fy(1) = F\(0) cosh (\/iAA) + /0 G2 (\/m> sinh (\/iAA - s) ds
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F5(0) cosh (\/5/\A) since G <0

<
< Fy(0) exp (A°A?)

where we used the elementary inequality cosha < exp (%aQ) on the last line. Now see that

E [cosh (A |/ (24, , ..., 2i,)||ly,) | = E[Fx(1)] law of iterated expectations
< exp (A’A?) E [cosh (A 1S]l,)] by above

o (22

u

where, for the last step, we applied the same argument iteratively for 1,..., | | — 1. Putting this back into
(*), we have that, for all ¢ > 0 and all A > 0,

1
P(|Unllx =2 ¢) <
(1021 > 0 < g e

)

\2C? 1
< 2exp <m — /\c> using cosha > 56“
i : Lale
= 2exp <— 102 letting A\ = Yook
as required. |

Associated with U-statistics are V-statistics. The V-statistic associated with ¥ : (RP)* — H from the

samples {z1,...,2,} is
n

1

V. = o Z U(ziy,...,2;,) € H.
1 yensin=1

By exploiting the convergence of V;, to U, we prove a concentration result for V,,.

Proposition 14. Take some t > 0. Suppose that |U(z1, ..., 2y) || < C almost surely for some constant
C >0, and that 2,/°88Y > 1 for allc = 1,...,n — 1. Then we have the following bound for vector-valued

[2]
log(nu 2
P (lIVnH > 40 gLSLJ )> <=

Proof. We use the following representation of V-statistics from (Lee, 1990, p.183, Theorem 1):

LS (ee

c=1

{(}-ax()

are Stirling numbers of the second kind, representing the number of ways of partitioning a set of u

V-statistics:

where

elements into ¢ non-empty subsets, and U,(Lc) are U-statistics of degree c associated with the function
W) ; (RP)® — H given by

1
\P(C) (Z17 "'7ZC) = C'{T} Z \IJ(ZZ‘I’ ""Ziu)

where the sum is taken over all u-tuples (i1, ..., ;) formed from {1, ..., n} having exactly ¢ distinct elements.
There are C!{Z} elements in the sum, and the almost-sure bound on ¥ gives us the almost-sure bound

H\II(C)(zl, .yZ¢)||l1 < C. Note also that () =¥ so E| T(lU)] =0.

See that, for each ¢ =1, ..., u, using Proposition 13 and the hypothesis that 2 lof(;f) > 1,

P <||U7(Lc)||7-t = 4C lo‘fivju)> <P (”Ur(LC)”’H > 40 log[gju)>
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1
<P <||U7SC)||H >C+20 OgLS?J“)>

n

2
<=
nu

Putting this together with the representation (*) of V,,, we can see that

log(nu)
L%

:P<||vn||ﬂ> el (e lgL“”j“))
(S0

- 1
< S (080> a0, ot
c=1

P <||Vny > 4C

~X ’

2
n

as required.

C Missing Details from Section 3

Theorem 2 (Overfitting). Suppose that Assumption 1(i) holds. Then there is an event with probability at
least 1 — S on which R(f,) <e.

Proof. The Taylor series expansion of the kernel « is given by

/ 7} - i = (%)r L) 2r+2
n(x,x)f4x X+2W;r!+2w!(x )T
Hence, we have
1l TS (3), oee+2) 1o+ 1 T\ ©2
= X7 4o 3 i (0T = 2T o () ),

r=0

where the superscript ®(2r + 2) denotes the (2r + 2)-times Hadamard product. Here, X X T is clearly
positive semi-definite, and by Schur product theorem (Horn and Johnson, 2013, p.479, Theorem 7.5.3),
we know that Hadamard products of positive semi-definite matrices are positive semi-definite, so each
summand is positive semi-definite. This means that, writing A, for the minimum eigenvalue of H and
fimin for the minimum eigenvalue of XX T, and just considering the first term %X X7 in the expansion,
we have Ay > %,umin. But by (Vershynin, 2018, p.91, Theorem 4.6.1), the singular value of v/dX is lower
bounded by /n — %(\/& +t) with probability at least 1 — 2¢=" for any t > 0, where C' > 0 is an absolute
constant. Letting ¢t = v/d, the singular value of v/dX is lower bounded by N cVd > %\/ﬁ (using

Assumption 1(i)) with probability at least 1 — 2¢~?. This means that, with probability at least 1 — 2e~¢,
Lhmin = %' Hence Anmin > £5. We note that, again, 2e~ % K % by Assumption 1(i).
On this event with probability at least 1 — 2e~%, on which Ay > 25, we see that, using the above

explicit expression for fv, we have
A 1,4 9
R(f,) = ~I1t, - ¥l
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2
2

1
=n|lnex oty (nex oty + yIdge) ! (y) - -y
n n” ||y

=n||(ntx ot +Idgn)~ ( )H

< 7 o2 * Idea ) 1112

< o Iyl2li(nex o ek +yldee) G,
<Y (nex o e +yIdpe) I3,

where we applied (|y|-Bound) on the last line. Recall that the operator nex o ¢’ : R — R™ is %H Then
recalling that the minimum eigenvalue of H is Api,, we have that

1 1
(e o % +1dzn) 2, = < ,
P (v + %’\min)2 (v + é)Q

where Anin > £5 by above. Hence, applying Assumption 1(i),

R(f'y)<< 71>2<5

Y+ 5a
as required. O
Theorem 3 (Approximation). If Assumption 1(ii) holds, then we have that || f* — fy|l2 < 3\/E.
Proof. Recall that f. € H satisfies || f* — ¢fc||3 < £. See that
1= Lvaz = R(fy) — R(f")
Ry(fy) = R(f")
= R’v(f'y) — Ry(fo) + Ry(f) = R(fo) + R(f) — R(f™)
< Ry (fe) = B(f) + 17 = of3
1
<l + 52
1
< —
4°
where we applied Assumption 1(ii). The result is obtained by taking square roots. O

Theorem 4 (Estimation). Suppose that Assumption 1(iii) holds. Then there is an event with probability
at least 1 — & on which || f, — f,|l2 < /e

Proof. Using the closed form expressions of f, and fw write

Fy =y = (ko ux +91dy) " eky — (e o ux +41dg) T (nek o ex +1dy) £,
= (ne’ oux +Idy) M (Lky — nek o tx fry — 7 fy)
= (e otx +ldy) My —nek oux fy — S (fF —ufy)).

Here, we have

(e o tx +7lds) " lop < %
and so
1fy = fyllae < %H&y —ney oux fy = (fF = ofy)llu
11 &
=> = ST K (xi )i — fo(xi) — EIEK (%, ) (£ (%) = f5(x))]
=1 H
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Here, define random variables Z,Z; : Q — H by Z = K(x,-)(f*(x) — fy(x)) and Z; = K(x;, ) (y; — f+(x:)).
Then we have E[Z;] = E[Z], and

n

> (%~ ElZ)

s 1
1F5 = folle < 3
T

H

Hence, we can apply vector-valued Hoeffding’s inequality (V-Hoeff). First note that, using the reproducing
property and the Cauchy-Schwarz inequality,

|fy(xa)l = [{fy, K (X)) n]
< e G ) [l
< Iyl
= [|(¢" o v 4 Alds) "t [l
< (" oL+ ’yIde)_lHopr*Hz
1

i

gl

/N

where we applied (f*-Bound) on the last line. Then using (]y|-Bound), almost surely,

1Zillo = Ty = fo ()l K (i) [
< (il 4[5 Gea) DI (i )[4
1

<1+ -
Y

We are now ready to apply vector-valued Hoeffding’s inequality to obtain

R 1 - 1
P (14, - il > 5VE) <P ( Y@ -Eiz)| > 2%%)
i=1 H
2,2
v n2e
7
16n(1+ )
0
g —
2
as required, where we applied Assumption 1(iii). O

D Missing Details from Section 4

In this section, we provide all the missing details from Section 4, including proofs.

D.1 Index of Notations

In Table 1, we collect the notations of all the objects used for the neural network part of this paper. The
left-hand column shows the analytical objects for which the weights have been integrated with respect
to the initial, independent standard Gaussian distribution, and the right-hand column shows the same
objects with dependence on the particular values of the weights W, denoted with the subscript W. Bold
symbols indicate that evaluations on the samples {(x;, ;) }" ; took place.

In Table 2, we collect all the short-hands used for the objects along the gradient flow trajectories. The
left-hand column shows the evolution of the quantities along the population trajectory, i.e., objects that
depend on W (t), denoted with subscript ¢ without the hat * symbol. The right-hand column shows the
evolution of the quantities along the empirical trajectory, namely those that depend on VV(t), denoted
with subscript ¢ and the hat = symbol.

In Table 3, we collect the notations that indicate projections of functions onto the eigenspace spanned
by the top L eigenfunctions using the superscript L without the tilde ~ symbol (left-hand column),
and projections of functions onto the eigenspace spanned by all but the top L eigenfunctions using the
superscript L and the tilde ~ symbol (right-hand column).
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Analytical

Sampled Weights

Gradient matrix

Gw)=J(w)*XT

fW ‘RT SR
Network n/a
W / Fur(x) = \/%a - H(Wx)
. fiy € R™
Network evaluation n/a
/ v = (fr (1), oo fiv (%)) T
Noise variable n/a w=y—fwx): Q=R
Noise vector n/a Ew=y—fweR"
Error function n/a Cw=f*—fw € L*(pa_1)
Error vector n/a Cw =f"—fy e R
. . J:R?T— L2(N) Jw : RT —» R™
Pre-gradient funct ,
re-gradient runction J(X)(W) — a(w)gf)’(w . X) Jw(X) — ﬁa 0) QS (WX)
. . Je L2 (N) xR Jy e RmXn
Pre-gradient matrix .
i I(w) = a(w)¢/(Xw) Jy = —diagla¢'(WXT)
. . G:RY— L2(N)@R? Gw = Vw fw : RT = Rm*d
Gradient function
G(x)(w) = J(x)(w)x Gw (x) = Jw(x)x"
Gc L’(N) xR x R” Gy € RmIxn

Gw =Jw* X1

k:RIxRI - R

kw : RTxRT - R

NTK K(x,x") = (G(x), G(X')) vgre | kw(x,X) = (Gw(x),Gw (X))F
—x - XEy[¢/(w-x)¢(w-x)] | ==Ly T/ (Wx)
H E RTLXYL HW e Rnxn
NTK Matrix H=(G,G)ygpt = Hy = G{,Gw =
(XXT) O E[¢/(Xw)¢/(wTXT)] | XXT o (¢! (XWT)e/(WXT))
NTRKHS H S
Inclusion operator L — L*(pa_1) ww Ay — L?(pa_1)
Sampling operator L: 5 —R” Ly Iy — R”

NTK operator

H: L*(pa—1) = L*(pa-1)

Hyy = L*(pa—1) = L*(pa—1)

Hf(x) = E[s(x,x) f(x)] Hw f(x) = E[sw (x,x') f(x')]
Eigenvalues of H A > Ao > n/a
Eigenvalues of H, Hy, A1 2> .. 2 Ay = Amin AW,1 2 oo 2 AWn = AW,min

Population Risk

R:L*pa-1) >R, R(f) =E

v’ =Ilf — F*5 + R(f7)

Empirical risk

R: L2(pd71) — R, R(f) =

i (fOxi) —9i)® = S If —yl3

Population risk gradient

n/a

VWR(fW) c Rmxd
VwR(fw) = —=2(Gw,(w)2

Empirical risk gradient

n/a

VwR(fw) € R™*4
VwR(fw) = —2Gwéw

Table 1: Our main notations. Bold symbols indicate evaluation on the samples {(x;,y;)}

subscript W denotes dependence on the weights {w;}7.;
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Population Trajectory Empirical Trajectory
Network ft = fwae fr = fwa
Network Evaluation fi = fw f, = fW(t)
Noise Function &= 8w & = fW (t)
Noise vector & = E&w § =&y
Error function Gt = Cw Gt = G
Error vector Ct = Cw) = S (r)
Pre-Gradient Function Ji = Jw) Jt Sy W)
Pre-Gradient Matrix Je =Jw J, = ‘]W(t)
Gradient function Gi = Gw G; = GW(t)
Gradient matrix G = Gy G; = GW(t)
NTK Kt = Kw (t) IA{t = HVV(t)
NTK Gram Matrix H; = Hy H, = HW(t)
Inclusion Operator Lt = Lw(r) Iy = Ly ()
Sampling Operator Ly = Ly (1) iy = LW(t)
NTK Operator Hy=Hwun =uou Lyoly = o3 LH,
NTRKHS K = Ay (v H = %”W(t)
Eigenvalues of H; n/a )\t 1= )\t n = A¢,min
Population Risk = R(f:) = R(f:)
Empirical Risk =R(f:) = R(f:)
Tlme\];;rglrzzlve of W — _VwR, d{TVX _ VR,
Time Derivative of I (x) = (Ge(x), D) p 4t (x) = At(3f)v ar)r
Network = 2H((x) %(Gt(x),Gt£t>F
Time Derivative of % = (wat)Tvec (dg[t/t) % = (wat)Tvec (dgt/t)
Network evaluation = 2G/ vec ((Gy, (t)2) = %I:It 3

Table 2: Objects from Section D.2.4 with time-dependence in gradient flow. As clear from the table

entries, dependence on W (t) and W (t) are denoted by subscript ¢ and introduction of

Top L eigenfunctions

Remaining eigenfunctions

Network

fE =S (e o)z

thL - Z?iL+1<fta ®1)201

Error function

CtL = ZIL:1<Q7<P1>2901

= (Ge )2

Squared norm of
error function

IGF13 = o1 (G 03

”étL”% = Z?iL+1<Cta saz>§

Risk gradient

T _ T T _ T
Gradient function GtL = Vw /i Gi =Vwl;
- 21:1<Gta99l>2%01 Zz L+1<Gt7 1)291
NTK ki (x,x") = (GF (x), G (X))r f%tL( /) = (Gr (%), GtL(X ))E
Population risk Ry = IG5 + R(f*) = li¢t H2 + R(f*)
VwR{ = —2(GF,¢f)» )2

Time derivative
of weights

L
W= =2(G, ()

VWRt = —2(GE. i
)2

awt _ L
dt <Gt 7<t

Table 3: Objects from Sections D.2.3 and D.2.4 that are projected onto different eigenspaces.
" denotes that a function is projected onto the subspace of L?(ps_1) spanned by
" denotes that a function is projected onto the subspace of L?(pg_1)

superscript L without

the first L eigenfunctions of H, and

spanned by all but the first L eigenfunctions of H.
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D.2 NTK Theory of Two-Layer ReLU Networks

In this section, we present a brief development of the theory of neural tangent kernels (NTKs) specific to
our model used in Section 4.

We will consider a two-layer fully-connected neural network with ReLU activation function, where
m € N is the width of the hidden layer. Specifically, write ¢ : R — R for the ReLLU function defined as
¢(z) = max{0, z}, and with a slight abuse of notation, write ¢ : R™ — R™ for the componentwise ReLU
function, ¢(z) = ¢((21, ., 2m) ") = (H(21), s ¢(2m)) .

Denote by W € R™*? the weight matrix of the hidden layer, by w; € R% j = 1,...,m the j!
neuron of the hidden layer and a = (ay,...,a,,)" € R™ the weights of the output layer. Then for
X = (11,...,24)" € R? the output of the network is

m

m d
1 1 1
fw(x) = ﬁa%ﬁ(WX) = ﬁ;aﬂb(wj 'x) = ﬁ;aﬂ (; Wj’c»’”’e) :
For weights W, we write &y noise random variable and (y for the error respectively:

Ew =& =y — fw(x): Q =R, Cw = Crw = f* = fw € L*(pa-1).

Further, we have the following vectors obtained by evaluation at the points {(x;, y:)}/;:

fir = (fw(X1), oo fr (x2)) T ER™, Ew =E&pp =y —fw,  Cw =Cpy = — fur.

First note that, for any a > 0 and z € R, ¢(az) = a¢(z), a property called positive homogeneity.

The ReLU function ¢ has gradient 0 for z < 0, gradient 1 for z > 0 and its gradient is undefined at
z = 0. We extend this to a left-continuous function by defining ¢’(z) = 1{z > 0}, and treat it as the
“oradient” of ¢. For higher-dimensional quantities, we extend ¢’ by applying the function componentwise
again, i.e., ¢'(z) = ¢' (21, -, 2m) ") = (¢'(21), ..., #'(2m)) T, via an abuse of notation.

We define the gradient function Gy : R4 — R™*4 at W as:

[V fi ()], 5, = %qs’(wj x)z, €R for j=1,..mk=1,...4d,

ﬂ

Y

Gw,;(x) = Vu, fw(x) = ¢'(w; - x)x € R? for j=1,...,m,

Gw(x) = waw(x) = (a@ ¢/(WX))XT € Rde.

3%

m

We also define the pre-gradient function Jy : R? — R™ and pre-gradient matriz Jyy € R™*™ at W based
on the sample X by the following:
1 1
JW(X) = ﬁﬁ@ ¢/(WX), JW = ﬁdlag
Then note that Gy (x) = Ji (x)x ', and defining the gradient matriz Gy = Jy * X | € R™X" at W,
we have

[a]e'(WXT).

.
(Gwlag-1)+k,i = TwljiXir = T%(b'(wj %) (Xi) ks

i.e.,the i*® column of Gyy is the vectorization of Vi fyr (x;), and
Vw fw (x:)]j.6 = [Gw]ag—1)+k.i-

D.2.1 Neural Tangent Kernel

In this section, we collect various definitions and notations related to the neural tangent kernel (NTK)
(Jacot et al., 2018) of our network. The notation is consistent with those in Appendix B.3.

We define the neural tangent kernel (NTK) ky : R x R? — R at W as the positive semi-definite
kernel defined with the gradient function Gy = Vyy fir : R? — R™*4 at W as the feature map:

x-x

70wy 308 (w; - x) = T (W) (W),

j=1

x-x

KW(X,X’) — <GW(X),GW(X/)>F _ =
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We also define the neural tangent kernel Gram matriz (NTK Gram matrix) Hyy € R™*™ at W as

kw(x1,%x1) ... kw(x1,xp)
Hy = Gy Gy = : - : ;
rw (Xp,X1) ... Ew(Xn,Xp)
and write its eigenvalues as Aw.1 > ... = Aw,n, = Aw,min 0t decreasing order (with multiplicity).
Then note that, by (M-1), we have

Hy =T+ X)) T« X)) =XXDHo@yJw) = —(XXN) o (@XWHe(WXT)).

1
m
We can decompose the NTK as a sum of NTK’s corresponding to each neuron. For each j = 1,...,m,
define K, : R? x RY — R by

x-x'

——¢'(wj - x)¢'(w; - X).

Fw, (X,X') =
The NTK matrix also decomposes similarly:

Kw; (X1,X1) oo R, (X1,X0)

H, —

J

1
= (XXT) @ (¢ (Xw] ) (w; X 7).
Rw; (Xn,X1) ... Rw (XnsXn)
Then we have

kw (x,x') = Z Kw; (X, x'), Hy = ZH“’J"
j=1 j=1

We denote by 7y the RKHS associated with sy, and call it the neural tangent reproducing kernel
Hilbert space (NTRKHS) at W. We denote the inner product in this Hilbert space by (-, )5, and its
corresponding norm by ||-||s4, -

We denote the inclusion operator and its adjoint by

ww Ay — L (pa_1), Gy L2 (pa_1) — Ay
We also have the self-adjoint operator
Hy =y oy : L*(pa_1) — L*(pa_1).
Again, we consider the neuron-level decomposition. For each j = 1,...,m, denote by 4, the NTRKHS
corresponding to the NTK #y,;. Then exactly analogously, we have

bw; @ A, — L%(pa_1),

w;

L (pa-1) = H;, Hw; = tw; 00, - L2(pa—1) = L*(pa-1),

wWith [[tw, [lop = [l6%, lop = = and

for f € L?(p4—1). Then

Y Huw, f() =Ex [ (X)) hw,(x,7)| = Ex[f(x)rw(x,)] = Hw f(-),
j=1 j=1
S0 .
Hy =Y Hy,.
j=1
We denote the sampling operator and its adjoint based on the i.i.d. copies {x;}? ; of x by
Lwiﬁ%ﬂwﬁRn, L;V:Rn—)jfw,

with ¢y o ¢, = 5 Hy (c.f. Appendix B.3).
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D.2.2 Initialization and Analytical Counterparts

Recall that m is an even number; this was to facilitate the popular antisymmetric initialization trick
(Zhang et al., 2020, Section 6) (see also, for example, (Bowman and Montufar, 2022, Section 2.3) and
(Montanari and Zhong, 2022, Eqn. (34) & Remark 7(ii))).

The hidden layer weights are initialized by independent standard Gaussians via the antisymmetric
initialization scheme, [W(0)];, ~ N(0,1) for j = 1,...,% and k = 1,...,d. In other words, for each
j=1..% w;€ RY, we have w; ~ N(0,I;). The output layer weights a;,j = 1, ..., % are initialized from
Unif{—1,1} and are kept fixed throughout training. Then, for j = 3 +1,...,m, we let w;(0) = w;_= (0)

and aj = —a;j_=. Then we define fy = %(fw1 ,,,,, Wona T fwm/2+1 ,,,,, w,, ). This ensures that our network
at initialization is exactly zero, i.e.,fy(0)(x) = 0 for all x € S4=1, while being able to carry out the
analysis as if we had m independent neurons distributed as N(0, 1) at initialization. This is what we do
henceforth.

We define the analytical versions of the objects defined earlier by taking the expectation with
respect to this initialization distribution of the weights. First, define the analytical pre-gradient function

J:R? — L%(N) and analytical pre-gradient matriz J € L*(N') x R™ as
J(x)(w) = a(w)¢'(w-x),  J(w)=a(w)¢'(Xw).

Then define the analytical gradient function G : R — L*(N) @ R? and the analytical gradient matriz
G € L?(N) x R? x R" by

G(x)(w) = J(x)(w)x = a(w)¢' (W - x)x, G(w)=a(w)¢'(Xw)* X",
Then we have, exactly analogously, the analytical NTK & : R4 x R — R
K(x,x') = (G(x), G(x')) verr =X X Ewan(o,10) ¢ (W x)¢' (W - x)] = Eww (o) [w (x,X)]
and the analytical NTK matriz H

K(x1,x1) ... K(X1,Xp)
H=(G,G)ygrs = : : )
K(Xn,X1) ..  K(Xn,Xn)

with its eigenvalues denoted as Ay > ... > A, = Amin-
We also have the neuron-level decomposition again:

K(x,X") = MEwnr(0,1,) [Fw (%, X)], H = mEwn0,1,)[Hw]

Analogously to the development in Section D.2.1, we have a unique analytical neural tangent reproducing
kernel Hilbert space (analytical NTRKHS) % with k as its reproducing kernel and its inner product and
norm denoted by (-,-) s and ||| . We also have the inclusion and sampling operators as well as their
adjoints:

L: 00— L (pa_r), 5 L% (pa_1) = A, v =R, o :R" = F

and denoting H =10 t* : L?(pg_1) — L?*(pa—1), we have

1
Hf()=0f() =Elf(x)r(x, )], toe'=5H.

D.2.3 Spectral Theory for Neural Tangent Kernels
Consider x,x’ € S?~1. Note that, since ||x|s = ||x'||2 = 1, there is always an orthonormal basis of R?
such that with respect to this basis,

1 cosf

0 sin 0

x= |0}, =101, where § = arccos(x - x').
0 0
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Then writing w = (wy, wa, ..., wg) with respect to this basis, we still have that w ~ A (0, I4) (Vershynin,
2018, p.46, Proposition 3.3.2), and so (wy,ws) ~ N(0, I3). In polar coordinates, we have that (wy,ws) is
distributed as (r cos ¢, rsin ), where 72 ~ x2(2) and ¢ ~ Unif[—7, 7]. Now see that

Rl x) = 5 X By (0,1 6/ W) (- w)
=x-XE,¢[1{rcos¢ > 0}1{rcos¢cosf+rsin(sinf > 0}]
=x-X'E¢ [1{cos¢ > 0} 1{cos(¢ — 6) > 0}]

Il
.
><\
VRS
NI~ |
[ |
[\
¥ =
N———

2 2

1 'Y
% ( _ arccos(x X))

So & is clearly a continuous function, which means that the associated RKHS .5 is separable (Steinwart and
Christmann, 2008, p.130, Lemma 4.33). Hence, the self-adjoint operator H = to0* : L*(pg—1) — L?*(pa—1)
is compact (Steinwart and Christmann, 2008, p.127, Theorem 4.27). Now we apply spectral theory for
compact, self-adjoint operators. By (Weidmann, 1980, p.133, Theorem 6.7), H has at most countably
many eigenvalues that can only cluster at 0, and each non-zero eigenvalue has finite multiplicity. Also, for
any eigenvalue A of H with eigenvector ¢, we have

Alell3 = (Ap, 02 = (He, )2 = || 0|3,

so A > 0. We denote the eigenvalues in decreasing order with multiplicity by A1 > Ao > ... with \; = 0
as | — oo from above, whose corresponding eigenfunctions ¢, = 1,2, ... form an orthonormal basis of
L?(pg_1) (Lang, 1993, p.443, Theorem 3.1). So by Parseval’s equality (Weidmann, 1980, p.38, Theorem
3.6), for any f € L%(p4_1), we have

o0

f:Z<f,Sﬁl>290l, ||fH§:Z<f7(Pl>§v Hf:ZAl<f7(pl>2@lv

=1 =1 =1

which obviously has, as special cases, Hp; = A\ for all 1 =1,2,....

For an arbitrary L € N and a function f € L?(ps_1), we denote by the superscript L in f* the
projection of f onto the subspace of L?(pg_1) spanned by the first L eigenfunctions ¢y, ..., o1, and we
denote by fL the projection of f onto the subspace of L2 (pa—1) spanned by the remaining eigenfunctions
OL+1,PL+2, .-~ Then we have

L [e%s)
FE=d oo Fr= Y (fedeen, F=rE4 R AR = 11F513 + P13
=1 I=L+1

We can also calculate the eigenvalues A\;,l € N explicitly. Denoting by

<1> {1 for r =0
P = (347 T(r) _ (r=1)
2/, 13+ (E+r-1)= FZ(%) = B((%}T) = ;(%72) forr>1

the rising factorial (Pochhammer symbol) of %, we expand out k(-,-) as a Taylor series as follows:

r(x x'>x.x/(1m<x-x’>>

2 2
1 1 (r & ()
= U I 2 n2r+1
XX (2 27 (2 ;T’!‘FQT’T'( )
1 , o 1 e (X'X/ 2r+42
— _1_7 . +7
TR 27T(X x) (o B(%,r)r(1+2r)
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Recall that pg_1 denotes the uniform distribution on S?=1. Let us denote by 041 the Lebesgue measure
on the unit sphere S¥~!, and by |S?!| the surface area of S?~!, so that

_ Od—1
Pd—1 \Sd*1|'

In the following development of spherical harmonics theory, we mostly follow (Miiller, 1998), though
the key idea was borrowed from (Azevedo and Menegatto, 2014).

For h =0,1,2, ..., denote by Py, (d;-) the Legendre polynomial of order h in d dimensions (Miiller, 1998,
p.16, (§2.32)),

L%) r _
d—1 1 (1 — 22)rzh=—2r
Py (d;z) =hll' | —— —= ,
h(d;2) ( 2 )2}( 4) ri(h —2r)I0(r + 452)

r=

and by YV, (d) the space of spherical harmonics of order h in d dimensions (Miiller, 1998, p.16, Definition
6). Then Y, (d) has the dimension N(d, h) given by (Miiller, 1998, p.28, Exercise 6)

1 for h=0
N(d,h)=<d forh=1.
W for h > 2
With a slight abuse of notation, define the function « : [-1,1] — R by

1 arccos(z) z 221 & 222
(z) =2 (- ZCSE) S22 4 2

2 21 4 2m  2m 4 B(5,7)r(1+2r)

so that x(x,x’) = k(x - x’). This is clearly bounded, so we can apply the Funk-Hecke formula (Miiller,
1998, p.30, Theorem 1) to see that, for any spherical harmonic Y}, € V), (d) and any x € S~!, we have

/ (3, X )Y () do g1 () = Y (),

where

1
p= 1877 [ P an(a(1 - s
-1

1
= [s42] / RACEE @ - arccos(z)) (122303,

2w

—|Sd_2|/1P(d' )(1 2)%(d—3) +i ii# d
- IR e or 2= B(L, (1 +2r) )

r=1
Sd_2 1
:7| 1 |/ zPh(d;z)(l—ZQ)%(d_?’)dz
-1

|Sd_2| 1 .
+ 22Py(d; 2)(1 — 2%)2 473z
2 4
Sd 2| ' L2742 2y1(d-3)
E 1—|—27“)/ Pn(d;z)(1 —27)2 dz.

If we divide both sides of the Funk-Hecke formula by [S?~!|, we obtain

H(Y3)(x) = B s, )¥(0)] = [ w03V )dpucs () = o).

So for each h =0,1,2, ... |S’jh1| is an eigenvalue of H with multiplicity N(d, h) and eigenfunction Y;. We
now take a closer look at Sd 1| for each value of h by applying the Rodrigues rule (Miiller, 1998, p.22,
Lemma 4 & p.23, Exercise 1), which tells us that, for any f € C"[—1,1],

1 h d—1 1 .
[ s@ra e -2~ () F(Fh(jd)1) [ imea - 2t
—1 2 -1
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/ £ 2YE-3) g,
We also use the following fact from (Miiller, 1998, p.7, (§1.35) & (§1.36)) that

s72 _ T(§) I(3) 1
S VAT (S VAB(SE ) B4R, 3)
h = 0: In this case, Py(d;2z) =1, so

— |si- 2|/ _ 2yhla) _ 2Areeos(3) g aviaay g,
2

2hI‘

Here, the first integrand (1 — 22)%(‘1_3) is an odd function, so the integral vanishes. For the second
integral, we do integration by parts. Let

u = arccos(z) du_ 1
- dz  J1—22
d 1 1
£2_2(1_22)%(d_3) v = d_1(1_22)§(d_1)'
Then
8772 [arceos(z) | avian)] 187 / 2 31
=g |Ta—y 1) Foma—n ) )T
d—2
_ sy
2r(d—1) \2'2
Hence,
2
Ho _ B(%v %) _ r (%)
ST 2m(d - 1)B(45E, ) 2m(d— DT (42) T (%52)

Here, if d is even, then
o (4 -1))°2t28 _
ISI=1]  27(d — 1)/7(d — D)!(d — 3)\/7
and if d is odd, then

po ((d — 2)11/7)? B (d—2)! B < (d—2)!! >2

IS 2n(d — 1)20-1(50)I(43) T A(d —1)(d - 1)!(d —3)! \2(d —1)!!

h = 1: By applying the Rodrigues rule, we have

st 2|/ ( arCCC;S( )>P1(d 2)(1 = 223,

|Sd 2| ( —1 1) /1 <1 _ arccos(z) I Z ) (1- 22)%(d_1)dz.
2 2 _1\2 2m 2w/ 1 — 22

N ES
Here, in the last term, the integrand % is an odd function, so the integral vanishes. The

first term is

|S¢- 2| —1 /11 gy =1 |Se- 2\ —1 d+1 1
1 S22 )B4 2.
2 2 pmF) e =y 2 2 72

The second term can be calculated by using integration by parts again:

|Sd 2| -1 /1 o d=1
— 1 1— 2
y 2 B arccos(z)(1 — z%) 2 dz
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Rk
ey

s fd—1 d+1 1
M1 = ) B 2 71 B 2 u2 )

mo_B(EL)B(55) 1
T T sB(5LY) dd

Hence,

and so

h = 2: By applying the Rodrigues rule, we have

1
— |s?-2| /_1 Py(d; 2)2 (; - arc;‘f(’Z)) (1— 22)3@-3 4,

_ S4B (2, 5) /1 1 n 2 (1— 22)3d+D g,
4 S \mV1-=22 2x(1 —22)3/2
Sd-2|B (2. d=1) (1 o _ .2
_ ST, 2)/ S

4 1 27
§4-2|B (9. =1 1
:||(72)/ (1_2,2)%71_’_(1_22)%(12;
8 1
_872B (2,451 (VAT (9) . VAl (4 +1)
s\t T T
_SPB (25 ((d 1 d 1

So

L2 B (%41,2) ( (d 1) (d 1))
= Bl 2)+B(2+1,2)).
— d— ’ )
S4=1  8xB (452, 1) 2’2 2 2
Odd h > 3: Recall that we have

542 1
wy = T/ 2Py (d; 2)(1 — 22)2@=3
—1

+ |Sd_2| ! 2P (d )(1 )%(d 3)d
5 _12  (d; 2 z 2
|Sd 2‘ /1 L2r+2p (d )(1 2)%(d73)d
2 —Z Z.
Z 1+2r) L

By applying the Rodrigues rule to the first two terms, the h*" derivative vanishes, so the terms
themselves vanish. By applying the Rodrigues rule to the summation term, for r < % — 1, the

derivative vanishes, and for r > & — 1, the integrand becomes z2"+2="(1 — 22)h 5 which is an
odd function since h is odd, so the 1ntegral vanishes. So pp = 0.

Even h > 4: Again, recall that we have

s 1 2\1(d
wp = T/ 2Py (d; 2)(1 — 22)20@=3
-1

|Sd—2| 1 .
+— 22Py(d; 2)(1 — 2%)2 473z
2'IT 1
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|Sd 2‘ Z /1 2r+2P (dZ)(l o 22)%(d73)dz
1+27~) L '

By applying the Rodrigues rule to the first two terms, the A*" derivative vanishes, so the terms
themselves vanish. By applying the Rodrigues rule to the summation term, for r < % — 1, the
derivative vanishes. By applying the Rodrigues rule to r > % — 1, we have

1
/ 22 2P(d;2)(1 — 2 )l(d_‘?’)dz

<2T+2> hB(h ( )2 )/1 227«+2_h(1_22)h+%(d_3)d2’

—1

d 1
(27"2—2) )/ W E (1= )3 gy
0

2r + 2\ hB(h dgl) 3 h d—1
= B °_ 2
( h ) Tty Tyt
S0 d—2 (2 +2)
IST2|h d—1) — o 3 h d—1
= B h,—— - B ———.h )
fh = “ghtin T2 ; B(3,r)r(1+2r) SRR N
r:§—1
To sum up, the eigenvalues \; > Ao > ... of H are
2 2
(ﬁfld_fl))”,,) for even d and (72(&:21))!;!) for odd d for h =0,
1 iy for h =1,
Hh B(45*.2 d d
|Sd—1| - 877B(3;17%) (B (f’%)+B<§+1’%)) for h =2,
0 for odd h > 3,
hB(h,%51) o0 ) h i
W(dz%l,%) drmn WB (r+3—%h+%1L) foreven h >4,

with multiplicities 1 for h =0, d for h =1 and W for h >

D.2.4 Full-Batch Gradient Flow

Our goal is to optimize for the weight matrix W € R™*? using full-batch gradient flow. We perform

gradient flow with respect to both the empirical risk R and the population risk R, the latter obviously
not possible in practice.
Note that

Vi R(fw) =2(fw — f*) = —2¢w € L*(pa—1), Ve, R(fw) = %(fw -y)= —%EW € R™

Using the chain rule and results from previous sections, we calculate the gradient of the risks as

Y, R(fw) = —2%1[-2 (G () (w; - x)x] € RY,
VwR(fw) = (Vi R, Vw fw)2 = =2(Gw, (w)2
_ 7%E[(W(X)(a O ¢ (Wx))xT] € R™*4,

2a]

R(fw)=— st (w; - xi)x; € RY,

VwR(fw) = (Ve R, Vg )a = —EGWSW

= - \F@ag[ al¢/(WXT)) « XT)gw € R,
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For t > 0, denote by W (¢) and W(t) the weight matrix at time ¢ obtained by gradient flow with respect
to R and R respectively. They both start at random initialization W (0) as in Section D.2.2; and are
updated as follows:

dW AW 2

H = —VWR(fW(t)) = 2<GW(t)aCW(t)>27 ﬁ = —VWR(fVV(t)) = EGW(t)'SW(t)'

For conciseness of notation, we denote the dependence on W (t) and W () simply by the subscript
t and the hat " So we write f; and f; for fy () and fW(t)’ f; and f; for fy(y) and fW(t)’ J; and J,
for Jy (+) and JVV(t)’ J¢ and Jy for Jyy ) and JVV(t)’ Gy and Gy for Gy 4y and GW(t), G, and G, for
Gy ) and GW(t) k¢ and Ay for myy(y) and Ky ()0 Lt and #; for tyy(¢) and () Ut and & for ¢y (y) and
Ly (1 H; and Ht for Hyy and HW(t), H; and I:It for Hyy and HW(t)’ ;\t,1 > ... j‘t,n = j\t,min for
)‘W(t),1 > .. > )\W(t)yn = )\W(t)’min, & and & for &y () and §W(t), & and &; for &y (4 and £W(t)7 (¢ and
(i for Gy and Cir(ryr G and ¢ for Gy and Cyiv(ry» Re and R, for R(f;) and R(f;), and R, and Ry for
R(f;) and R(f;) (see Table 2).

Using the chain rule, we can also calculate the time derivative of the networks f; and ft, as well as the
empirical evaluation f; of f;:

df, e, d; d

T =% =G0 = (VwhO. )
=2(Ge(-), (G1; Ce)2)p
= 2B, [(G:(-), Ge(x))p e (x)]
= 2H;Gi(-) € L*(pa—1)

dfe ., _ _dé d awv\ 2. ,
E() I — ()= _E( )= <VWft( )s i >F = <Gt(')th€t>F € L*(pa-1)

dfy _ d& _ dG AW\ _ oqT n
7l el (VWft) vec ( o ) =2G, vec ((Gy, (t)2) € R
df, _dé& _d& T (AW 2ava s 2a s on
e~ dt . dt (vat) veel T nG Gi&y = [ Hi& € R

Define W (0) = W (0) and W(0) = 0, so that W (0) + WE(0) = W(0). See that
Ry = [|GlI5 + R(S*) = IGHN5 + ICE113 + R(F)

where we used the (f = ZZL:1<Q, ©1)op; and CF = > i r41(Ct, @i)2spr notation from Section D.2.3. We
denote the gradients of f and fF with respect to the weights as

Gl =vwft, GF=vwit.

Then we can see that

L L L
Gy =Vw (Z for 1) m) = (Vwfueaer = > (G o2
=1

=1 =1

so that

ki (x,x) = (G

L

=&

(x), G{ (X'))r
(Gt, p1)2pi(x Z Gy, pr)apr (x )>

M=

~

1

I
M=

e1(x) e (X) (G, p1)2, (Gt p1r)2)p
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We also denote the projected risks as
RE =|I¢FI3+ R(FY) RE=IICFI5 + R(FY),
so that their gradients with respect to the weights are
VwRy = =2(G}, ()2, VwRl = =2(Gf, ¢

and we have )
VwR; = VwRE+ Vi RE.

Then we perform gradient flow on each of the projections as follows:

dwL dWL _ JUN
= ~VwRE =2(Gh(ha o = —VwRE=2GE ),

Then by using the decomposition of Vi Ry = VWRtL + VWRtL from above, we can see that, for ¢t > 0,

t t L 7L

aw aw aw ~

Wt)y= | —dt= | ——+——dt=W"(t)+ W)
Q /Odt /0 T 0+ W)

For individual neurons in W% (t), write wk(t), and likewise WX (t) for individual neurons in WZ(t).

J J
We define k' : R x R? — R by

L L L
ke (x,%') = (GY (%), Gy (X)) r.
Moreover, we denote the RKHS associated with ntL as %’éL , the associated inclusion operator as LtL :
HE — L2(pg_1) and the associated operator as

Hi =f o (i)" : L*(pa—1) = L*(pa—1),  H{ f(x) = Ex[ry (x,x) f(x)].

It must be stressed that fl = Ef:1<ft, @1)21 is not necessarily the same as fyyr ). Similarly, GE, kF
and HF are not necessarily the same as Vw fwe @), kwee) and Hyyry).

D.3 High Probability Results

Before we dive into our proofs, we first remark that our results are high-probability results, and the
randomness comes from the sampling randomness of the data {x;,y;}!; (or X and y) and the random
initialization of the neurons {w;(0)}2; (or the weight matrix W (0)). Since we are performing full-batch,
deterministic gradient flow, once those are fixed, the trajectory of gradient flow is completely deterministic.
Hence, it is often done in the literature that first all the results that hold on a single high-probability
event are proved, and then those that follow in a deterministic way on this high-probability event are
proved. In the literature, this is variously called “quasi-randomness” (Razborov, 2022, Section 3.1), a
“good run” (Frei et al., 2022, Definition 4.4) or a “good event” (Xu and Gu, 2023, Section 4.1).

We also collect some high-probability results in this section. Then, overfitting, approximation and
estimation results in Appendix D.4, Appendix D.5 and Appendix D.6 are proved in a deterministic fashion
conditioned on the high-probability event of this section. Each of the high-probability results Lemmas 16,
17 and 18 will yield a (high-probability) sub-event of the one produced by the previous result, and they
will be denoted as F1 O Fs O E3. Our final event on which all of our result hold will have probability
1 — 9, where 6 is the failure probability.

We start by collecting some preliminary non-random results that will be used throughout.

Lemma 15. We have the following results.

(i) The operator norm of H : L*(pa_1) — L*(pq_1) is given by

1
||H||2 - >\1 = @
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(ii) For any weights W € R™*4 we have

1 1
< — My < ——.
| Hw |2 < 50’ and (| Hw, I|2 md

As a result, we also have, for allt > 0,

2
19w, Rellz <y — Il

(iii) We have

1
Ex xs x')?] = rE
w [ = 1
Proof. (i) Recall from Section D.2.3 that the eigenvalues Ay > Ay > ... of H are
d-2)11 \? (d—2)11 )2
(w(dq)!!) for even d and (m) for odd d h =0,
1 h=1
Fh B(45* 2 d d
it = { o (B (1 4) 4 B (4 +1.4) -
0 odd h > 3,
hB(h,42 50 2r+2 , _
W@;{%)Zr:gfl WB(’”F%_ 5.h+95t) even h >4,

with multiplicities 1 for h =0, d for h = 1 and W for h > 2.
Clearly, the values of ‘S’j—’,l‘ for even h > 2 are smaller than those for h = 0 and A = 1. Moreover,

see that, when d is odd, using the elementary inequality 47 < /.43,

d—2)! d-2d—4 31<\/ﬁ [d—4 \F\/T_ 1
(d—1!"  d—1d—3"42 d Vd—2""V5V3 Vi

and when d is even, using the same elementary inequality,

(d-2)! _1d—2d-4 42 1 [d—2 \/Z\/§< 1
ald—1D"" 7d—-1d-3753 "~ 7V d “V6V4  a2/d

Hence, we always have that ‘Sffifl‘ < ‘Sffiﬁl‘, and so A\ = ... = \g = 4—1d, and A\giq = @‘—E”.

Finally, since H is a self-adjoint (and therefore a normal) operator on L?(p4_1), the operator norm
of H coincides with the spectral radius (Weidmann, 1980, p.127, Theorem 5.44), meaning that
1

12 = A = 2.

(ii) We define linear operators =, 2 : L2(pg_1) — L*(pg—1) by
(N)(x) = Ex [x - X' f(x)], (f)(x) = %]Ex' [x - x"f(x)].

Notice that Hy  is given as the integral operator of the NTK ky,, which in turn is a tensor
product of the dot product kernel, which is the associated kernel of Z, and the kernel (x,x’) —
1 > i @' (wj-x)¢(w; -x'). Since the second kernel is bounded above by 1, Lemma 12 tells us that

[1]
[1]:

IHwl2 < IEll2;  [Hw,ll2 < [Ell2-

Now, since = and = are self-adjoint (and therefore normal) operators, their operator norms are equal
to their largest eigenvalues. We now use the Funk-Hecke formula (Miiller, 1998, p.30, Theorem 1)
again to see that the eigenvalues 7, and 7, of = and = are given by

s

L(d—
Th = = Pi(d; 2)2(1 — 22)2(@=3) gz,
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Here, note that Py(d;z) = 1, so for h = 0, the integrand is an odd function, which gives 79 = 0.
Moreover, using the Rodrigues rule, we can see that 7, = 0 for h > 2, because the A" derivative of
z is zero. Hence, using the Rodrigues rule, we can see that

[Hwll2 < [IE]l2

:’Tl
S [t s 2\1(d-3
:|Sd*1\ _12(1—,2)2( )dz
S92 d—1 d+1 1
= B 1)Bl—,=
2[S4-1] 2 2 2
1
< —.
2d
Similarly, we have
~ 1
Hylla <|Bllo =% = —.
1B llo < 1Bl =71 = o

Applying the Cauchy-Schwarz inequality,

IVw, Bill2 = 2[(Gw, 1), Ct)2ll2
= 2|[E[Gw, &) ()G (][]

= 2 B [(Gouy 09 o () )G )]

= 24/(Ct» Hu, (1)Ct),

< 2[[Cell2y/ I Hw, (1) ll2

2
< 4] =
<\l

(iii) See that Vdx and v/dx' are independent isotropic random vectors (Vershynin, 2018, p.45, Exercise
3.3.1), so by (Vershynin, 2018, p.44, Lemma 3.2.4), we have that

as required.

L [(VaX) - (VaX)?] = ~d =

1
B[ %) = —d =,

as required.

D.3.1 Randomness due to Weight Initialization

We first collect a few results that weights at initialization satisfy with high probability. In these results,
the only randomness comes from the weight initialization.

Lemma 16. If Assumption 2(i) is satisfied, there is an event Ey with P(Ey) > 1 — % on which the
following happen simultaneously.

(i) The initial weights are upper bounded in norm: for all j =1,...,m,
[w;(0)]|2 < +/5d + 4logm.

(i) The initial NTK operator concentrates to the analytical NTK operator:

| Ho — HlJs gg M'

dm
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d
i Gy xr
i 0 0
Figure 3: In the third picture, the shaded region represents Gix/ =Hin Hi/7 and thus contain those w

such that gx x (W) = ¢'(x - w)¢'(w - x') = 1.

(iii) We have:

d
{j €{l,..,m}:3IveR with v-x=0and ||v—w;(0)]2 < 32\/}‘
m

sup
xesd—l
< Vdm(34 4 +/logm).
(iv) We have
22
su e {l,..m}:IveRY withv-x=0 and |v—w;(0)2 <
s, {a {1,m} Iv = w;(0)]z ﬁmdks}‘

vm
< \fT)\g(gﬁ—’— V1ogm).

Proof. (i) Note that, for each j =1,...,m, ||wj(())||§ ~x2(d), 50 by (x21), for any ¢ > 0,
P (w013 > d + 2vde + 2¢) < .

Letting ¢ = d 4+ logm and taking the square root, we have

P (||wj(0)|\2 > \/5d + 4logm) <P <|wj(0)||z > \/3d+ 2logm + 2v/d? + dlogm>

—d—logm

<e
—d

m

)

and taking the union bound over the neurons, we have

P (\|wj(0)||2 > \/5d + 4logm for some j € {1, ...,m}) <ed,
We note that e~ < & by Assumption 2(i).
(ii) We start by defining, for each pair x,x’ € S71, a function gx x : R? — R as
gxx (W) = ¢ (x-w)p' (w-x") =1{x-w > 0}1{w-x' > 0}.

The intuition behind the functions gx » is the following (see Figure 3). For each x € S?~1 R9 is
cut into two disjoint halves by the hyperplane through the origin to which x is a normal, which
we denote by H¢ and ]ﬁli with x € H¢, and with Hi containing the hyperplane. If w € HY, then
¢'(x-w)=1,and if w € HZ, then ¢'(x - w) = 0. For each pair x,x’ € S9!, the function g x
makes two such cuts, and thus is given by
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(w) = 1 1fW€HdﬂHd,—Gxx/
Pex AW =0 if we HE U,

So gxx takes value 1 for at most half of R? (if x = x’) and takes value 0 for the rest of R%. For
example, if x - x’ = —1, i.e.,x and x” are diametrically opposite on S9!, then G ,, = 0 and gy x is
the zero function. We also define the following collections of sets:

H = {Hi 1x € Sdil} G:= {Gi’x, ix,x € Sdil} .
So H is the collection of half-spaces in R?, and G is the collection of intersections of two half-spaces
in R
The growth function Ilg : N — N of G is defined as (Mohri et al., 2012, p.38, Definition 3.3), (van de
Geer, 2000, p.39, Definition 3.2)

[g(m) = ] ma e]Rd |{ Gxex! (W1)s oy Gxeer (W) 1 %, X € Sd_l}’

I
=
&

X HGN{wy,...w,}:G e G}|.

The growth function Iy : N — N of A is similarly defined. Then by (van de Geer, 2000, p.40,
Example 3.7.4c), we have

Iy (m) < 2 (Z) < (2m)?,

and noting that G = {H; N Hy : Hy, Hy € H}, (Mohri et al., 2012, p.57, Exercise 3.15(a)) tells us
that

Ig(m) < (I (m))* < (2m)*.
Now, we let {gj L, bea Rademacher sequence, i.e.,a sequence of independent random variables

g with P(¢; = 1) Pl =—-1) = 2. Then using an argument based on Massart’s Lemma (Mohri
et al., 2012, p.40, Corollary 3.1), we can bound the Rademacher complexity by

2log g (m dlog(2m)
ESJ,WJ(O),J 1...,m SuP*Z%Qxx w; (0 \/7 \/7 *)

We also define a function F': (R?)™ — R by

F(wi,...,Wp) = sup m Z Ix,x’ (W]) - EWNN(O,Id) [QX,X’ (w)]

x,x’€Sd—1

Then for any j' € {1,...,m} and any w1, ..., Wy, W}/, we have

1
F(W17~--7wm): sup ngx W] _7ngx Wj gxx( ;)
x,x/€S4—1 j#5

1 1
+E Z Ix,x’ (Wj> + Rgx,X’( ;') - EWNN’(O,Id)[gx,X’ (W>]
J#£3’
< F(Wh "'7wj’—17W;"aWj'+1a ,Wm)

1
+— sup {gxx(Wir) = gux (W)i)}
My x'eSd—1

1
< F(W17 “‘7Wj’717wl;’awj'+17 7Wm) + E7
since gx x (W) € {0,1}. So
, 1
|F(W1, 7Wm) - F‘(Wl7 ...,Wj/_l,Wj/,Wj/+1, ,Wm)| < E
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Hence, we can apply McDiarmid’s inequality (McD) to see that, for any ¢ > 0,

P (F(W1(0), s Win(0)) > ELF(w1(0), . Wi (0)] + ) < €726, (%)
Now, to bound E[F(w1(0), ..., w,,(0))], we use symmetrization. Denote by F the o-algebra generated
by w1(0),..., w,,(0). Suppose we had another set wi,...,w/,, of independent copies from the

distribution N(O I). Then for each pair x,x’ € S471,

Y e Wi 0) | F| = 2> e (w(0)

m

1
E ooy ng,X’ (W;) | F| = Ewlgxx (W)},
j=1
SO
LS e (5(0)) — Euelg = iig e (W)} | F
m - X, X j x,x’ m = x,x/ X,X j
Hence

E[F(wW1(0), .., wm(0))] = E | sup % Z 9xx' (W5 (0)) = Ewrn(0,1) (9% (W)]

1 m
=E SUEE m Z {gx,x’ (Wj (0)) — Ox,x’ (W;)} ‘ F

<E|E supr{gxx W] 9x7x'(W;‘)} | F

=E iupr{gxx W;(O))—gx,x'(WQ)} ’

where the last line follows from the law of iterated expectations. Then noting that

m m
1

iu)g m Z {gx x/ W] (0)) — Ix,x’ (W;)} and sup % Z Sj {gX,X/(Wj (0)) — Ix,x’ (W;)}

J=1 X,X

have the same distribution, continuing our argument from above,

E [F(Wl (O)a ey Wm(O))] <E iu)g % Zgj {QX,X’ (Wj (O)) - Oxx’ (W;)}

sup—Zgjgxx WJ(O))—FsuprC]gxx /)

’
X,X
=1

N
=

=2k 5up—Z§ngx (w;(0))

/

by the bound in (*). Hence, continuing from (**), for any ¢ > 0,

dlog(2m) n c) < o—26m
m

P (F(wl(O), Wi (0)) > 4
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(iii)

dlog(2m)
m )

Letting ¢ =

P (F(wl(o), W (0)) 2 5 ‘“"gmm)> < o—2dlo(zm) _ L

m (2m)2d’
We note that )2d <e 4K 12 by Assumption 2(i).

Now we assume we are on the above high probability event on which F(w1(0),...,w,,(0)) <
5 dlog(2m)

be

. We use the same linear operator = as in the proof of Lemma 15(ii), which we recall to

E(f)(x) = By [x - X' f(x)]

and we also recall that |22 < 55. Applying Lemma 12, we see that

1 1
[Ho = Hll2 < 55 sup [ — Y g (W;(0)) = Eoyronr(o, 1) [g3.x(W)]

Jj=1
1
<
< 5 Fw10), s (0)
< 5 log(?m)’
2 dm

as required.
We use the net argument. We know that, by (Vershynin, 2018, p.78, Corollary 4.2.13), the

d A
ﬁ‘/%—covering number of S¥~1 is upper bounded by (% Vbd + 4logm + 1) . Let C be
such a cover of S?~!. Also, for each z € S¥~!, define R, C R by

. [d
’Rz:{xeRd |x -z| < 34 }
m

Note that, for each j = 1,...,m and each z € C, the real-valued random variable z - w;(0) has
distribution A (0,1), since ||z|j2 = 1 and w;(0) ~ N(0,14). So

p(wj<o>efzz):P<z~wj<o>|<34\/g> m/ S fa o/t

Denote by J» the set of neurons that are in R,. This is a random set, and we clearly have

m

Jo=Y 1 (w;(0)).

Jj=1

By Hoeffding’s inequality (Hoeff), for any ¢ > 0, we have
~ . m R 9 2
P (> 0V +e) <P (- Yo P (w0 e Ra) 2| <o (2],
j=1

Letting ¢ = /mdlog m, we have
P (jz > Vdm (34+ \/logm)> < —

We take the union bound over all z € C:

P (there exists z € C such that jz > vdm (34 + +/log m))
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12’
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o

N

where the last line follows by Assumption 2(i).

Now suppose that we are on this high-probability event on which there does not exist z € C such

that J, > Vd m(34 + /logm). Then for any x € S¢~!, denote by x( the element in the net ¢
such that ||x — x¢||2 < m‘/ﬁ' Then for any Wj( ) ¢ R, noting that part (i) tells us that
[lw;(0)|l2 < v/5d + 4logm, we have

- Wy (0)] 2 [xo - w;(0)] = [(x — o) - w;(0)] > 34\/3— 2\/Z= 32\/3.

Hence, for any x € S?~1, we have at most v/dm(34++/log m) neurons that satisfy [x-w;(0)| < 32 m.

See that, for each x € S%~! and each j = 1, ..., m, for there to exist a v € R? such that v-x = 0 and
[lv —w,;(0)]l2 < 324/ %, a necessary condition is that |x - w;(0)] < 324/ %, since

d
- w;i (O] < [(w;(0) = v) - x| + v x| < [lw;(0) = v][2 < 324/ —.

Thus
. d d
sup [qj€{l,...,m}:IveR withv-x=0and ||[v—w;(0)]2 < 32
xesd—1 m
< Vdm(34 4+ /logm).
(iv) We follow a similar argument as in part (iii). We know that the 2 V2___covering number

P V5d+4Tog m VmdA.
of %=1 is upper bounded by (% vbd + 4logm + 1) . Let C be such a cover of S%~1. Also, for
each z € S, define R, C R? by

Note that, for each j = 1,...,m and each z € C, the real-valued random variable z - w;(0) has
distribution A(0, 1), since ||z|]|2 = 1 and w,;(0) ~ N (0, I3). So

B 3V2 e J 3V2
P(vvj(o)eRz)IP<|z.wJ( ) < Ny ) %/ dzgim%.

Denote by 7, the set of neurons that are in R,. This is a random set, and we clearly have

T = Z 1z, (w;(0))

By Hoeffding’s inequality (Hoeff), for any ¢ > 0, we have

3\[ m 202
P<j2/ f;/» C) <P jz*j;]P(Wj(O)GRZ)QC <6Xp(m>.
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the event F; on which all of them happen simultaneously satisfies P(E7) > 1 —

Letting ¢ = ¥ %‘;gm, we have

Jm
P <\7z > \[ (3\f+ \/log )
We take the union bound over all z € C:

P (there exists z € C such that J, > v (3\/5 + /log m))
VA

< vVmdAg

~X \/§

2
mare

d
1
\/5d+4logm+1> ——

2
mdre

<e

4]

1

where the last line follows by Assumption 2(i).

<

Now suppose that we are on this high-probability event on which there does not exist z € C such
that J, > W (3[ + \/log‘ m). Then for any x € S?~!, denote by x( the element in the net S

such that ||x - x0||2 < 5d+410gm \/F‘/;E. Then for any w;(0) ¢ R,, noting that part (i) tells us

that ||w;(0)]2 < v/5d + 41logm, we have

3v2 V2 2V2
Vmdi.  Vmdi.  Vmdi.

Hence, for any x € S%~!, we have at most %(3\/5 + V/Iog m) neurons that satisfy |x - w;(0)] <

[x - w;(0)] = [x0 - w;(0)] = [(x = x0) - w; (0)] >

\/Mi . See that, for each x € S%~1 and each j = 1,...,m, for there to exist a v € R? such that
mdAe

v-x=0and |[v—w;(0)|2 < \/377\{11’ a necessary condition is that |x - w;(0)| < \/iT\/dE/\E’ since

2V/2
Vmd)\.

x - w;(0)] < [(W;(0) = v) - x|+ |[v- x| < [|w;(0) = v]2 <
Thus

sup
x€Sd—1

||2 ~ \/7)\

\/ﬁ
< W(3\f2+ Viogm).

Now, the events of parts (i), (ii), (iii) and (iv) each have probability at least 1 —

2
{jE{1,...,m}:HVERdWithv-x:Oand||V w,(0) v2 }|

12, so by union bound,

g , as required. O

D.3.2 Randomness due to Sampling of Data

We now state and prove a few results that the samples satisfy with high probability. In these results, the
only randomness comes from the random sampling of the training data.

Lemma 17. If Assumptions 2(i) & (ii) are satisfied, there is an event Ey C By with P(Ey) > 1 — 2 on
which the following happen simultaneously.

(i) The spectral norm of the data matriz is bounded above as follows:

n
Xl <22

This implies that, for any weights W € R™*¢ with rows wi,j=1,..,m

)

n n 4n
1l <2/, <2,/ i
[Gw,ll2 <2 — [Gwll2 <2 7 and  [|[Hw2 ¥
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(ii) The minimum eigenvalue Apmin of the analytical NTK matriz, is bounded from below:

Amin 2 ot
5d

Proof. (i) We have that the rows of VdX are independent, and by (Vershynin, 2018, p.45, Exercise 3.3.1),
each row is isotropic. Moreover, each row has mean 0, and has sub-Gaussian norm bounded by an
absolute constant C; > 0 independent of d (Vershynin, 2018, p.53, Theorem 3.4.6), i.e.,||\/axi\|,¢,2 <
C1. Hence, by (Vershynin, 2018, p.91, Theorem 4.6.1), there exists an absolute constant Cy > 0
such that for all ¢t > 0,

P (IVdX[z > Vit + GOV +1)) < 27"

Then defining an absolute constant C := 2C>C%, and noting that \/g 2C by Assumption 2(ii),

P (1x1, > 2/%) <P (Il > /5 + 2007 )
—P (H\/&XHQ > i+ 2%&0205)
=2¢ ¢ letting ¢t = Vd above.
We note that 2e~9¢ < é by Assumption 2(i).
For the next assertions on the high-probability event that [|X||z < 2,/%, we see that
1Gw, 113 = ll(Fw, * XT) T (Jw, * X T2
= |, Iw,) © (XX T)]I2 b
<XNE . max [[Tg Jwlal by (M-2)
i€{1,...,n} 7

geeey

< 4n ’L {1, x mlzs (Wj X1)2 by the above bound on ||‘( ”2
4
:;’LL since (ZSI(Wj : Xi)Q < 17

and by the same argument,

IGw 3= l[Tw *XT) T (Tw + X )2

= I dw) © (XX )2 by (M-1)
<Xz, max }l[J%JW]n‘l by (M-2)
4
< an zefnl,ax,n} — Z ¢ (w; - x;)? by the above bound on || X||2
4
X jn since ¢/(Wj . Xi)2 < 1.
Lastly,
4in
Hw ll2 = G Gll> = 1Gw iz < —
(ii) Recall from Section D.2.3 the Taylor series expansion of &:
1 1 (3),
N 2)r 22
) = XX g ) S e O X
Hence,
1 1 — (l) or+2) 1 1 ©2
H=-XXT+_-3 2 (xxT = XX T+ (xx)7 4
4 +27rzr!+2rr!( ) 4 ton ( ) A)
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where the superscript ®(2r +2) denotes the (2r + 2)-times Hadamard product. Here, X X T is clearly
positive semi-definite, and by Schur product theorem (Horn and Johnson, 2013, p.479, Theorem
7.5.3), we know that Hadamard products of positive semi-definite matrices are positive semi-definite,
so each summand is positive semi-definite, and so just considering the first term iX X T and denoting
the minimum eigenvalue of X X T by timin, we have Apin > % tmin- But by (Vershynin, 2018, p.91,
Theorem 4.6.1), the singular value of v/dX is lower bounded by /n — %(\/E +t) with probability at
least 1 — 2e~t for any t > 0, where C' > 0 is an absolute constant. Letting ¢ = v/d, the singular
value of VdX is lower bounded by /n — Cvd > %\/ﬁ (using Assumption 2(ii)) with probability
at least 1 — 2e~%. This means that, with probability at least 1 — 2¢ 4, Mmin = %' Hence Ain >
We note that, again, 2e~% < % by Assumption 2(i).
The events of parts (i) and (ii) each have probability at least 1 — %, so by the union bound, the event
on which both parts are satisfied has probability at least 1 — g. Now we look for the event Fy; C Fq on

which the events of this Lemma hold, and by union bound, we have P(E;) > 1 — 2. O

n
5d°

D.3.3 Randomness due to both Weight Initialization and Sampling

Finally, we present some results that hold with high probability, in which the randomness comes both
from the weights and the samples.

Lemma 18. We have the following high-probability events:
(i) If Assumptions 2(i) & (ii) are satisfied, the minimum eigenvalue of the initial NTK matriz is
bounded from below with probability at least 1 — %:

AO,min 2

o
10d”
(ii) Define, for each u=1,...,U,,
_ 1 u—1 u—1
Vu = HGOHO &0 — (Go, Hy (o).

If all the conditions in Assumption 2 is satisfied, then with probability at least 1 — %, for all
u=1,..,U;,

log(nu)

L%

(iii) If all the conditions in Assumption 2 is satisfied, then we have

Vallp <8

Hence, if all the conditions in Assumption 2 are satisfied, then there is an event E5 C Ey withP(E3) > 1—46
on which parts (i) and (i) occur simultaneously.

Proof. (i) Recall from Section D.2.2 that we have

1 m
Ew-no1) Hwl=—H and  Ho= > Hy,0)-
j=1

For each j = 1,...,m, apply (M-2), and note that ¢'(w;(0) - x;)? < 1 and apply Lemma 17(i) for
[IX||2 to see that
1
[, 0)ll2 = — [[(XXT) © (¢ (Xw;(0) )¢’ (w; (0)X ")l

X113
m  ie{l,..,n}

N
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Hence, recalling from Lemma 17(ii) that we have A, > g5 and using the Matrix Chernoff inequality
(M-Chernoff), we have

)‘min - md)\:];n — 6
P(AOmmng) ]P)<>\Om1n< > <n(\@e> ° gn( 26) 40.

2

We note that n (\/56)7% < % by Assumption 2(ii).

For each u =1, ..., U, we have

n

1 1
—a GoHg 1€o=ﬁ > Go(xi,)[Holiy is - [Holi, i, ¥i-

i1, yiu=1

Here, [Hy); i = (Go(xi), Go(xi))F = Ko(Xi,Xs7), SO

1 —— 1 n
—GHE 6= = > Golxi)ro(iy X )0 (X, X1, )0
D1yeeey iy =1
1 n u—1
= > Gotxi)wi, [ roxisxinyy)
015te =1 c=1
Defining T, : (R x R)* — R™*4 as
u—1
Tou((X1,91)5 o (Xus Yu)) = Go(xa HHO Xe, Xet1)Yu — (Go, HE o),
c=1

we clearly have E[Y,((x1,¥1), .-, (Xu, ¥x))] = 0 and that

1 _ W 1
EGOHS & — (Go Hy o)z = o Z Yo ((Xiy s Yir )s oo (Xiy s Y )

i1yeyin=1
i.e., we have a V-statistic (c.f. Section B.6). We actually construct a symmetric version T,
(R4 x R)* — R™*4 of T, by
Tu((xhyl) (Xuayu - ’lL' ZT mezl (Xiuayiu»a

where the sum ) is over the u! permutations {i1,...,4,} of {1,...,;u}. Then it is easy to see that
we still have E[Y,] = 0 and

1 " u_ R
Vi = EG’OHO Y& — (Go, Hy 'Co)e = — Z w((Xiys Yir )y oos (Xiy s Yi,))-

nu
11,. =1

Note that we have, almost surely for all u-tuples ((x1,41), .-, (Xu, Yu)),

1T (%15 91), +ves (s ) < ,ZIIT (Xiys Yir )y s (Xis Vi) ¥

u—1

<N Go(xo)lle [T IR0 Gxe xer1) vl + (G0, Hy ™ Godz e

c=1

< 14/ (HGo HY oo

ST+ [Holy ™% 1]

—_—— ——

Lemma 15(ii) f*-Bound
1

(2d) =

<1+
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< 2.

Hence, from Proposition 14,

1 2
P (il > 8,/ B0 ) < 2,
1%] n
Taking a union bound over v =1, ..., U, we have
1 2U.
P <||Vu|F =8 Ogtgfju) for some u =1, ..., U€> < U )
m n

We note that 255 < % by Assumption 2(iii).
(i)
The events of parts (i) and (ii) each have probabilities at least 1 — %, so by union bound, E3 C F5 on
which the events of this Lemma all hold satisfies P(E5) > 1 — . O
D.4 Proof of Overfitting

In this section, we assume that we are on the high-probability event Ej3 from Lemma 18 in Appendix D.3,
and we show that the empirical risk ||y — f;||2 = ||&]|2 is small. Our strategy will be to use real induction
(c.f. Appendix B.5) on ¢ to get a bound on ||&||2. To that end, we give the following definition.

Definition 19. Define a subset S of [0,00) as the collection of t € [0,00) such that, for each j =1,...,m,

19, 6) = 5 O < 32,/ L

Our goal is to show a bound on ||€;||2 as t — oo. We first prove a few results that hold for t € S.
Lemma 20. Suppose that Assumptions 2(i) € (ii) and 3(i) are satisfied, and suppose that t € S.

(i) The spectral norm of the NTK matriz does not move much:

4n(34 + /logm)

||I:It —ﬂ0||2 < i .

(ii) The minimum eigenvalue of H, is bounded from below:

N n
A min Pyl
tmin > 164

which implies
. 1 ~
2 2
IVwR:|g > 2 €ell3-

(iii) The gradient of the norm of the error vector is bounded from above by a negative number:

d| €|z
dt

1 4
<—= .

8d Hgt ||2
(iv) The norm of the error vector decays exponentially:

léile < viesn (~ o ).



Proof. (i) See that, using (M-1), (M-2) and Lemma 17(i),
IH; — Holl2 = |G] G¢ — G Goll2
= [[Fex XTI XT) = (Tox XT)T(To 5 XT)]l2
= I(XXT) © (I I =I5 Jo) 2

<|fgbieﬁmxn}¢%x:ﬁ«wTd¢%ﬁ«wx»-—¢%xIW%0fU¢%W“0ﬁ%>
S dm dm 16{1, ,n} Z |¢ — ¢'(w;(0) - xi)2’

;1:’7, 16{1, 7”}Zl{¢ w] Xi) 7é ¢,(WJ(O) Xz)}

Here, for each i = 1,...,n and j = 1,...,m, in order for ¢'(W;(0) - x;) # ¢'(W;(t) - x;), there must be
some v € R? on the weight trajectory, such that v - x; = 0 and

d
v —w; O]l <32/ <.

But by Lemma 16(iii), there only exist at most v'md(34 + +/logm) neurons such that this happens.

Hence,
. I 4n(34 4+ /logm
JH, — By, < 2nB4F viosm)
vmd

(ii) See that
S\t,min: 1nf HI:ItV”Q

> inf HHOV”Q— sup ||(Ht HO)VH2
vesn—1 vesn—

Z )\o,min - ”Ht - H0||2
n  4n(34 + logm)

> Tod Jnd by Lemma 18(i) & part (i)
n

s " . .

Z 16d by Assumption 3(i)

as required. Then using this, see that
A 4 A n P 4 1 2 1 2
2 _ 2 _ TAT _ T 2
IVwR [z = ﬁHGtﬁt”F = ﬁﬁt G, Gi& = ﬁgt H/& > MH&H?
(iii) Differentiate both sides of Ry = %HétH% with respect to ¢ and apply the chain rule to obtain

dR, _
dt

d g d||€ n  dR
2|&: |2

We apply the chain rule and part (ii) to see that

dR; AW . 1 20
= — < ——
e <VWRta >F ViR < 4ndH€tH2

Hence, substituting into above,

d€:l2
dt

1 . -
< —ggléle



(iv) We apply Gronwall’s inequality and the fact that ||&oll2 = ||y|l2 < +/n to see that

t t
< E— .
1€ll: < |€0||2exp< Sd) nexp< &z)

Finally, we prove that S € [0, 00) is inductive. Then we know from Appendix B.5 that S = [0, 00).

O

Theorem 21. Suppose that Assumptions 2(i) € (ii) and 3(i) are satisfied. Then S is inductive.
Proof. We prove each of (RI1), (RI2) and (RI3) in Appendix B.5 for the set S.
(RI1) Obvious.

(RI2) Fix some T > 0, and suppose that T € S. Then we want to show that there exists some ~ > 0 such
that [T,T +~] C S. Since T € S, we have ||w;(T) — w;(0)|2 < 324/ <L for each j = 1,...,m. Define

Vimds(T) — v (0)]>

C—4d —
Vj )

Then v; > 0, and for all ¢t € [T, T + v,],
I9;(8) = ;) < I, (T) = w; (O)]l2 + [N, (8) = W,(D)

. dw ;
— W,(T) — w, (0 ||2+H/ |

< Wy (T) — wy(0)]2 + /T ||ijftt\|2dt

A 2 [* .
< 19(T) = w0+ [ G ol

4 N
< |\wi(T) — w; (0 +7/ dt by Lemma 17(i
[W;(T) —w;(0)]]2 T T\létllz y (i)

) A(t—T)
< (T) — wi(0)||g + ———7
1965 (T) = w5 Ol + = —
1., d
< S I95(T) = Wil + 16y
< 32 i
m

Now take v = minje(y,... m} ;. Then [T, T +~] C S as required.

.....

(RI3) Fix some T > 0 and suppose that [0,7) C S. Then we want to show that 7' € S. See that, for each

jef{l,...,m},
. dw ;
[905(T) = w;(O)ll2 = ‘ e
0
T A
/ — V., Redt
0 2
w, (nedt
2
¢ ||2dt Lemma 17(i)
exp dt Lemma 20(iv)
r/ (~54)
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<32\/i.
m

Since S satisfies all of (RI1), (RI2) and (RI3), S is inductive. O

SoT € S.

Theorem 7 (Overfitting). If Assumptions 2(i) & (ii) and 3(i) are satisfied, there is an event with
probability at least 1 — & on which R(ft) < e 4. Moreover, at time t = T., we have R(fT ) < e.

Proof. Theorem 21 implies that we can run gradient flow as long as we want and ensure that the empirical
risk follows Lemma 20(iv).
So only the last statement requires attention. We know from Lemma 15(i) that the maximum value of

A is 3 d, which means that the minimum value of 7. is 8dlog ( \/g) Hence,
R(fr.) <e 2lo 2 f<e
X €X - — EREESS
T. p g NG 1
as required. |

D.5 Proof of Small Approximation Error

In this section, we assume that we are still on the high-probability event F3 from Lemma 18 in Appendix D.3,
and we show that the approximation error ||f* — fi|l2 = [[(¢||2 is small, i.e., less than our desired level
%\@, with the other %\/E to come from the estimation error in Appendix D.6.

Our strategy will be to use real induction (c.f. Appendix B.5) on ¢ to get a bound on [|¢]|2 < 24/ for
some m that depends on e. First, recalling the definition of L. from (4.1), note that there exists some
time T/ (which may be co) defined as

T! = min{t € Ry : [|Gll2 < 2/1¢7 2}, (D.1)

i.e., the first time that ||¢/<|, accounts for less than half of ||¢||o. It may be that ||¢/<|s will never
account for less than half of ||(;||2, in which case we will have T/ = oo. The purpose of T7 is to ensure
that we have approximation error bounded by & before we hit 7, so it is no problem for 7. to be infinite.

Definition 22. Define a subset S. of [0,T7] as the collection of t € [0,T7] such that, for each j =1,....m

2v2

w;(t) —w;(0 < —.

i) = w0l < 2
We first prove a few results that hold for ¢t € S..

Lemma 23. Suppose that Assumption 2(i) and Assumption 3(ii) are satisfied, and that t € S..

(i) We have
[1H: = Holl2 <

1
m(?ﬂ/ﬁ + /logm).

(i) We have
IVw Rellf = Acll¢ell3-

(iii) We have

d”CtH? Ae
< —— .
> =16l

1
el < exp (~gt).
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(iv) We have



Proof. (i) First see that

(Hy = Ho) f(x) = Ex [((Ge(x), G+ (x'))r = (Go(x), Go(x'))r) f(X)]

B | XX 3 (o )6 (w(2) - x) — ¢ (w;(0) - )¢ (w;(0) - %)) ()

Jj=1

We use the same linear operator Z as in the proof of Lemma 15(ii), which we recall to be

() = Ex[x-x"f(x)],

and we also recall that |22 < 55. Now applying Lemma 12, we see that

[11

|H: — Holl2 < % xégdp ) % Z (¢5/(wj(t) x)? — ¢ (w;(0) ~x)2)

=1
< wxesgfl,iz_;lﬁ(w]-(t) x)2 — ¢/ (w;(0) - x)?|
_1 sup *Zl{qzﬁ/(wj() x) # ¢'(w;(0) - x)}

Here, for each j = 1,...,m, in order for ¢/(w;(t) - x) # ¢'(w;(0) - x), there must be some v € R? on
the weight trajectory, such that v-x =0 and

Vw0l < 22
Ae
But by Lemma 16(iv), there only exist at most \/‘/gf (3v/2 + v/Tog m) neurons such that this happens.
Hence, ’
1
Hy — Holl2 € ———(3V2+ \/logm).
H t 0”2 QWAE( g )

(ii) See that

IVw RellE = 12(Gr, Go)all7
= 4(Ct, HiCy)2
= 4G, HGe)2 + 4(Ce, (Ho — H)Ce)2 + 4(Ce, (Hy — Ho)Ce)2
4G, HG)2 — 4G (Ho — H)G)2| — 4|(Ce, (He — Ho)Gr)2| -
(a) (b) (c)

We look at (a), (b) and (c) separately.
(a) Recall that T! is defined as

1
T! = min{t € Ry : [|¢/|l2 < [IG7[l2} = min{t € Ry« G413 < Sz}

Since t < T!, we have

<ct7Hct2—4ZAl<t,sol 42&@@ > 400113 = 2213

(b) By the Cauchy-Schwarz inequality and Lemma 16(ii),

log(2m)

4Gt (Ho = H)G)al < A1GI31Ho — Hz < 1016131/ <5 2
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(¢) By the Cauchy-Schwarz inequality and part (i),

(3V2+ Vogm)||Gi[[3-

2
A(C, (Hy — Ho)Cr)a| < 4\ Cel|3I1Hy — Holl2 < N

Putting (a), (b) and (c¢) together and applying Assumption 3(ii) that

log(2m) 2
Ae > 10 + 3v2 + \/logm),
5 md . 5

we have

log(2m) 2
2> (2x. -1 — 24 4/1 Ae
IVw Rl ( Y - NI (3v2 + ogm)) I1Ge13 = Aclicell3-

(iii) Differentiate both sides of R; = ||¢;||3 + R(f*) with respect to ¢t and apply the chain rule to obtain

dR dIICtllz d|[Gell2 1 dR,

= = Tdt
=2[|Glle—— dt 2|[Cell2 dt

We apply the chain rule and part (ii) to see that

dR dw
= (TR G ) = IV R < Al
F

Hence, substituting this into above,

il _ A
il 12T QR .
22 <~

(iv) We apply Gronwall’s inequality and the fact that ||(o|l2 = || f*[]2 < 1 to see that
1
[1Cell2 < [[Coll2 exp —*>\ t) Sexp—5Act).

Finally, we prove that S. C [0,7/] is inductive. Then we know from Appendix B.5 that S. = [0,77].

O

Theorem 24. Suppose that Assumption 2(i) and Assumption 3(ii) are satisfied. Then Se C [0,T7] is
inductive.

Proof. We prove each of (RI1), (RI2) and (RI3) for the set S..
(RI1) Obvious.

(RI2) Fix some T € [0,77), and suppose that T' € S.. Then we want to show that there exists some v > 0
such that [T,T +~] C S.. Since T € S,, we have |w;(T) — w;(0)||r < 2V2_ fo1 each j = 1,..,m

AeVmd
Define
;= i _ \/@”W](T) - W](O)”F
j - Wi
Then v; > 0, and for all t € [T, T + v;],

>

[w;(t) = w;i(0)llr < |w;(T) —w;(0)l[e + [[w;(T) — w; (@)][r

dw ;
— lw (T) — w, (0 ||F+H/ hay

F

< Wi (T) — w; (O)lp + / |V, Rt
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<19 (T) =y Ol + [ [V el
T ———

Lemma 15(ii)

< w5 (T) — w;(0 >||F+— / Gl
H/—’

Lemma 23(iv)

V2(t—T)

Now take v = minje(y,....m} ;- Then [T,T +~] C S. as required.

(RI3) Fix some T € (0,T!] and suppose that [0,7) C S.. Then we want to show that T € S.. See that,
for each j € {1,...,m},

dw ;
w;(T) — w(0)]| = ||/ Jdt

</ IV, Rillrdt
0

5 T

</ %/0 ICell2dt by Lemma 15(ii)
2 T s

< 1/—/ e~ % dt by Lemma 23(iv)
md 0
f

< —.
Aevmd

Hence T € S, as required.
Since all of (RI1), (RI2) and (RI3) are satisfied, S. C [0, 7] is inductive. O

Now we show that T, is large enough to ensure that 7. := %1 og (\/E) < T! such that, for all
t € [T, T!], the approximation error is below the desired level: ||(¢]2 < 5+/¢.

Theorem 8 (Approximation Error). Suppose that Assumptions 2(2) and 3(ii) are satisfied. Then, on
the same event as in Theorem 7, we have, fort € [0,T:], ||f: — f*|l2 < exp (—=A:t/2). Moreover, at time

t =T., we have || f; — *|l2 < VE/2.

Proof. Recall from Section D.2.4 that we had R = ||(F<||3 + R(f*), the population risk in this subspace.
Differentiating both sides of this with respect to ¢ using the chain rule gives us

tha d”CtL 2 N dliciell: 1 Ay~

dt 2G|l dt

=2)|¢<l2

Here, see that, by the chain rule,

dRE- _ . dWke _
—dz = <VWRtLE: = >F =—|[VwR“|§ <0

Substituting this back into above, we know that || |2 is not increasing. Hence, by our choice of L.,
1

na

ICF 1l < 16Tl < 5
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forallt > 0.
Now, as we perform gradient flow from ¢ = 0, we know that, by Lemma 23(iv),

1
el < exp (- t)

1
IGtll2 > 5v2 > 20165712 > 2116 o,

up to T7. Then for all t < T, we have

which means ¢ < T/ and we can continue gradient flow with Lemma 23(iv) continuing to hold. After we
have reached T, i.e., for all ¢ € [T;,T/], we have

1
Il < 5V

as required. O

D.6 Proof of Small Estimation Error

In this section, we assume that we are still on the high-probability event FE3 of Appendix D.3 with
P(E3) > 1 — 6, which means that we can assume all the results from Appendix D.4 and D.5.
First, we prove the following decomposition of the estimation error.

Lemma 25. For any integer U > 2 and for any T > 0, we have the following decomposition:

1 u— u—
EGOHO Y€ — (Go, HY o)

U
| fr — frlle < \}auz_:l (1)

F

2T 1 - PN 2T
+ — sup fG—G &|| +—= sup — Gy, ¢

\/&te[o T] (G 0)é: F d tefo,T] (G v 02lle
1 2T oy .
= ( DY sup | GoHE2(, — Holéye
\f by (G

U U

Z sup [[(Go, HE~2(Ho — Hy)Go)ollr

w—2 t€[0,T)

tu—1

GoHU Y€ — &)

—<G0,Héf *(gt[, — co)>2dtUdtU_1...dt1||F.

Proof. We prove this by induction on U. We first look at the base case U = 2. As noted before (e.g., in
the proof of Lemma 17(i)), the vector v/dx is isotropic (Vershynin, 2018, p.45, Exercise 3.3.1). Then see
that

i frllo < = i VE(@(%,(T) - %) — 6(w,(T) -x))?] triamgle inequality
<+ i VEI(G5(7) = wy (7)) %)
= jhnim[«wjm w; () - (V)Y
. % ill% (T) —w;(T)lls  (Vershynin, 2018, p.43, Lemma 3.2.3)
L
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L W) - W(0) - (W(T) - W)

f
1 dW _aw
f dt i,

. 1. -~ 1. -
&, — —Go&o + —Go&o — (Go, Co)2
n n

+(Go,Co)2 — (Giy, Gty )2dt||

GOEO —(Go,Co)2|| dt1

F

/ Gy, &, — %Goéo +(Go,Co0)2 — (G, Ciy )2dts

f/

F

ﬁ HnGOEO —(Go,Co)2

F
2

T
+— Go — Gy, oy )adt
Nz 0 t15Gey)2dty

T 1 . . R
/ 7(Gt1 - GO)Stldtl +
0 F

n

F

T
i % /0 %Go(étl —&0) — (Go, Gy, — Co)2dty

F

% HiGoﬁo — (Go, Co)2

F
2T 1 S 2T
+ — sup —G—G &l +—= sup |[{(Go — Gy,
Vd teo,) || n (G 0k o Vd e, G o Gelzlle
2 1 A
+—= / =Go(&, — &o) — (Go, Gy — Go)2dly (*)
d o n -
Here, for the last term,
1

% Go(ﬁtl &o) — (Go, G, — Co)2dty

0 F
T ty t1
0 n 0 dtQ 0 d 2 2 P

2

Vd

2 T g .

ﬁ —/ nGO ; Hf2£f2dt2+<GO,/O 2Ht2<.t2dt2>2dtl
4

Vid

F

1
/ / *GOHtQEtQ 2 GoHoéo + EGOHogo

—(Go, HoCo)2 + (Go, HoCo)2 — (Go, Ht,Cp, )2dtadty ||

2
< % %GOHOEO —(Go, HoGo)2 .
t1 ~ ~
+ — / / 1 Ht2 Ho)ftQ + HO(£t2 - 60)

+ <G07 Ho(Co — i) + (Ho — Hy, )Gty ) o dtadt ||

272 || 1
< —= || 5GoHo&o — (Go, H
v ||[n2 7 0€o — (Go, HoGo)2 .
2T2 N 2T2
+ = su HG -H + — su G, _H
Vdn? te| opT 0 0)& v Vd te[OPT] I{Go, (Ho — H¢)Ct)2llp
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GoHo (€, — &) — (Go, Ho(Cry — Co))adtadty

F

Now, putting this into (*), we have

| fr — frll2 < % HiGoﬁo — (Go, Co)2

F
1

n (Gt - Go)ét

2T
+ — sup —1—— sup Gy — Gy, ¢
N [{Go — Gt, Ce)2|lp

\[ te[o
272 || 1

7 —QGOHOEO = (Go, HoGo)2

+

+

F

2 2

— sup |[(Go, (Ho — H
\/E relo, ]||< 0 ( 0 t)Ct> HF
ty

3 GoHo (&1, = €0) = (Go, Ho(Giz = Co))adtzdty

——— sup HGO H H0£ H
Vidn? te[0,T) o !

F

1 o\
anng Y€ — (Go, HY (o)

_ 101
_\/3;

n 2T
— sup
Vd te[o T)

Z

Z 2T) sup ||(Go, H{ ™ (Ho — Hy)Gt)o||
te[0,T]

F

1 . .
*(Gt — Go)&; + —= sup [[{Go — G4, Ci)allp

\[ te[o T)

n“u' bu% HGOH“ 2(H, — H, EtH
te[o

F

+ — GOH2 1 €f2 &) — <G07Hg_1(Ct2 — o))2dtadty

F

So the base case u = 2 holds. Suppose that the claim is true for u, i.e.,the following holds:

Ifr = frll2 < Z 2T GroHu &0 — (Go, Hy ' Go)2

F

2T
+ — sup [|[{(Go — G4, )2l

F d tejo,1)

1 s )
sup ||GoHy™ “(H; — Ho)&:||r
\/E n¥u! te[o, T]” 0 ( t ) t”

2T
Z " sup 11Go, HY > (Ho — H)Glle
’LL. tEOT

2
/ / / GOHU €y — &)
—<G0, HO n (Ctu — C0)>2dtUdtU,1...dt1 HF . (**)

Consider the last term involving the norm of an integral:

u
2U

2U t1 tu—1 1 U . -
— / / / TTUGOHO (& — €0) — (Go, HY (G — Co))2dtudty_1...dty
o Jo 0

F
2U

Torh vt g U-1 ‘EtU+1
—GoH ™ / —T=dt
Vd /0 /0 /0 nU 070 o dtyii U
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U-1 tu dC
- G07H0 ——dty4+1 ) diydty_i...dt;
0 dtU+1 2

F

2U+1 U1
= \/& / / / / GOH Htu+1£tu+1

—(Go, H " Hyy Gy )y dturdtudty s ...dty

I
2U+1

T tv X R
= \/& /0 /0 WGOHOU_l(HtU+1 - HO)&tU+1

+ #GOHSJ(&UH — &)+ U+1G0H &0 — (Go, Hg Co)2

+(Go, Hg (Go — @UH))Q +(Go, HY ™Y (Ho — Hiy ) )Crpon Vodtu 1 .odty

(QT)U'H
f(U—i— 1)! tes[%pT]

(QT)U-H
VAU +1)! ey

U+1

\/(g(jgﬂte[opﬂ H GO’HU 1(HO ~ HG) HF
2U+1

I

——GoH{ & — (Go, HJ ¢o)2

SU+1
n F

nU+1 ——GoHY "' (H; — Hy)&,

F

tu
/ / GoHO (EtU+1 EO) - <GO7 H(g](gtgﬂ - C())>2dtU+1...dt1

F
Putting this into (**), we have

U+1
R 1
- —GoH! ¢ — (Go, HY !
I fr = frl2 < Z i GoHE ™ 60 — (Go. Hi o))
2T A A 2T
+ — sup fG Go)&:|| + —= sup — Gy, ¢
\/(jfe[OT] (G 0)é F d tefo,1) {Go o Cozlle
U+1
GoH! 2(H, — Hy)¢
Z n“u' ES[%PT]H oHy " (Hy — Ho)&t|[r
1 U+1
Z sup [[(Go, Hy™*(Ho — Hy)Go)2|lr
te[0,T]
2U+1

/ / —7 GoH{ (€1, — &0)

—<G0,H0 (Ctun — Co))odtyy1..dty || -

So by induction, the result of the lemma is proven. O
We are finally ready to prove our estimation result.

Theorem 9 (Estimation Error). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have || fr. — fr.|l2 < VE/2.

Proof. We will use the decomposition in Lemma 25 with 7' =T, and U = U.. We will consider each term
appearing in the decomposition separately.

(a) See that

T. tu.—1

1 1A
WGOHOUE Y€y, — &o)dtu.dty.—1...dt

F
2. o
\([U? o~ [1Goll2|Ho I3 |I€r,,, — &oll-

Lemma 17(i) Lemma 20(iv)

64



(2T.)Y= 22VepU-
S VAU InUe qUe—s
(8T:)"
~ v

1
< —
14\/§

by the definition of U, (see eqn. (4.3)).
(b) See that

T: rt1 tu.—1
/ / / (Go, H* MGy, — C0))odty. dty, —1...dt
o Jo 0

27.)Y- _
< (\/(%, I(Go, Hy ™ (Cew. = G0))2llr
!
27 )Ye -
B (ﬁﬁ A (G, = Go) HE (Gu, — G2
!
2T,)Y- 1
< C ol g, Gl
° Lemma 15(ii) Lemma 23(iv)
_ eV 2
S VAU (2d)Ve3
_ v
- dU-U!
1
< —
< Ve

also by the definition of U..

(c) See that

U
1 o (2T) .
— su Go,HY “(Hy — H
\/ﬁ; ul te[o,%]m 0, Hy ™ (Hy — Ho) G|l
1 &
ﬁ tes[gp% ] \/<H572(Ht - HO)CtaH(I)hl(Ht - H0)<t>2
=2 yle

u

uf,

sup ICell2 | Holl, *
te[0,T.] ~~~~

| Hy — Holl2
—_——

Lemma 23(iv) Lemma 15(ii) Lemma 23(i)

%\

Ue
UE

fz u, 1 (3V2 4+ /logm)

(2d) u=3 2v/md3\.
6+\/210g i: T
o wldv
< ﬁ,
14

by Assumption 3(iv).
(d) See that

u

sup [|GoHy *(H, — Ho)éilr
U tef0,T:]
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u
i sup ||Goll2|Holl5™* [|H, — Holl>  [[&ll2
t S~

rdLe

Ue
< Ly B
\/E u=2 nou
- Lemma 17(i) Lemma 20(i) Lemma 20(iv)

Z ) 22u=3pu=3 4n(34 + /log m) v
f n“U' du=3 Vmd

_ VAd(34+ Vlogm )i( L)u
N 2/m — uld"

_6+ \/2 log Z

uld®
< £
14’
by Assumption 3(iv).
(e) Note that

3o~ Jo = —dinga) (o (WOXT) =/ (WOLXT)) e,

and so for each i = 1,...,n, the squared Euclidean norm of the i** column of J, - jo is

2

—diagla] (¢ (7 (%) — ' (7 (0x.))

2
2

~m ZG? (¢'(W;(t) - x:) — &' (W;(0) - x;))
i=1

= S {0 %) £ 6 (W5(0) X))
=1

Now we apply (M-1), (M-2) and Lemma 17(i) to see that
IG+ = Goll3 = I((Fe = Jo) # X T) T ((Fe — Jo) + X 1)z
= [I(XXT)© ([Fe = Jo)"(Fe = Jo)3

<[IX]3 _max izlw (W;(t) - xi) # ¢'(W;(0) - %)}

1 m
ie{linn} m

< LS U () x) £ 8 (5(0) 3},

= d 1 m
ie{l,...,n} =

Here, for each i =1,...,n and j = 1, ...,m, in order for ¢'(W,(t) - x;) # ¢'(W,(0) - x;), there must be
some v € R? on the weight trajectory, such that v - x; = 0 and

v =0 < 32/

But by Lemma 16(iii), there only exist at most v'md(34 + v/log m) neurons such that this happens.

Hence,
. A 4n (34 1
16, — Gl < 3L o),
md
Taking the square root, we have
A A 24/n(34 + v/logm)
G: — Goll2 < .
|| t 0H2 (md)1/4

66



Now see that

2T. y 2T. -
= sup (Gt Go)di| <= sup [Gi—Golla &l
\/thOT] F N\/EtG[OTH—/ N~
above Lemma 20(iv)
2T. 2+y/n(34 + logm
<
i (i 2
B 34 + /logm
(md?3)1/4
6+ \/W
S Z wlde
< £7
14

by Assumption 3(iv).
Define an integral operator Hy : L?(pg_1) — L?(pg_1) by
Hi(f)(x) = Ex[((G: = Go)(x), (Gt — Go)(X))r f ()]
An explicit expression for Hy(f)(x) is
/

(@ (wy1) - %) = ¢ (w(0) - X)) (¢ (wy () - x) = ¢ (w;(0) - X)) £ |

j=1

and so by applying Lemma 12, and recalling the linear operator = : L?(pg_1) — L?(pq_1) defined
by Z(f)(#) = Ex/[x - x'f(x')] with [|Z]|2 < 55, we have

m

< 305 2 D (0w 0) ) = ¢ vy 0) )

j:1

—sup le w;(t) - x) # ¢/ (w;(0) - %)}

Here, for each j = 1,...,m, in order for ¢'(w;(t) - x) # ¢'(w;(0) - x), there must be some v € R? on
the weight trajectory, such that v-x =0 and

v — Wil < 22
Avmd
But by Lemma 16(iv), there only exist at most \/\/ET (3v/2 + v/Tog m) neurons such that this happens.
Hence,
| Hyll2 < 2\/>d3/2)\ (3v2 + /log m).
Then see that
21 2T,
sup — Go, ¢ =5 sup ||Ex[(Gy — Go)(x)((x
Vi Soh G G0 alzlle =g s IBl(Ge = Go) GGGl
27T -
= sup Ce, HyC,
Vd tefo1.] (Cer Hice)

2T, -
< sup H
7 VIH2 - [IG]2

te[0,7T. ]| e —

above Lemma 23(iv)
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< T2 Ve
V2T \/3V2 + /logm

(md®) /13

6+\/Wi

uldv

e
14

by Assumption 3(iv).

(g) We have from Lemma 18(ii) that ||V, |z < 8 lo‘rf(ﬁ"f) for all u =1, ...,U.. Then see that

U,
1 <= (21)" || 1 . . 1« (2T7)
— —GoHY ¢ — (Go, HY = —
72 ul | o — (G )| = 5D S Vel
U
8 (2T.)*  [log(nu)
< —= n
\/&; u! L%
< VE
14

as required, where the last inequality follows by Assumption 3(iii).
Putting it all together, ||z, — fr.||2 is bounded by a sum of seven terms each bounded by L VE, 0

. €
e, fr.lle < &

as required. 0

D.7 Putting it all Together: Generalization and Benign Overfitting

Bringing together Theorem 8 and Theorem 9, we have a generalization result.

Theorem 10 (Generalization). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have R(fr.) — R(f*) = ||fr. — f*|3 < e

Proof. We have the approximation-estimation decomposition from eqn. (4.4):

Ifr. = £l < Iz — frll2 + 11z |l2-

Here, Theorem 8 gives us ||¢r. ||z < £, and Theorem 9 gives us || fr, — fr, ||z < 5. Thence we have
e €
Ifz. = 12 < lfz. = frll2 + ISz )12 < Sytg=e
Since, R(fr.) — R(f*) = ||fr. — f*||3, we get the claimed result. O

Finally, bringing together Theorem 7 and Theorem 10, we have the benign overfitting result.

Theorem 11 (Benign Overfitting). Suppose that all the conditions in Assumptions 2 and 3 are satisfied.
Then, on the same event as in Theorem 7, we have

Empirical Risk: R(fr.) <e and  Excess Risk: R(fr.) — R(f*) <e.

Proof. This is an immediate corollary of Theorem 7 and Theorem 10. O
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Figure 4: Synthetic Data Experiment: Risk vs.
model complexity plot on synthetic data. In-
creasing both the sample size n and the number
of training iterations simultaneously allows for

{® n=500
e n=1000
® n=1500

Risk (log-scale)

..
2

av. 6.250-00

——e—
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Figure 5: Synthetic Data Experiment: The av-
erage iteration at which the excess risk crosses
and stays over the empirical evaluated over 10

runs with different random initializations to the
neural network. The bars indicate the standard

deviation on the iteration number. Note the
clear shift to the right and down.

reduction of both empirical and excess risks.

D.8 Additional Experimental Evaluations

In this section, we provide additional experimental evaluations.

Synthetic Data Experiments. For the synthetic data experiments, we use d = 3, and the first
eigenfunction of the NTK operator H as f*, i.e., the spherical harmonic of order 1, obtained by the
Rodrigues representation (Miiller, 1998, p.22, Lemma 4) on the Legendre polynomials (Miiller, 1998, p.16,
(§2.32) & Lemma 2) (see also Section D.2.3). For x = (21,29, 73) " € R3, we have: f*(x) = P,(3;x3) = x3,
where we denoted by P;(3;-) the Legendre polynomial of order 1 in dimension 3. In other words, given
a point on the sphere, f* simply maps it to the value of the third coordinate. By construction, this
gives L. =1 and A. = &5 (c.f. eqn. (4.1)). We use m = 750000. The x;’s are sampled uniformly from
unit sphere. The y;’s (the target variables during the training process) are constructed as f*(x;) plus
mean-zero Gaussian noise with standard deviation 0.2.

In Figure 4, we plot empirical (dashed) and excess (solid) risk curves against gradient descent iterations
T for various sample sizes n, using matching colors for each n. The results are similar to what we observed
in Section 4.3. The empirical risk decreases with 7', with smaller n yielding stronger overfitting. Excess
risk exhibits a U-shaped curve, first decreasing then increasing. The x markers denote the point where
excess risk overtakes empirical risk and remains higher. These x markers shift lower and rightward as n
increases. This supports our theory that, with sufficient data and appropriate model complexity, both
risks can be simultaneously minimized.'® We also perform multiple runs, with different initializations.
These results are presented in Figure 5.

Experiments on Abalone Dataset. We now discuss additional experiments on the Abalone dataset
disuccsed in Section 4.3. In Figure 6, we plot the risk vs. model complexity curves (with m = 10000) by
varying the noise levels. We add mean-zero Gaussian noise with standard deviation in {0.1,0.2,0.3} to the
target variable in the training data. The results are consistent with our previous findings. As expected,
for same n, across the various plots in Figure 6, we see that higher noise levels shift the crossing point
(marked by %) to later iterations.

In Figure 7, we show the result across multiple runs, with different random initializations to the neural
network.

Experiments on Wine Dataset. For our next real data experiment, we use the Wine dataset (Aeber-
hard and Forina, 1992) where the input dimension d = 11. The goal is to predict wine quality from various

16We could equally analyze the trough of the excess risk curve and reach the same conclusion; we focus on the crossover
points for convenience, since both risks are equal at those points.
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Section 4.3.

Figure 6: Abalone Data Experiment: Results with varying noise levels. The figure (b) is duplicated from

features. We standardized inputs and targets, and add Gaussian noise during training. Figure 8 shows
the risk vs. model complexity plot, leading to the same conclusions as with our previous experiments.
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Avg. iteration: 222 +/- 2.276+02
Avg risk: 8.346-01 +/- 8.04e-01
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Figure 7: Abalone Data Experiment: The average iteration at which the excess risk crosses and stays
over the empirical evaluated over 10 runs with different random initializations. This is for the setting
discussed in Section 4.3, with Gaussian noise (mean-zero, std. dev 0.2). Again notice the shift to the right

and down of where the crossing occurs.
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Figure 8: Wine Data Experiment: Risk vs. model complexity plot with varying sample size n. We

m = 100000.
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