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Abstract

Benign overfitting is a phenomenon in machine learning where a model perfectly fits the
(possibly noisy) training data, yet still generalizes well to unseen data. Understanding this
phenomenon has attracted considerable attention in recent years. In this work, we propose
a conceptual shift, by focusing on almost benign overfitting, where models simultaneously
achieve both arbitrarily small training and test errors. This behavior is characteristic of
neural networks, which often achieve low (but non-zero) training error while still gener-
alizing well. We hypothesize that, contrary to benign overfitting of exactly interpolating
models, almost benign overfitting occurs in the classical regime represented by the U-curve
in the risk vs model complexity plot, by analyzing how the interaction between the sample
size and model complexity enables larger models to achieve both good training fit but still
approach Bayes-optimal generalization. We substantiate this hypothesis with theoretical
evidence from two case studies: (i) kernel ridge regression, and (ii) least-squares regres-
sion using a two-layer fully connected ReLU neural network trained via gradient flow. In
both cases, we overcome the strong assumptions often required in prior work on benign
overfitting. All of our results are non-asymptotic and hold with high probability.
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1 Introduction

Traditional statistical learning theory posits that overfitting impairs generalization, advo-
cating for models with capacity balanced between under- and overfitting, as illustrated by
the U-shaped excess risk curve (Gyorfi et al., 2006; Hastie et al., 2009) (Figure 1(a)). How-
ever, recent observations—particularly in overparameterized neural networks that achieve
small training error on noisy data yet generalize well—have challenged this view, giving
rise to the benign overfitting phenomenon and spurring significant theoretical interest. A
related trend is the double descent effect, where the excess risk decreases again as model
complexity increases beyond the interpolation threshold, see e.g., Belkin et al. (2019).

In this paper, we investigate whether models can simultaneously achieve vanishing em-
pirical risk (i.e., overfit to the noisy training data) while also attaining vanishing excess risk
(i.e., generalize well). Departing from prior works that focus on exact interpolation, we con-
sider models that nearly interpolate—training error is arbitrarily small but non-zero. This
setting better reflects practical scenarios, where neural network training typically results in
small, but non-zero, training error.
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We operate in the “classical regime” in the risk vs. model complexity plot, and provide
theoretical evidence that almost benign overfitting can, in fact, occur even in the classical
regime, represented by the U-shaped curve. This serves as a counterpoint to the predomi-
nant view in the literature that benign overfitting is a phenomenon that occurs outside the
classical regime. The key insight is that the risk versus model capacity plots are, to our
knowledge, almost always plotted for fized sample size!', whether it is the classical U-shaped
curve, or the double (or indeed multiple) descent curves proposed in recent years, or the
multidimensional curves of (Curth et al., 2023). This omission is somewhat surprising, as
the sample size is a crucial element in assessing the ability of a model to fit the training data
and to generalize to unseen data. By carefully analyzing the relationship between sample
size, model complexity, and the nature of their effect on the empirical and excess risks, we
prove that, with some commonly used ML models, almost benign overfitting can occur in
what is considered the classical regime. This allows us to avoid the assumptions commonly
made in prior works on benign overfitting—such as high input dimensionality, specific struc-
tural properties of the regression function, or prescribed eigenvalue decay patterns of the
feature covariance matrix, see e.g., the survey by Bartlett et al. (2021).

Our Contributions. We start with an investigation into the risk versus model capacity
plots. We explicitly add the sample size into the picture, and study the nature of the joint
effect of the model complexity and sample size on the risks. We hypothesize that almost
benign overfitting can occur in the classical regime, i.e., the trough of the U-shaped curve.
We provide evidence supporting this hypothesis by theoretically establishing almost benign
overfitting in two foundational cases: (i) kernel ridge regression (KRR), and (ii) regression
with two-layer fully connected ReLLU neural network trained by gradient flow. All of our
results are non-asymptotic and hold with high probability.

In the case of KRR, the model complexity is given by the reproducing kernel Hilbert
space (RKHS) norm, controlled by a single regularization parameter. Our analysis leverages
integral-operator techniques (Caponnetto and De Vito, 2007; Park and Muandet, 2020)
rather than uniform convergence, and proceeds by decomposing the excess risk into separate
approximation and estimation terms. Also, unlike previous results on benign overfitting
with KRR (e.g., Liang and Rakhlin (2020); Barzilai and Shamir (2024) who impose heavy
assumptions on the spectral decomposition of the regression function), we impose minimal
assumptions on the outcome variable—just that the outcome it is bounded.

In our analysis of least-square regression using two-layer ReLU? neural networks trained
via gradient flow, the model complexity is given by the network width and, more impor-
tantly, the duration of gradient flow. Again, we make no assumptions other than that the
outcome variable is bounded. We provide guarantees for both empirical and population
excess risks for arbitrary regression functions under the same high-probability event and
under the same scaling of sample size, input dimension and network width, thus establishing
almost benign overfitting. We validate these results through experiments on both real and
synthetic datasets.

1. Some exceptions exist, for example, Nakkiran et al. (2021, Figures 11 & 12).

2. The use of ReLLU activations introduces additional challenges due to the non-differentiability of the
resulting loss function. In contrast, extending our approach to smooth activations would yield simpler
proofs.
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As in the KRR case, here too, the generalization analysis proceeds by decomposing
the excess risk into approximation and estimation components. Here, we take the view of
gradient flow as imposing an implicit form of regularization. We require that the network
width as well as the sample size be sufficiently large (but still finite), which, together with
the fact that we are doing gradient flow, means that we are in the neural tangent kernel
regime (Jacot et al., 2018)3 The proof contains technical novelties, which may be of inde-
pendent interest. (i) Extension of a bound on the Hadamard product of matrices to integral
operators for the approximation error proof, and (ii) side-stepping uniform convergence in
the estimation error proof by concentrating only at initialization, using novel results on
concentration of vector-valued U- and V-statistics, and using repeated integration to obtain
bounds at later times.

Our main message through these two results is that many instances of empirically ob-
served benign overfitting may not in fact be striking, and that it may be possible to ex-
plain many instances through almost benign overfitting. In other words, all the stringent
structural assumptions that accompany (exact) benign overfitting results may not be the
explanation for what appears to be benign overfitting. Of course, both explanations are
possible, and currently we do not have the theoretical tools to analyze more complex and
practically relevant models and settings. Our goal is to offer an alternative perspective, and
show that with tractable models it can indeed be backed up with a proof.

Finally, we stress that, due to technical challenges, we did not optimize bounds on
various parameters like sample size. In the full generality that we consider in this paper,
arbitrarily slow rates are to be expected by the no-free-lunch principle, but we believe tighter
bounds are possible with refined assumptions and analysis.

1.1 Related Works

Benign overfitting is a challenging phenomenon to analyze theoretically, and therefore re-
searchers took to analyzing it in simple models, such as linear regression (Bartlett et al.,
2020; Muthukumar et al., 2020; Zou et al., 2021; Koehler et al., 2021; Chinot and Lerasle,
2022), kernel regression (Ghorbani et al., 2020; Liang and Rakhlin, 2020; Liang et al., 2020;
Montanari and Zhong, 2022; Mallinar et al., 2022; Xiao et al., 2022; Zhou et al., 2024;
Barzilai and Shamir, 2024; Cheng et al., 2024) or random feature regression (Ghorbani
et al., 2021; Li et al., 2021; Hastie et al., 2022; Mei and Montanari, 2022). Extensions to
neural network classifiers have emerged (Frei et al., 2022; Cao et al., 2022; Zhu et al., 2023;
Frei et al., 2023; Xu and Gu, 2023; Kou et al., 2023; Kornowski et al., 2023; Zhu et al.,
2023; Harel et al., 2024; Xu and Chen, 2025; Wang et al., 2024), though these often rely on
margin-based techniques specific to classification. The concept of overfitting was recently
categorized as “benign”, “tempered”, or “catastrophic” based on the behavior of the excess
risk in the limit of infinite data (Mallinar et al., 2022).

While prior non-asymptotic analyses of KRR provide sharp excess risk bounds under
weak assumptions (Caponnetto and De Vito, 2007; Rudi and Rosasco, 2017; Mourtada and
Rosasco, 2022), they do not address the simultaneous minimization of empirical and excess

3. This regime (a.k.a. lazy training regime) informally refers to the behavior that network parameters
experience minimal change (in the Frobenius norm) from their random initialization throughout training
(Razborov, 2022; Montanari and Zhong, 2022).
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risks in noisy settings—except under strong spectral assumptions (Liang and Rakhlin, 2020;
Barzilai and Shamir, 2024). In contrast, we show almost benign overfitting with minimal
assumption on the regression function and noise, even in low dimensions.

As noted, existing proofs of benign overfitting typically rely on strong assumptions
and high-dimensional settings. In contrast, numerous negative results rule it out in fixed
dimensions, particularly for kernel methods (Rakhlin and Zhai, 2019; Buchholz, 2022; Haas
et al., 2023; Beaglehole et al., 2023; Li et al., 2024; Medvedev et al., 2024; Yang, 2025) and
interpolating neural networks (Joshi et al., 2024). We address these apparent contradictions
in Section 3. Of course, if the conditions for exact benign overfitting are satisfied, then we
also do have almost benign overfitting.

It is also relevant to discuss neural tangent kernels and implicit regularization. Since
neural networks are often heavily overparameterized without explicit regularization, the
capacity of the function class is huge, preventing a meaningful analysis through classical
uniform convergence techniques in statistical learning theory (Nagarajan and Kolter, 2019).

There have been a plethora of works in the last few years proving the convergence of
the empirical risk to the global minimum in the NTK regime (Allen-Zhu et al., 2019b;
Du et al., 2019b,a; Oymak and Soltanolkotabi, 2020; Nguyen, 2021; Razborov, 2022), as
well as generalization properties in this regime (Arora et al., 2019; Allen-Zhu et al., 2019a;
Zhang et al., 2020; Adlam and Pennington, 2020; E et al., 2019; Ju et al., 2021; Suh et al.,
2021; Ju et al., 2022; Lai et al., 2023). Moreover, many works on kernel methods mention
that their results carry over to neural networks in the NTK regime (Montanari and Zhong,
2022; Barzilai and Shamir, 2024). These works either compare the gradient trajectory of
the neural network with the corresponding gradient trajectory of the kernel method, or
compare directly with the closed form kernel regression solution with the NTK, or compare
with a random feature regression. Our approach is fundamentally different in that we track
the trajectory of the trained network against an oracle trajectory of the same architecture,
which can be designed to approximate any regression function with arbitrary precision. We
also do not impose the common assumption that the true regression function lives in the
RKHS of the NTK, and we do not require smooth activation function, but instead use the
ReLU activation, the analysis of which is made more difficult by its non-differentiability.

A pre-dominant hypothesis as to how overparametrized networks find solutions with
good generalization properties is that gradient-based optimization algorithms used to train
neural networks impose an implicit reqularization effect. In the simpler settings wherein it
is possible to characterize this implicit regularization effect explicitly, we can then study
uniform convergence by explicitly re-writing the hypothesis class. For example, in linear
regression or linear networks, gradient descent converges to the minimum norm solution
(Azulay et al., 2021; Yun et al., 2020; Vardi, 2023), and for classification, convergence to
maximum margin classifiers are by now well-known (Ji and Telgarsky, 2020). However, for
general neural networks for regression, including the two-layer ReLU network considered
in this work, our understanding of the kind of implicit regularization that is imposed by
gradient descent is limited (Vardi, 2023, Section 4.4), although some insights exist for the
NTK regime (Bietti and Mairal, 2019; Jin and Monttfar, 2023).

There are also a few other lines of work that analyze optimization and generalization
properties of neural networks without NTKs, such as those based on stability (Richards
and Kuzborskij, 2021; Lei et al., 2022) and mean field theory (Chizat and Bach, 2018; Mei
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et al., 2018, 2019). While all these are fields of active research, we are not aware of any
result based on these theories implying the results that we establish here, and in general
the results across these theories are incomparable.

Our results on neural network also has connections to the line of work investigating
the spectral bias of gradient-based training (Cao et al., 2021; Bowman and Montufar, 2021,
2022). In particular, Bowman and Montufar (2022) investigates how closely a finite-width
network trained on finite samples follows the idealized trajectory of an infinite-width trained
on infinite samples, assuming smooth activation and noiselessness. The estimation error in
our case tracks how closely a finite-width network trained on finite samples follows a network
with the same architecture trained with respect to the population risk, without assuming
smoothness of the activation function while allowing noise.

A Remark on the NTK Regime. As mentioned before, we operate in the NTK regime
arising from the seminal work of Jacot et al. (2018). This regime (a.k.a. lazy training regime)
informally refers to the behavior whereby network parameters experience minimal change
(in the Frobenius norm) from their random initialization throughout training (Razborov,
2022; Montanari and Zhong, 2022). This in turn implies that the gradient of the risk, and
consequently the NTK matrix, remain relatively stable from their initialized values. Since
its introduction, the NTK theory has received a huge amount of attention, and facilitated
the analysis of neural networks in the overparameterized regime. It also receives its share of
criticism, mainly that the neurons hardly move and therefore no meaningful learning of the
features takes place (Yang and Hu, 2020). While we also share these concerns, the analysis of
neural networks outside the NTK regime is still extremely challenging, and would need more
sophisticated ways of controlling the learning trajectory. Currently, as reiterated recently
by Razborov (2022), in the general regression setting that we operate in, the evidence of
overfitting/generalization outside the NTK regime is either empirical or fragmentary at
best. Moreover, our results establish benign overfitting, a complex phenomenon which is
challenging to analyze in almost any setting. We hope that our analysis, as a first result on
benign overfitting for finite-width, trained ReL'U networks for arbitrary regression functions,
deepens our theoretical understanding of the behavior of these neural networks.

1.2 Preliminaries

Vectors and Matrices. Take any p € N. For two vectors v = (vl,...,vp)T € RP and
u = (uy, ...,up)—r € RP, we denote their dot product by v -u = viug + ... + vpu,, and we
denote by ||v||2 = V-V its Euclidean norm. We denote by SP~! = {v € R? : ||v|]z = 1}
the unit sphere in RP.

Take any p,q € N. We write I, for the p x p identity matriz, and for v € RP, we write
diag[v] for the p x p diagonal matriz with diag[v];; = v; and diag[v]; ; = 0 for ¢ # j. For a
p X ¢ matrix M, we write M T for the transpose of M.

For p x q matrices M, M; and My, we denote by My ® My their Hadamard (entry-
wise) product given by [My © Msl;; = [Mi];;[Ma];; for i = 1,...,p and j = 1,....q.
We denote by (My, Ma)r their Frobenius inner product, i.e.,(My, Ma)p = Tr(M, My) =

i1 2 =1 [M]ij[Ma]; ;. Here, Tr(M) denotes trace of the the matrix M. We write
|M|IE2 =>F Zgzl ij for its Frobenius norm. By an abuse of notation, let ||[M|ls =
SUpycsa—1|| M V|2 denote its spectral norm. For two matrices My, My with dimensions p; X g
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and py X q, we denote by M; x My their Khatri-Rao product, i.e., the p1ps X ¢ matrix given
by [My * Ma](i—1)pytjk = [Milig[Maljk for i =1,..,p1, j =1,..,p2 and k = 1,...,q (Rao
and Rao, 1998, p.216, (6.4.1)).

Functions and Operators. We denote by L?(pg_1) the space of functions f : R — R
such that E[f(x)?] < co. For f,g € L?(pg_1), by an abuse of notation, we denote their
inner product as (f,g)2 = E[f(x)g(x)], and the norm by || f|l2 = \/{(f, f)2. Moreover, for
a linear operator K : L?(pg_1) — L%*(p4_1), via a further abuse of notation?, we denote
its operator norm as [|K|l2 = supscr2(p, ), fl.=1 15 (f)ll2. We also denote by L2(N) the
space of functions f : R? — R such that E[f(w)?] < oo, and for f,g € L*(N), define
(fyagyn = E[f(w)gwW)], [fllnr = /{f, f)ar- The notation N is to note explicitly that w
follows the Gaussian distribution at initialization.

In Appendix A, we present new technical results, including an extension of a bound on
the Hadamard product of matrices to integral operators (Appendix A.3) and concentration
of vector-valued U- and V-statistics (Appendix A.6). These both are novel results that
could be of independent interest. We also discuss the integral operator technique for RKHS
(Appendix A.4) and real induction (Appendix A.5).

Organization. The rest of the paper is organized as follows. In Section 2, we present the
problem formulation, and in Section 3, we discuss the risk versus model complexity plots,
taking into account the sample size, and present our hypothesis of almost benign overfitting.
In Sections 4 and 5, we show almost benign overfitting in the cases of kernel ridge regression
and two-layer neural network in the NTK regime.

2 Problem Set-Up

Let x € R? and y € R be random variables®. We make a standard assumption from the
literature (e.g., Arora et al. (2019); Mei and Montanari (2022); Razborov (2022)) that x
follows the uniform distribution on the sphere S*1, denoted by pg_1.5 We denote the space
of square-integrable (with respect to pg_1) functions by L?(pg_1), with norm ||-|]2. We
assume that |y| is almost surely bounded above by 1:

Py <1) =1. (ly|-Bound)

Remark 1 The bound 1 in (|y|-Bound) can be relazed to any constant bound B, with all the
bounds in the paper reflecting polynomial dependence on B. We use B = 1 for simplicity.
We can also relax the assumption that y follows a sub-Gaussian distribution. These allow
us to apply the standard Hoeffding-type concentration inequalities.

4. The ||-||2 notation is heavily abused, but should not cause confusion. For clarification, ||-||2 denotes the
L?(p4—1)-norm for functions in L?(p4_1), the operator norm for linear operators L(p4—1) — L*(pa—1),
the Euclidean norm for vectors and the spectral norm for matrices.

5. We use uppercase letters for matrices, bold lowercase for vectors, and regular lowercase for scalars,
without distinguishing random variables from their values; context will make meanings clear.

6. Note that this assumption can be relaxed to any input distribution on any (possibly unbounded) domain
with bounded variance. The uniform distribution on the sphere assumption simplifies the analysis.
Indeed, while this assumption is violated in our real data experiments, the results suggest our main
observations continue to hold.
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We consider the problem of estimating the regression function f* : R? — R defined by
f*(x) =E[y | x]. As a consequence of |y|-Bound, we have (probability over x),

P/ =) >1) =P([E[y | x]| > 1) <P (E[]y| | x] > 1) =0,
so the essential supremum esssupycgd—1|f*(x)| < 1 and we have
PIffx)<1)=1, [[fla=<1. (f*-Bound)
Define the noise variable £&* = y — Ely | x] = y — f*(x); evidently, E[{*] = 0. The
boundedness assumption in (|y|-Bound) implies that the noise is also bounded; if it is
relaxed to sub-Gaussian, then £* is also sub-Gaussian. For n € N and i = 1,...,n, let

{(xi,v:,&) 7, beii.d. copies of (x,y,£*). Also, define the feature matriz, the label vector
and the noise vector as

x| (1 &
X:=| : | er™q y=1[:]€eR" =11 eR™
XI Yn 5;;

We consider the square loss, (y,4') — (y —y')? : R x R — R. For a function f : R — R,
the population risk (or test error, or generalization error) of f is

It is straightforward to see that R is minimized by f*. The main quantity of interest in
generalization is the excess risk of f, defined by

Excess Risk: R(f) — R(f*) = |f — f*I3.

Now write f = (f(x1), ..., f(x,))" € R™.7 Then the empirical risk (or training error) of f
is
1 n
Empirical Risk: R(f) ==Y (f(x:) —v:)°.

n-
=1

Definition 2 (Almost Benign Overfitting) A learning algorithm A : {(x;, y;))}7_, — f
takes as input an i.i.d. sample of n noisy data points (as defined above), and outputs a
function f : R — R. We say that a (possibly random) learning algorithm A achieves
almost benign overfitting if, for all €,5 > 0, there exists some n such that, with probability
at least 1 — 0, we simultaneously have vanishing excess risk and vanishing empirical risk:

Empirical risk: R(f) < e and Excess risk: R(f) — R(f*) < e.

Of course, benign overfitting implies almost benign overfitting, but the reverse direction
does not hold.
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Underfitting Overfitting
Risk v :

Model Complexity . : Model Complexity
(a) Classical U-shaped curve. (b) Almost benign overfitting in the classical regime.
Risk Risk
Model Complexity : : Model Complexity
(c) Well-specified case. (d) Interpolating models with poor generalization error.

Figure 1: Dashed and solid lines show empirical and excess risk, respectively. On plots (b),
(c) and (d), black, blue and red curves are in order of increasing sample size. The vertical
dotted lines represent the model complexity of the model under consideration. Intersections
where the excess risk surpasses and stays above the empirical risk are marked with x (which
may not necessarily happen at the troughs of the U-curves). In (a) and (c), the model is
taken at trough of the stationary U-curve, and in (b), the model is taken at the troughs of
the moving U-curve. In (d), the model is taken in the interpolation regime. In this paper,
we aim to show that the behavior depicted by the (b) curve arises.

3 Adding Sample Size to the Risk vs. Model Complexity Plots

In this section, we investigate various scenarios that can occur in the risk versus model com-
plexity plot®, taking into account the sample size. We highlight one scenario in which almost
benign overfitting occurs in the classical regime of U-shaped excess risk curve (Figure 1(b)),
with proofs covering two concrete cases provided in later sections. We also offer hypotheses
on which scenario/regimes existing results (both positive and negative) on benign overfitting
reside in (Figure 1(d)).

Figure 1(a) shows a classical U-shaped excess risk and monotonically decreasing empir-
ical risk, for a fized sample size. As the sample size increases, two possible scenarios may
occur.

Scenario 1: First is the well-specified case (Figure 1(c)), whereby the learning algorithm
at the trough of the U-curve is able to produce the true underlying regression function, f*.
This is typically true in well-specified, simple, parametric models. As an example, consider
well-specified linear regression, where f*(x) = 8'x for some 8 € R? Then regardless of
the sample size, the model with the lowest excess risk is found by minimizing the empirical

7. We will use bold letters to denote that evaluation on the training set {(x1,¥y1), ..., (Xn,¥yn)} has taken
place; the non-bold letters denote their population counterparts.

8. For clarity, we illustrate using a single-dimensional model complexity with a U-shaped excess risk curve,
though real-world complexity is often multidimensional and the curve need not be U-shaped (Curth
et al., 2023). Note also that we plot the excess risk rather than the usual population risk used commonly
in such plots.
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risk with f (x) = BTx (corresponding to the vertical dotted line in Figure 1(c) at the trough
of the U-curves), and any deviation from this model complexity, for example by adding
more features, will produce poorly generalizing models. With more data, the excess risk
decreases toward the Bayes-optimal level, but the empirical risk increases with sample size
and approaches the noise level, so (almost) benign overfitting does not arise.

Scenario 2: The more interesting case for modern learning algorithms is represented in
Figure 1(b). It is rarely the case in modern machine learning that the learning algorithm
at a particular complexity level is well-specified. For neural networks, even if f* is a neural
network, using gradient-based learning algorithms with a network of the same architecture
as f* will not recover the true parameters. This is also true for kernel regression, where
there is a closed form solution. Suppose that regression is being carried out in an RKHS
with kernel x : R? x R — R, and f* lives in this RKHS, say f*(-) = Y.7" | ajr(%;,-) for
some {5{}3”:1 Even in this seemingly well-specified case, confining solutions to have the
same RKHS norm as f* will not recover f*, since the empirical risk minimizer is of the
form > | Bik(x;,-)—the kernel evaluations are taken at different x points.

In these cases, instead of there being a single “correct” model as in Figure 1(c), we
hypothesize that the ideal model complexity (corresponding to the vertical dotted lines
in Figure 1(b)) will depend on the sample size, with more samples and larger models en-
abling better generalization—in other words, the excess risk curves move “down and to
the right”, as in Figure 1(b). Moreover, we hypothesize that the empirical risk at these
“moving troughs” of the U-curve will also decrease, such that, as the sample size and model
complexity become sufficiently large for both the empirical and excess risks to be below a
desired accuracy level. This phenomenon was empirically shown in (Nakkiran et al., 2021,
Figures 11 & 12), and we rigorously establish it via upper bounds in two settings?

1. As the first case study, we consider the setting of KRR, i.e., regularized empirical risk
minimizers in an RKHS. Consider a kernel x : R x R — R. We denote its associated
RKHS by H, and its norm by ||-||3c. Define the empirical risk minimizer:

n

fﬂf = arg min l Z(f(xz) - yi)2 + 'YHngc

n
fere o

We prove that under appropriate scaling of the sample size (n) and the regularization
parameter () with respect to other quantities, such as the failure probability (9)
and the accuracy level (¢), we can make both empirical risk (R(fy)) and excess risk

(R(f,) = R(f*)) small

2. For the second case study, we consider the regression problem with the square loss, of
two-layer ReLU neural networks trained by gradient flow. We theoretically establish
conditions on the sample size, network width, feature dimension with respect to € and
9, under which the neural network fT obtained by running gradient flow for T" amount
of time has both small empirical risk (R(fr)) and excess risk (R(fr) — R(f*)).

9. Our experiments on real and synthetic data, presented in Section 5.5, further corroborate the behavior
shown in Figure 1(b).
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At first glance, our findings may seem inconsistent with prior results, both positive
which require strong assumptions like high dimensionality, and negative which rule out
benign overfitting in low dimensions. The resolution lies in the fact that existing works,
both positive and negative, start by assuming an overfitting (interpolating) model, often
in closed form (models on or to the right of the vertical dotted lines in Figure 1(d)), then
study the behavior of the excess risk of this exactly interpolating model as sample size
increases, rather than staying at the trough of the U-curve, as in Figure 1(b). As the
sample size increases, larger and larger models are required to fit the data perfectly, thus
the interpolation model shifts to the right (on the model complexity axis), but the model
under consideration is always some way up the slope of the U-curve. Hence, it is not
surprising that there exist negative results stating that, even if the sample size goes to
infinity, interpolating models do not approach the Bayes optimal excess risk. On the other
hand, it is equally unsurprising that the positive results rely on heavy assumptions to show
that the excess risk of the model, which is always some way up the slope of the U-curve,
converges to zero with increasing sample size.

4 Almost Benign Overfitting with Kernel Ridge Regression (KRR)

In this section, we show that solutions of KRR, i.e., regularized empirical risk minimizers
in an RKHS, achieve almost benign overfitting, with the appropriate scaling of the sample
size and the regularization parameter.

We take the kernel x : R4 x R? — R. We denote its associated RKHS by H, and its norm
by [|-[5c. In addition to the risks defined in Section 1, we define the regularized population
and empirical risks for functions f € H as follows:

n

Ry(f) =E[(f(x) =)’ ]+ flFe:  and  Ry(f) = - > () = wi)* + I F I
i=1
We denote their minimizers in 3 as f, = argmincq Ry(f) and j?7 = argmin g R (f).
Define the accuracy level € > 0 and probability of failure § > 0. By the denseness of H in
L?(p), there is an fe € H such that [|f* — f|[3 < §.
Now, for simplicity, in this paper, we focus on the specific case of the Neural tangent

kernel (NTK) (Jacot et al., 2018) defined by

1 arccos(x-x')
/ /
kx,x)=x-x|-——————].
( ) <2 27
The only purpose that the NTK serves in this section is to allow us to use the same minimum
eigenvalue results. We stress that the same proofs and qualitative behavior hold for any
bounded reproducing kernel with appropriate lower bound conditions on the minimum
eigenvalue of the Gram matrix, with the associated RKHS dense in L?(pg_1)'°.

Assumption 1 Suppose that the quantities €, &, v, d, ||fellsc and n satisfy the following
relations't. In the text in red below, we give more intuitive interpretations of the technical
assumptions.

10. K is dense in L?(p) if, for any f € L?(p) and any ¢, there exists some f. € H such that ||f — fcll2 < e
This is a common condition, satisfied by many common kernels (Micchelli et al., 2006).
11. Note that C' > 0 is an absolute constant that first appears in Lemma 25(i).

10
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2
() i< § vi-OVaz Zvm, () e @2 90g(}), n 2 0d), 7 < 0(%))
(ii) V£l < de. (< Oz

(iii) n >

log 1
e (n>Q(H2)

For fixed € and 9, we start with the existence of f., then sequentially choose d, v and n to
satisfy (i), (ii) and (iii) respectively, so it is clear that there are no inconsistencies between
these assumptions. Our first result bounds the empirical risk of f,.

Theorem 3 (Almost Overfitting) Suppose that Assumption 1(i) holds. Then there is
an event with probability at least 1 — § on which R(f,) < e.

The proofs for all the results in this section are in Appendix B. The key idea is to obtain
a high-probability lower bound on the minimum eigenvalue Api, of the Gram matrix

k(x1,%x1) ... K(x1,Xp)
K(Xn,X1) ... K(Xn,Xn)
using the fact that H is a power series of X X |, where X is the design matrix, and using the

lower bound on the singular value of X (Vershynin, 2018, p.91, Theorem 4.6.1). Then using
an explicit expression of f, = L}(%H +~Idgn) ! (y), where ¢ is the sampling operator, we

2 2
1
<H+71dw> (Ly)| < {1+ =«

Next, we investigate whether f7 can also generalize. For this, we use the following decom-
position of (the square-root of) the excess risk into approximation and estimation errors:

I =Alle< I =Hlz + = Al (1)
—_————

Approximation Error  Estimation Error

can bound the empirical risk R( fv) by

. 1 .
R(f,) = -1t ~yl3=n

The next result shows that we can bound the approximation error.
Theorem 4 (Approximation) If Assumption 1(ii) holds, then we have || f*—f, |2 < 3+/€.

Note that Theorem 4 is a deterministic result. It follows immediately from the properties
of f.. Next, we bound the estimation error.

Theorem 5 (Estimation) Suppose that Assqmption 1(ii) holds. Then there is an event
with probability at least 1 — % on which || fy — f4ll2 < 3.

The idea behind this proof is as follows. Using the explicit expressions of f7 and f,,
we can write f, — fy = (ne’ o ex +yldy) My — ne o ux fy — F(f* —ofy)). Here, we

can bound the operator norm of (n¢% oex + yIdy) "t by % Further, we can see that the

11
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vector quantity ¢y — ne’ o tx f is a finite-sample version of t*(f* — ¢f,), and so we can
use vector-valued Hoeffding’s inequality to bound the difference.

Using the decomposition in (1), we have the following generalization bound as an im-
mediate corollary of Theorems 4 and 5.

Theorem 6 (Generalization) Suppose that Assumption 1(ii) & (iii) hold. Then on the
same event as in Theorem 5, we have R(fy) — R(f*) <e.

Finally, as an immediate corollary of Theorems 3 and 6, we have the almost benign
overfitting result.

Theorem 7 (Almost Benign Overfitting) Suppose that all the conditions in Assump-
tion 1 hold. Then there is an event with probability at least 1 — & on which

Empirical Risk: R(fy) <e and FExcess Risk: R(fv) — R(f") <e

These results precisely match our hypothesis in Section 3. If we reduce v while keeping
n fixed, then Assumption 1(iii) is not satisfied, and we get vacuous estimation error bounds,
corresponding to the upward slope of each curve in Figure 1(b). However, if we simultane-
ously reduce v and increase n, making sure that all the conditions in Assumption 1 hold,
corresponding to staying at the trough of the U-shaped curves in Figure 1(b), then we
achieve almost benign overfitting.

5 Almost Benign Overfitting with Trained Two-Layer ReLU Networks

In this section, we prove the precise conditions under which two-layer fully connected ReLLU
neural networks trained by gradient flow in the NTK regime achieve almost benign overfit-
ting!? Our proofs are different from the standard NTK technique of matching the dynamics
of the neural network to that of gradient iterates in an RKHS, and brings novel techniques
that could be of independent interest. Here, the model complexity has two dimensions: the
network width and the duration of gradient flow. The proof contains multiple novelties. (i)
Decomposition of the excess risk into approximation and estimation errors, inspired by the
integral operator technique in KRR, with gradient flow viewed as implicit regularization.
(ii) Extension of a bound on the Hadamard product of matrices to integral operators for the
approximation error proof. (iii) Side-stepping uniform convergence in the estimation error
proof by concentrating only at initialization, using novel results on concentration of vector-
valued U- and V-statistics (Lee, 1990), and using repeated integration to obtain bounds at
later times. We believe that the technical tools introduced could be of independent interest.

We start with a discussion of the model and assumptions, with the main results presented
in Section 5.3.

5.1 Model & Notations

We consider a 2-layer fully-connected neural network with ReLLU activation function, where
m € N, the width of the hidden layer, is an even number for the antisymmetric initialization
scheme to come later. Specifically, write ¢ : R — R for the ReLLU function ¢(z) = max{0, z},

12. There are some valid criticisms on the shortcomings of NTK regime, which we discuss in Appendix 1.1.

12
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and with a slight abuse of notation, write ¢ : R™ — R™ for the componentwise ReLLU
function. Denote by W e R"™*(@+1 the weight matrix of the hidden layer, whose last
column is the bias vector. Then w; € R 5 = 1,...,m is the j*" neuron of the hidden
layer, whose last component is the bias. Denote also a = (a, ..., am)T € R™ the weights

of the output layer. Then for x = (x1,...,24)" € R? denoting by x = <>1{> the vector
obtained by appending 1 to x, the output of the network is

1 . 1 m . 1 m d
fw(x) = ﬁa o (Wx) = ﬁ jz;ajgb(wj - X) = ﬁ jz;ajgﬁ (kzl W; kxr + Wj,d+1> .

We also define the “gradient” ¢’ of the ReLU function by ¢/(z) = 1{z > 0}, and the gradient
function (see beginning of Appendix C.2) Gy : R — R™*@+1) at W as

G (x) = Vo firr (x) = \/1% (a® ¢/ (W) %"
In Appendix C.2, we discuss and develop the relevant parts of neural tangent kernel theory.
In Table 1 (Appendix C.1), we collect all relevant notations introduced in this part.

We now discuss the initialization of the weights, W (0) € R™*(+1_ The hidden layer
weights are initialized by standard Gaussians. Recall that m is an even number; this was
to facilitate the popular antisymmetric initialization trick, e.g., (Zhang et al., 2020, Section
6), (Bowman and Montufar, 2022, Section 2.3), and (Montanari and Zhong, 2022, Eqn.
(34) & Remark 7(ii)). We provide details of this initialization in Appendix C.2.2. This
initialization ensures that our network at initialization is exactly zero, i.e., fW(O) (x) =0
for all x € S4~1. The output layer weights a;j,j = 1,...,m are initialized from Unif{—1,1}
and are kept fixed throughout training. This assumption of keeping output layer weights
fixed is also quite standard in theoretical analysis of two-layer networks (Wang et al., 2024;
Bartlett et al., 2021; Montanari and Zhong, 2022).

Recall the definitions of both population risk and empirical risk from Section 2,

Population risk: R(f) = E[(f(x) —y)?,

n

> (Fxi) = i)

i=1

Empircal risk: R(f) =

SHE

We perform gradient flow with respect to both R and R as follows. For ¢ > 0, denote
by W (t) € R™*(@+1) the matrix obtained by concatenating m x d-weight matrix and m-
dimensional bias vector at time ¢ obtained by running gradient flow with respect to R!3
Similary, let W (¢) € R™*(4+1) be the matrix obtained by concatenating m x d-weight matrix
and m-dimensional bias vector at time ¢t obtained by running gradient flow with respect to
R. They both start at the same random initialization W (0) = W (0) and are updated as
follows:

aw aw
e =VwR(fww), i —VwR(fiir4)-
13. Note that we have no GF iterates on the RKHS, but rather, two neural network GF iterates, based on
population and empirical risks. The population risk iterate is not computable in practice and is used
only for proof purposes.

13
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For more details about the gradient flow, see Appenfiix C.2.4 and Table 2 (Appendix C.1).
As a matter of notation, we denote f; = fy ), [t = fW(t)' We also use f; to denote

(ft(xl)a”'vft(xn))T‘

We define the analytical NTK r : R? x RY — R as the kernel given by x(x,x’) =
Eyw.w(0)[(Gw (x), Gw(x))r]. This kernel has an associated operator H : L*(pg_1) —
L?*(pg—1) given by Hf(-) = Ex[f(x)x(x,-)]. We denote the eigenvalues and associated
eigenfunctions of H as Ay > A9 > ... and ¢;,l = 1,2,.... For an arbitrary L € N and a
function f € L?(pg_1), we denote by the superscript L in f¥ the projection of f onto the
subspace of L?(py_1) spanned by the first L eigenfunctions (1, ..., ¢, and we denote by fL
the projection of f onto the subspace of L?(pg_1) spanned by the remaining eigenfunctions
OL+1,PL+2, ... Then we have

L o0
=S e Fri= S (fpaen F= 45 PR = I+ 7R
=1 I=L+1

See Appendix C.2.3 and Table 3 (Appendix C.1) for more details on these projections and
decompositions.

5.2 Assumptions on Parameters

We now discuss the conditions on the parameters needed for almost benign overfitting.
Owing to the technical complexity, we defer the problem of obtaining improved bounds to
future work.
Recall that we defined € and § as the desired accuracy level and failure probability
respectively. We define a few additional quantities.
Since || f*[13 = Y02, (f*, ¢1)3 is a convergent series, there exists some L. € N such that
1/2

= S rred] <Y @)

4
I=Lc+1
Define A\ = A, as the L' eigenvalue of H. The duration for which gradient flow will be

run is
2 2
T. = —1 — .
s () ?

Finally, we define U, needed to bound the estimation error, as the smallest integer U such
that
(8T.)Y - Ve
U - 14
Note that U, has to exist, since U! grows much faster than (87.)V.

(4)

Assumption 2 Suppose that d, n, m and U, satisfy the following relations with respect to

J.

(i) < L. (d > Qlog(5)))
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m

(i3) n(v/2e)” 104 < % and \/n— CVd > /32 m —logn > Q(log(3)) and n > Q(d))
(i) e < g &= (3)

These assumptions connect key quantities to the failure probability § and support the high-
probability results in Appendix C.3. Assumption 2(i) applies to all results, Assumption 2(ii)
to overfitting and estimation, and Assumption 2(iii) to estimation only.

Assumption 3 Suppose that n and m are sufficiently large with respect to d, €, A¢, Tt and
Ue, in the following sense.

(i) 4d(34+ Iogm),/ L < & — L. oo > Q(d%))

(i) Ae 2 20y (TR 4 0 3V 4 Viogm). 2 = k)
2T )% [log(nu U2(2T)* et log(2T.

(Z”) SZu 1 ) ul %(%j : < ﬁ\/g (logn = ( ( e)((QTé)!)Q ( )))

/ ) 2T
(ZU) ti= 210g Zu 2 u' — 1714\/E % 2Q( 2(53)2 ))

Assumptions 3(i) & 3(ii) are the minimum width of the network required for the overfitting
and approximation results respectively. Assumption 3(iii) is the sample complexity required
for estimation error, and is a sufficient condition for (ii). Assumption 3(iv) is a condition
on the width of the network m required for the proof of the estimation error result, and is
a sufficient condition for Assumptions 3(i) and 3(ii). As mentioned before, if the bound in
(ly|-Bound) (and consequently (f*-Bound) are relaxed to a constant B, these assumptions
will reflect a polynomial dependence on B.

Consistency of the Assumptions. From fixed € and §, we start by choosing d to satisfy
Assumption 2(i). Note that we just require the d = Q(log(1/9)). Then choose A, T, and
Ue (which implicitly depend on d). Finally, we choose n and m to satisfy the remaining
conditions in Assumptions 2 & 3. While our results holds for any f*, a point to keep in
mind is that without further assumptions, A, can be arbitrarily small, leading to arbitrarily
large T, and U, which in turn would require n and m to be arbitrarily large to ensure our
results hold, in accordance with the no free lunch principle.

Simplifying the Assumptions. We note that for particular classes of f*, we can sim-
plify the above assumptions. For example, if we assume that || f*?|| < %\/E (i.e., most
of f* is concentrated on the first d eigenfunctions of H ) then we have particularly nice
properties. From Appendix C.2.3, we know that A\ ~ 4d, and hence T, ~ 8dlog(ﬁ) and
U, will be in the order of log(ﬁ). This would in turn imply that the network width re-
e = Q(d), the same as the width
required for overfitting (Assumption 3(i)). Moreover, using d > Q(log(5)), the sample com-
plexity required for estimation in Assumption 3(iii) would be, hldmg logarithmic terms,
n > Q(e(\/é‘)loglog(l/(\fé)) ), which is essentially polynomial in 1/e and 1/6. Finally, the net-
work width required for estimation in Assumption 3(iv) would be, again hiding logarithmic
terms, m > Q( m) Finally, we expect that a more refined analysis could reduce
this dependence.

quired for approximation (Assumption 3(ii)) would be
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5.3 Ingredients for Almost Benign Overfitting

Our main idea is to view gradient flow as implicit regularization. Denote by f; the neural
network obtained by running gradient flow for ¢ amount of time on the empirical risk R,
and by f; the network obtained from gradient flow on the population risk R!* Then we
analyze the excess risk of ft using the following decomposition:

1fe=F o< lfe=Fills + fe=fMll2 (5)
N—— ——

estimation error  approximation error

5.3.1 ESTABLISHING ALMOST OVERFITTING

We first state the almost overfitting result. The detailed proof is provided in Appendix C.4.
Although variants of the overfitting result for two-layer ReLU networks trained by gradient
descent have been established in prior work (Razborov, 2022; Nguyen, 2021; Oymak and
Soltanolkotabi, 2020; Song and Yang, 2019; Du et al., 2018), our proof isolates several ingre-
dients that will be essential for the generalization analysis in the next section. Moreover, we
structure the argument so that all results hold on the same high-probability event, under
the unified set of assumptions introduced in Section 5.2. Another point worth noting is
that our analysis of the empirical risk (almost overfitting) can also easily be extended to
gradient descent, instead of gradient flow.

Let ét =y — f, denote the error vector. We assume that we are on the high-probability
event from Lemma 26 in Appendix C.3, and we show that the empirical risk ||y —f;||l2 = ||, ]|
is small. Our strategy will be to use real induction (c.f. Appendix A.5) on ¢ to get a bound
on ||€,]|2. To that end, we give the following definition. Let Ww;(t) denote the ™ row (i.e.,
corresponding to the 5™ neuron) of the W (t) at time ¢ obtained by running gradient flow
with respect to empirical risk R, and w;(0) is the 5" row at initialization W (0).

Definition 8 Define a subset S of [0,00) as the collection of t € [0,00) such that, for each
j=1,...,m,
- . 32d
[w;(t) = w;(0)]2 < —=.

vm
Our goal is to show a bound on ||€,|]o. Using notations from Section 2, the NTK Gram
matrix H; equals
N AT )

Then Hy = G Glyir(o)- The empirical risk at iteration ¢ is denoted by R, = R(f,).

L
W (0)
We first prove a bound on the norm of the error vector &, that holds for ¢ € S.

Lemma 9 Suppose that Assumptions %(i) € (ii) and 5(i) are satisfied, and suppose that
t € S. Then, the norm of the error vector decays exponentially:

8d

14. Note that we can’t construct f; as we do not have access to population risk. This quantity is only used
for theoretical analysis.

1E.ll2 < v exp (—t> .
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The proof of Lemma 9 is by now somewhat standard recipe in the NTK literature. We first
obtain a high-probability lower bound the minimum eigenvalue S\Lmin of the NTK matrix
H, uniformly over time. This requires a lower bound on the minimum eigenvalue of the
initial NTK Gram matrix Hy and then using a concentration of the minimum eigenvalue
of Hy — Hy as the width m of the network increases. Finally, the time-uniform lower
bound on the minimum eigenvalue of H, is obtained by using the fact that the weights
do not move much from initialization. Then by using the identities Ry = %HEtH% and

A AT A A
IVwR | = %Et H.&,, we obtain the following bound on the gradient of the norm of the
error vector:

dl|&; ]2 L
o = gglélle:
This allows us to apply Gronwall’s inequality to obtain the claimed bound on the norm of
the error vector ét.
Afterwards, using real induction (described in Appendix A.5), we prove that Se [0, 00)
is inductive. From the guarantees of real induction this means that S = [0, 00).

Proposition 10 Suppose that Assumptions £(i) & (ii) and 5(i) are satisfied. Then S is
inductive.

Proposition 10 implies that we can run gradient flow as long as we want and ensure that
the empirical risk follows Lemma 27(iv). The following theorem follows by combining this
result with an upper bound on A < 2 from Lemma 23(i) (Appendix C.3).

Theorem 11 (Almost Overfitting) If Assumptions 2(i) € (ii) and 5(i) are satisfied,
there is an event with pmbabzlzty at least 1 — & on which R(ft) < et Moreover, at time
t =T, we have R(fr.) <

5.3.2 BOUNDING APPROXIMATION ERROR

Under no other assumption on the underlying true regression function than the fact that it
is essentially bounded, we first show that we can find a width m of the network such that,
if we run gradient flow for T, (as defined in (3)), then the approximation error becomes
vanishingly small. The full proof is provided in Appendix C.5. Note that approximation
error has no dependence on the samples.

Let {; = f* — f; denote the error function. Our goal is to show a bound on [|(||2.
We start by remembering the definition of NTK operator from Section 2, we denote H; :

L*(pa—1) — L%*(pg_1) as:
Hi f(x) = Ex [k ) (x, %)) f(X'))] where myy (%, %) = (G ) (%), Gw ) (X)) F-

Our strategy will be to use real induction (c.f. Appendix A.5) on ¢ to get a bound on
ICel2 < %\ﬁ for some m that depends on €. First, recalling the definition of L. from (2),
note that there exists some time 7! (which may be oo) defined as

T! = min{t € Ry : [|Gll2 < 2/I¢<l2}, (6)

where (< = Yoo +1(Ct pr)aer, with ¢ the eigenvectors of the operator H, i.e., the first
time that [|¢F¢||2 accounts for less than half of [|¢;[|o. It may be that [|¢/<|s will never

17



PARK, BLOBAUM AND KASIVISWANATHAN

account for less than half of ||(¢]|2, in which case we will have T! = co. The purpose of T,
is to ensure that we have approximation error bounded by € before we hit T}, so it is no
problem for T! to be infinite. Let w;(t) denote the j*" row (i.e., corresponding to the ;B
neuron) of the W (¢) at time ¢ obtained by running gradient flow with respect to population
risk R, and w;(0) is the j*® row at initialization W (0).

Definition 12 Define a subset Se of [0,T)] as the collection of t € [0,T!] such that, for
each j =1,....m,
22

A/

lw;i(t) = w;(0)]|2 <

We first prove a few results that hold for ¢ € S..

Lemma 13 Suppose that Assumption %(i) and Assumption 5(ii) are satisfied, and that
te S.. We have

1
el < exp (=)

The proof follows a similar outline as the overfitting proof in Lemma 9, with the empirical
risk R replaced by the population risk, R. However, this comes with significant challenges,
as the NTK Gram matrices H; are replaced by the NTK operators Hy, and unlike the
eigenvalues of H,, which can be lower-bounded uniformly over time as seen in the proof
of Theorem 11, the NTK operators H; have infinitely many eigenvalues that converge to
zero. The concentration of the NTK operator Hy at initialization to the analytic NTK
operator H; as the network with m increases is a more difficult task than the analogous
concentration of the minimum eigenvalue of the NTK matrices, since these objects live in
the Banach space of operators rather than Euclidean spaces. Much of the work for this
is done in Lemma 24(ii), where we used rather laborious VC-theory arguments. Along
the gradient flow trajectory, the key result was Lemma 20, which extends a bound on the
spectral norm of Hadamard product of matrices (M-2) to analogous integral operators.

We now prove that Se C [0,7}] is inductive. Again from the guarantees of real induction,
this implies that S, = [0,77].

Proposition 14 Suppose that Assumption £ (i) and Assumption 5(ii) are satisfied. Then
Se € [0,T)] is inductive.

Finally, to get the approximation error bound, we find the eigenspace of L?(pg_1) based
on € in which “most” (all but 1/€/4 of the norm, to be specific) of f* lives in, spanned by the
top L. eigenfunctions of H. In this subspace, we can treat A\, essentially as the time-uniform
minimum eigenvalue of H;. From above results, ||(¢]| = ||f* — fi|l, can be made to decay
exponentially until it is below /€/2, and we do so while ensuring that the component of f*
in the complement does not grow beyond €/4.

Theorem 15 (Approximation Error) Suppose that Assumptions (i) and 5(ii) are sat-
isfied. Then, on the same event as in Theorem 11, we have, for t € [0,T], || ft — f*|l2 <
exp (—Act/2). Moreover, at time t = T,, we have ||f; — f*|l2 < V€/2.
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5.3.3 BOUNDING ESTIMATION ERROR

We show that, for the network width m and the time T¢ (given in (3)) required to reach
vanishingly small approximation error, we can find a sample size n large enough to ensure
small estimation error. The full proof is provided in Appendix C.6.

We first note that

1, .- 1
WHW(TE) - W(TE)HF < ﬁ

using the 1-Lipschitzness of the ReLLU function and the isotropy of the data distribution.

At first glance, it seems that one has to perform uniform concentration of dW to d—W over

(some subset of) the parameter space R™*? and over t € [0, T;], which Would give vacuous

bounds. However, this can be avoided following the key observation that, at time ¢t = 0,

aw
to
g

dt

o
. c dW dw
1 — ool < /O

dt o dt

requires no uniform concentration. Hence, we have

the concentration of %
the following bound:
A || fTedW AW AW dW

_AV) AW W) T W)W
dt dt lo dt lo dt v \/&

| fr. — 2o T 4

Here, the second term can be bound using standard concentration arguments. The first
term is trickier. We can bound the first term using arguments similar to those used to
bound the difference between the first derivatives, which will produce an additional vanilla
concentration term at t = 0. We continue iteratively for U, € N steps to get the following
result.

Lemma 16 For any integer U > 2, we have the following decomposition:

) 1 _ o
I fr. = fr.ll2 < —GoHy '¢o — (Go, Hy ™' Co)2
F
1 - ~ ~
+2V2T, sup ||=(Gi— Go)&; sup [(Go — G, ()2l
te[0,T] ftE[OTe
U
(2Te)u -2/ ¢
+2 sup |[|GoHy “(H; — Hp)&,||r
UZ; vl S| GoHG 5 (H, — Hol,|

u

sup [[(Go, H{ *(Ho — Hy) G2l
te[0,T]

t1

+\fz u,

Te tu—1

GOHU 1(£tU €o)
—(Go, H{~ (CtU - Co)>2dtUdtU—1---dt1HF
To get the estimation error bound, we aim to bound the quantity on the right-hand side

in Lemma 16. For the first term on the right-hand side, we apply novel concentration bounds
for vector-valued U- and V-statistics (Propositions 21, 22). Note that this concentration
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is only at initialization, and not uniform over time, avoiding uniform convergence over the
intractably large weight space. For the remaining terms, we bound them individually using
the fact that U, is large. The theorem below establishes this result.

Theorem 17 (Estimation Error) Suppose that all the conditions in Assumptions 2 and
3 are satisfied. Then, on the same event as in Theorem 11, we have || fr. — fr.||2 < /€/2.

5.4 Putting it all Together: Generalization and Almost Benign Overfitting

The excess risk bound below follows directly from Theorems 15 and 17.

Theorem 18 (Generalization) Suppose that all the conditions in Assur@ptions 2 and 8
are satisfied. Then, on the same event as in Theorem 11, we have R(fr.) — R(f*) =

I fr. = 13 < e

Finally, as an immediate corollary of Theorems 11 and 18, we have the almost benign
overfitting result.

Theorem 19 (Almost Benign Overfitting) Suppose that all the conditions in Assump-
tions 2 and § are satisfied. Then, on the same event as in Theorem 11, we have

Empirical Risk: R(fr,) <e and Excess Risk: R(fr,) — R(f*) <.

These results align with our hypothesis: with fixed n, increasing 1" raises model complex-
ity and leads to vacuous estimation error bounds, matching the upward slope in Figure 1(b).
On the other hand, by increasing the sample size n and the two model complexities m and
T simultaneously at a rate specified by Assumptions 2 & 3, we can ensure that we stay on
the trough of the U-curves in Figure 1, and eventually reach almost benign overfitting.

5.5 Experiments

We support our theoretical results on two-layer ReLU NNs with experiments on synthetic
and real data. In all our experiments, we initialize network weights as in Section 5, with the
only change being the use of gradient descent (with learning rate = 0.1) instead of gradient
flow.

5.5.1 SYNTHETIC DATA EXPERIMENTS

For the synthetic data experiments, we use d = 3, and the first eigenfunction of the NTK
operator H as f*, i.e., the spherical harmonic of order 1, obtained by the Rodrigues rep-
resentation (Miiller, 1998, p.22, Lemma 4) on the Legendre polynomials (Miiller, 1998,
p.16, (§2.32) & Lemma 2) (see also Section C.2.3). For x = (x1,29,23)" € R3, we have:
f*(x) = Pi(3;x3) = x3, where we denoted by P;(3;-) the Legendre polynomial of order 1
in dimension 3. In other words, given a point on the sphere, f* simply maps it to the value
of the third coordinate. By construction, this gives L. = 1 and A = &5 (c.f. eqn. (2)). We
use m = 750000. The x;’s are sampled uniformly from unit sphere. The y;’s (the target
variables during the training process) are constructed as f*(x;) plus mean-zero Gaussian
noise with standard deviation 0.2.
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Figure 2: Results on synthetic data: (a) Risk vs. model complexity plot. Increasing both
the sample size n and the number of training iterations simultaneously allows for reduction
of both empirical and excess risks. (b) The average iteration at which the excess risk crosses
and stays over the empirical evaluated over 10 runs with different random initializations
to the neural network. The bars indicate the standard deviation on the iteration number.
Note the clear shift down and to the right as discussed in Section 3 as we increase the
sample size.

In Figure 2(a), we plot empirical (dashed) and excess (solid) risk curves against gradient
descent iterations T' for various sample sizes n, using matching colors for each n. The
empirical risk decreases with T, with smaller n yielding stronger overfitting. Excess risk
exhibits a U-shaped curve, first decreasing then increasing. The x markers denote the point
where excess risk crosses empirical risk and remains higher. At these crossing points, both
excess and empirical risks are equal to the Y-axis value. These x markers shift lower and
rightward as n increases. This supports our theory that, with sufficient data and appropriate
model complexity, both risks can be simultaneously minimized.!> We also perform multiple
runs, with different initializations. These results are presented in Figure 2(b).

5.5.2 REAL DATA EXPERIMENTS

Experiments on Abalone Dataset. Our first real data experiment is with Abalone
dataset (Nash et al., 1994) to predict age from d = 7 physical measurements, with standard-
ized features and targets (zero mean, unit variance). We use m = 100000. In Figure 3(a),
we plot empirical (dashed) and excess (solid) risk curves against gradient descent iterations
T for various training sample sizes n, using matching colors for each n. We add mean-zero
Gaussian noise with standard deviation 0.2 to the target variable in the training data. As
expected, empirical risk decreases with 7', with smaller n yielding stronger overfitting. Ex-
cess risk exhibits a U-shaped curve, first decreasing then increasing. For each n, the point
where the excess risk for that n crosses and remains over the corresponding empirical risk
for that n are marked by x symbols. Notice that as n increases, this crossing point shifts
both down and to the right. For instance, with n = 1000 and 140 iterations, both empirical
and excess risks reach 0.632; increasing to n = 3000 and 3207 iterations reduces both risks

15. We could equally analyze the trough of the excess risk curve and reach the same conclusion; we focus on
the crossover points for convenience, since both risks are equal at those points.
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Figure 3: Results on Abalone dataset: (a) Risk vs. model complexity plot, where Gaussian
noise (mean zero, standard deviation 0.2) is added to the target variable (age) during
training. (b) The average iteration at which the excess risk surpasses and remains above
the empirical risk, averaged over 10 runs with different random initializations to the neural
network. Note again the rightward and downward shift in the crossing point.

to 0.377. This supports our theory that both risks drop with enough data and suitable
model complexity. In Figure 3(b), we show the result across multiple runs, with different
random initializations to the neural network.

In Appendix C.8, we present results on another real dataset (Wine) and also present
ablation studies.

6 Conclusion

We offer a new perspective on (almost) benign overfitting and the classical risk-complexity
trade-off. In traditional, well-specified models, the excess risk can be driven down to zero
with the same model by increasing the sample size. In this case, the empirical risk will
stay around the noise level, and (almost) benign overfitting will not occur. In contrast, we
hypothesize—and prove in two interesting cases—that modern models can leverage more
data to support higher complexity, achieving both low training and test error without strong
assumptions. Our analysis departs from prior approaches which focused on interpolating
models, instead deriving guarantees through a principled trade-off between data size and
model capacity.

A key limitation of our work is that we provide only upper bounds supporting our
hypothesis; establishing matching lower bounds remains an open question. Additionally,
our analysis is restricted to kernel ridge regression and two-layer ReLU networks trained in
the NTK regime—models that may not fully capture the behavior of modern deep networks.
However, this probably reflects broader limitations in current deep learning theory rather
than of this work specifically.
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Appendix A. Additional Preliminaries

In this section, we introduce some additional notations and results required in the proofs.
Existing results, for example, matrix bounds and concentration inequalities, will be quoted.
We also state and prove a couple of novel results that will be required for the proofs later, but
could also be of independent interest. The first is Lemma 20 in Appendix A.3, which extends
a bound on the spectral norm of Hadamard products of matrices (M-2) to a bound on the
spectral norm of integral operators obtained by an analogous procedure. The second are
Propositions 21 and 22 in Appendix A.6, which are concentration inequalities for (possibly
infinite-dimensional) vector-valued U- and V-statistics.

A.1 Standard Matrix Inequalities

Firstly, we have the following result from (Rao and Rao, 1998, p.216, P.6.4.2) on Khatri-Rao
products of matrices:

(M % Ma) " (M * My) = (M, My) © (M, M) € R?*9, (M-1)

For two p x p positive semi-definite matrices M; and Ms, (Horn and Johnson, 2013, p.484,
Exercise 7.5.P24(b)) tells us that

My © Ma|2 < max }\[Ml]ii|\|M2||2- (M-2)
1

geeey

A.2 Standard Distributions and Concentration Results

For p € RP and ¥ € RP*P, we denote by N (u,X) the p-dimensional Gaussian distribu-
tion with mean vector p and covariance matrix . For a set A, we denote the uniform
distribution over A by Unif(A), and by x?(p) the x-squared distribution with p degrees of
freedom. If z ~ x2(p), then by we have the following concentration bounds on z (Laurent
and Massart, 2000, Section 4.1, Eqn.(4.3) and (4.4)). For any ¢ > 0,

P(z>p+2/pct+2c) <e® (x*1)
Pz <p—2pc)<e ™ (x*-2)

We also quote the exact form of concentration inequalities that we will use in this paper.
First is Hoeffding’s inequality (Vershynin, 2018, p.16, Theorem 2.2.6). For independent
real-valued random variables z1, ..., z, with z; € [C, D] for every i = 1,...,n, for any ¢ > 0,

we have
n C2
P ( E (Zi — E[Z'l]) > C> < exp <_’[’L(D2—C')2> . (Hoeff)

i=1
We also need an extension of Hoeffding’s inequality to vector-valued random variables.
Pinelis (1992) extended Hoeffding’s inequality to martingales in Banach spaces with certain
smoothness properties (see also (Rosasco et al., 2010, Eqn. (3)) and (Steinwart and Christ-
mann, 2008, p.217, Corollary 6.15)). The version we quote is the corresponding simplified
result for Hilbert spaces as stated in (Park and Muandet, 2023, Proposition A.4). Suppose
that #H is a (possibly infinite-dimensional) Hilbert space, with norm denoted by ||-||. If
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n

>

Z, ..., 2, are independent H-valued random variables with E[z;] = 0 and ||z;||» < Cj, then
2
>c| <2exp (—) . (V-Hoeff)
i=1 H

for any ¢ > 0,
P
< 430, CF

Next is McDiarmid’s inequality (Shalev-Shwartz and Ben-David, 2014, p.328, Lemma 26.4),
(Vershynin, 2018, p.36, Theorem 2.9.1). Let V' be some set and f: V"™ — R a function of
n variables such that for some C > 0, for all 7 € {1,...,n} and all 2, ..., 2z, 2] € V, we have
|f(21s s 2n) — f(215 ey Zim1,s 20, Zig1s ooy 2n)| < C. Then, if 21, ..., 2, are independent random
variables taking values in V', we have, for any ¢ > 0,

2c?
P(f(z1,.,2n) — E[f(21,..., 2n)] > ¢) < exp <_nC2> . (McD)
Finally, we recall the Matrix Chernoff inequality (Tropp, 2012, Theorem 1.1). Consider a
finite sequence M, ..., M,, of independent, random, self-adjoint matrices of dimension p.
Assume that each M is positive semi-definite and has [|[M;|2 < R almost surely. Then
ienoting the minimum eigenvalue of 77" | M; as Amin and that of 377" | E[M;] as pimin, we
ave

P ()\min < Mr;m) < p(V2e) e (M-Chernoff)

For a random variable z € R, we denote by |[z|y, = inf{c > 0 : Ele**/¢"] < 2} the
sub-Gaussian norm of z, and we say that z is sub-Gaussian if ||z||y, is finite (Vershynin,
2018, p.24, Definition 2.5.6). We say that a random variable z € RP is sub-Gaussian
if v -z is sub-Gaussian for all v € RP, and the sub-Gaussian norm of z is defined as
|z]|p, = supyesp—1]|2- V||, (Vershynin, 2018, p.51, Definition 3.4.1). We say that a random
variable z € RP is isotropic if E[zz '] = I,, (Vershynin, 2018, p.43, Definition 3.2.1).

A.3 Functions, Operators, and Reproducing Kernel Hilbert Spaces

We extend (M-2) from matrices to general integral operators given by kernels. To the best
of our knowledge, this is a novel result.

Lemma 20 Suppose that K1, Ky : L?*(pg_1) — L%*(pg_1) are positive semi-definite linear
operators defined as integral operators associated with positive semi-definite kernels ki, ko :
Sl x ST S R, i.e.

K1f(x) = Exwlki(x,x) f(X)],  Kaf(x) = Exl[ka(x,x") f(x)].
Define a linear operator K : L*(pg_1) — L*(pg_1) by
K f(x) = Ex[k1(x,x)k2(x, %) f(x')],

i.e. the integral operator given by the tensor product kernel of ki and ko (Berlinet and
Thomas-Agnan, 2004, p.31, Theorem 13). Then we have

[Kl2 < |52z sup [k1(x,x)|.
x€Sd—1
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Proof Since K, K7 and K are self-adjoint (and therefore normal) operator, their operator
norms are the same as their largest eigenvalues. Denote by I : L?(pg_1) — L%(pg_1) the
identity operator, i.e. the integral operator given by the indicator kernel 1{x = x’}. Then
the integral operator K’ : L?(pg_1) — L*(pg_1) given by

K'f(x) = Ex [k (x, ) (| K2[l21{x = x} — k2(x, X)) f (x')]

is positive semi-definite. Hence, for any f € L?(pg_1),

(f,K'f)2>0
— Exx [f(x)k1(x, %) (|| Kall21{x = x'} — k2(x,X)) f(x')] >0
— [ Kal2Ex [f(%)%k1(x,%)] > (f, K f)a
= 5> (f, K[

1H2ll2 sup |k (x, x)[[|£]]
XES

Now we take the supremum of both sides over all f € L*(pg_1) with ||f|l2 = 1. Then
the right-hand side is || Ks||2 supyega-1|k1(x,x)|, and the left-hand side is precisely || K]|2.
Hence,

1Kl2 < || K2ll2 sup [ka(x, )|

XES

as required. |

A.4 Integral Operator Technique for RKHS

Suppose that £ : R x R? — R is a positive semi-definite kernel, with SUPyepd (X, %) < 1.
By the Moore-Aronszajn Theorem (Berlinet and Thomas-Agnan, 2004, p.19, Theorem 3),
there exists a unique reproducing kernel Hilbert space (RKHS) H with k as its associated
kernel. We denote the inner product in this Hilbert space by (-, )5, and its corresponding
norm by ||-||sc. By the reproducing property, for every f € H, we have (f, k(x,-))5 = f(x).

By the boundedness of the kernel, we have H C L?(pg_1), meaning we can define the
inclusion operator and its adjoint

v H = L¥(pg—1),  F: L*(pg—1) — H.

We can also find an explicit integral expression for this adjoint. See that, for ¢ € H and
f € LQ(pdfl)a

(g, f2 = Ex[g(x)f(%)] = Ex[(g, £(x,))acf (X)] = (g, Ex[f (%)% (%, ) o,

and so for f € L?(pg_1),

The self-adjoint operator
H:=100:L*(pg_1) = L*(pa_1)

has the same analytical expression as ¢*.
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As a finite-sample approximation of the inclusion operator ¢, we also define the (random)
sampling operator ¢ : 3 — R™ based on the (random) i.i.d. copies {x;}} ; of x by

of = g %(f(xl), o f)T for fEX.

n

Then the adjoint ¢* : R™ — H can be calculated explicitly. The reproducing property gives
that, for any z = (21, ..., 2,) | € R™,

(ef)-z= %Zzif(xi) = <f,7llsz(xi,-)> :
=1 i=1

H

and so
n
. 1
'z = — E Zik(Xi, ).
n <
i=1

Then see that

ﬂ 3
N——
4{

1 n
Lo’z = — (Z K(X1, %) Zis oy Y K(Xn, X;) 2
=1 3

KA
) K(X1,X1) ... K(X1,Xp) 21
T nZ
K(Xn,X1) ... K(Xp,Xp) Zn
1
= ﬁHZ?

where we denoted by H the Gram matrix of the kernel k, i.e., the n X n matrix given by
[H]i; = r(xi,%;).

A popular technique to analyze kernel regressors, called the integral operator technique
(Caponnetto and De Vito, 2007; Park and Muandet, 2020), which does not rely on uniform
convergence. For a reproducing kernel Hilbert space (RKHS) H and a function f € H, let
RA(f) = E(f(x) — 9)2) + Alflloe and Ra(f) = £ 50 (F(x:) — 93)? + Al flla denote the
reqularized population and empirical risks, and f) and fA their respective minimizers in H.
Then the excess risk of f,\ can be written as

R(f3) = R(f*) = E[(fa(x) = ()] = I = 13,
where we denoted the L2-norm by ||-||2. We can then consider the following decomposition:
1Ax = £z < 1Fx = Fallz + 1153 = £l
Here, || fx— fal2 is bounded by standard concentration (that is not uniform over the function

class), and || fx — f*]|2 can be bounded as the regularizer A decays, and in particular, if the
RKHS H is universal, then it decays to 0.
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A.5 Real Induction

We recall the principle of real induction (Hathaway, 2011) (Clark, 2019, Theorem 1).
Let a < b be real numbers. We define a subset S C [a, b] to be inductive if:

(RI1) We have a € S.
(RI2) If a < c < band c € S, then [¢,d] C S for some d > c.
(RI3) If a < ¢ < band [a,c) C S, then c € S.

Then a subset S C [a, ] is inductive if and only if S = [a, b].

A.6 U- and V-Statistics

We recall the theory of U- and V-statistics, where we allow the associated function to be
vector-valued.

Suppose that zq, ..., z, are i.i.d. random variables in RP, and ‘H some Hilbert space. Let
U : (RP)* — H be a symmetric function'®, which we assume to be centered: E,, ., [¥(21, ..., 2y)] =
0. The U-statistic from the samples {z1, ...,z } is (Serfling, 1980, p.172)

1
Up = 7r Z U (z4y, ...y 24,) € H,
(U) 1<i1 <. <ty <n

where the summation is over the (7!) combinations of u distinct elements {i1, ..., iy} from
{1,...,n}.

We prove the following Hoeffding-type result for vector-valued U-statistics, which, to
the best of our knowledge, is novel. It requires significantly more work than standard results
in e.g. (Serfling, 1980, p.201, Theorem A), using martingale ideas to deal with the fact that
we have vector-valued functions, in the same vein as (Pinelis, 1992).

Proposition 21 Suppose that |V(z1, ..., z)||n < C almost surely for some constant C > 0.
Then for all ¢ > 0 and n > u, we have

B
P (Ul > o) < 2exp (Lo )

Proof We use the representation of U, as an average of (dependent) averages of i.i.d.
random variables, as given in (Serfling, 1980, p.180, Section 5.1.6). Define

1
\I’/(Zl, ey Zp) = m (‘I/(Zl, s Zy) + U ( 2yt 1y ey Z2y) + o+ W(Z(L%Jfl)u+la ey ZL%JU)> .

u

Then Serfling (1980, p.180, Section 5.1.6) tells us that

1
Un = E Z \I//(ZZ‘17 veey Zin)’

16. This function is often called the kernel in the literature of U-statistics and V-statistics, but to avoid
confusion with the dominant use of the word kernel in this paper, we do not use the term here.
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where the sum is over all n! permutations {i1,...,i,} of {1,...,n}. For all ¢ > 0 and all
A > 0, see that

1
P(||Unllp = ¢) < mE [cosh (A||Unll7)] Markov’s inequality
1 A
< ml@ {cosh <n' ZH\II’(ZZ-I, o zin)HHﬂ triangle inequality
1

< cosh(re)n! ZE [cosh (M| ¥/ (2, , ..., 2i,)|[2)] Jensen’s inequality. (*)

Now we will bound each of the summands E [cosh (A||V'(z;,, ..., 2, )||%)]. Denote by F the
o-algebra generated by z;,,...,2; (L2 =1y We also introduce the following notations to ease
the notational burden:

1
S = ﬁ (\I/(zil, "'7Ziu) + ...+ \Ij(zi(L%J—2)u+1’ “"Zi(L%J—l)u)> ,

23

D:Eﬂw

Then we have ¥/(z;,,...,z;,) = S + D. Define a stochastic process F)(t) indexed by ¢ € R,
given by

Zi(n) vy B )

F)\(t) = E[cosh (A||S + tD|ly) | F].

If we define maps J; : R — H and Jy : H — R by Ji(t) = t||D||3 and Ja(h) = A||S + h|3,
the derivative of F) with respect to ¢ can be calculated from the chain rule as

Fi(t) =K [(Ja 0 J1) (t) sinh (|| S + tD|l3) | 5] .

Now, Precup (2002, p.100, Example 7.3) tells us that (JooJ1)'(t) = (JfoJ50J1)(t). We can
easily compute the adjoint J;(h) = (h, D)3 and the Fréchet derivative Jj(h) = A2t o

b — [IS+h|lx>
we have
AS + AtD

FF=E|(D, ——~——_ inh (M\||S +tD F].

(0 = (DT ) s (s + el | 7]
Then since E[D | F] =0,

AS . . AS
FO) = (D, i) sinh ([S]o) | 9] = sinh IS (BID 1 9] 155 ) <o
H H

Now we take the second derivative of F)\. Define J3 : H — R by J3(h) = (D, S+h)y. Then
the Fréchet derivative of J3 can easily be seen to be J5(h) = D. Then using the quotient
rule,

2 2
d< )\S+/\tD> DI (D,S+tD>H< )\S+)\tD> _ DI,
H

dt \"|S+tDly /4 IS+tDly  |S+tD|Z, \N1S+tDly /4~ IS+tDlyy

Then see that, using the elementary inequality sinha < a cosh a,

AS + AtD \?
HIT H
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<E [cosh (IS +tD|l,,) (2)\2 |]D||3_[> | 3‘} Cauchy-Schwarz inequality
2

C
<2\ —
L3 )?
02
B

E [cosh (A [|S +tD||y) | F]

= 2)\?

F(t).

Henceforth, we write A = % for the simplicity of notation.

Define G\ (t) = ﬁF/’\’(t) — F\(t). Then by the preceding argument, G(t) < 0 for all

t € R. But consider the differential equation
Fy(t) = 2X°A% (Fx(t) + GA(t)),  F3(0) =0. (**)

We claim that

F(t) = F)(0) cosh <\[2)\At) + /0\/5)\& G (\/;)\A> sinh (\/§AAt - s) ds

solves the differential equation (**). Indeed, we clearly have F'(0) = F)(0); further, we have

V2AAL

F'(t) = V2AAF(0) sinh (ﬂmt) FV2AA /O G <\/;AA> cosh (ﬂmt - s) ds

which clearly satisfies F'(0) = 0; and finally,
F"(t) = 2X2A%F,(0) cosh (\@AAi)
272 VAL s 202
+F2A2A /0 G (m) sinh (\/§/\At - s) ds + 2)2A2G\ (1)
= 2)2A%(F(t) + Ga(1)),

Hence this F' is the solution to (**), and so we have

F\(1) = Fy(0)cosh (V2AA) + /0 e, (@) sinh (V2AA — 5) ds

< F»\(0) cosh (\/§/\A) since G <0
< F)(0) exp (A*A?)

where we used the elementary inequality cosha < exp (%(12) on the last line. Now see that

E [cosh </\ H‘I’/(Ziu e Zzn)Hyﬂ =E[Fx(1)] law of iterated expectations
< exp (A\?A?) E [cosh (A 1S]5,)] by above
o (22
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where, for the last step, we applied the same argument iteratively for 1,..., |2 ] — 1. Putting
this back into (*), we have that, for all ¢ > 0 and all A > 0,
1 N2C?
P (||U, > < ———— i
202 1
< 2exp <Ln — Ac) using cosha > 56(1
u
L5 : Lile
= 2exp (— 102 letting A = 2162 )
as required. [ |

Associated with U-statistics are V-statistics. The V-statistic associated with ¥ : (RP)* — H
from the samples {z1,...,2z,} is

n

1
Vo = o Z U(zi,,...,2,) € H.
i peeiu=1

By exploiting the convergence of V,, to U,, we prove a concentration result for V,.

Proposition 22 Take some t > 0. Suppose that ||¥(z1,...,z,)||x < C almost surely for

some constant C' > 0, and that 2,/ logt(ﬁnju) > 1 forallc=1,...,n—1. Then we have the

following bound for vector-valued V-statistics:

P (mnH > 4C 10?2’]“) < %

Proof We use the following representation of V-statistics from (Lee, 1990, p.183, Theorem

1):
S

{z} = % bco(—l)cb (Z) pu

are Stirling numbers of the second kind, representing the number of ways of partitioning a

where

set of u elements into ¢ non-empty subsets, and U,sc) are U-statistics of degree c associated
with the function W(®) : (RP)¢ — # given by

1
\P(C)(zl, ceey Zc) = @ Z \I/(Zil, ceey Ziu)
“Lle
where the sum is taken over all u-tuples (i1, ...,7,) formed from {1,...,n} having exactly
c distinct elements. There are c!{Z} elements in the sum, and the almost-sure bound on

¥ gives us the almost-sure bound || ¥(9(zy,...,z.)|[[% < C. Note also that ¥(*) = ¥, so
E[U{] = 0.
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See that, for each ¢ = 1, ..., u, using Proposition 21 and the hypothesis that 2 % >

P (HUng)HH >4C logtirju)> <P (HUT(LC)” > 4C 109{( n )>

(HU gy > C +2C 1°g(”“)>

L,

]
<P0a9—Emey>mﬁlﬁ%w>
2 Cc

Putting this together with the representation (*) of V,,, we can see that

log(nu)
(HVHH>4C m)

- (1t 3 22} (2o, 220)
(B0

v |
SZP@WMZM oglrm)
c=1

2
n

<

as required. u

Appendix B. Missing Details from Section 4

In this section, we provide the missing proofs from Section 4, on the almost benign overfitting
behavior of kernel ridge regression.

Theorem 3 (Almost Overfitting) Suppose that Assumption 1(i) holds. Then there is
an event with probability at least 1 — § on which R(ffy) <e.

Proof The Taylor series expansion of the kernel x is given by

/<L(X X/) 1X X L 1 i (%)r (X'X,)2T+2
’ 4 2w rl+ 2rr! '

Hence, we have

(XXT)@(QT+ o lxxt b <XXT>®2 ¥
4 27T 7“! + 277! )

4 2
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where the superscript ®(2r +2) denotes the (2r +2)-times Hadamard product. Here, X X T
is clearly positive semi-definite, and by Schur product theorem (Horn and Johnson, 2013,
p.479, Theorem 7.5.3), we know that Hadamard products of positive semi-definite matrices
are positive semi-definite, so each summand is positive semi-definite. This means that,
writing Amin for the minimum eigenvalue of H and piy for the minimum eigenvalue of
XX T, and just considering the first term iX X7 in the expansion, we have Apin > iumm.
But by (Vershynin, 2018, p.91, Theorem 4.6.1), the singular value of VdX is lower bounded
by /n — %(\/8 + t) with probability at least 1 — 2" for any ¢ > 0, where C' > 0 is
an absolute constant. Letting ¢ = v/d, the singular value of vdX is lower bounded by
Vn—Cvd > %\/ﬁ (using Assumption 1(i)) with probability at least 1 —2e~¢. This means
that, with probability at least 1 — 2¢~ 1, Pmin = %. Hence Apin > %. We note that, again,
2e74 < % by Assumption 1(i).

On this event with probability at least 1 —2e~%, on which Apin > 25, we see that, using
the explicit expression for f,y, we have

. 1 .
R(f,) = -1t — ¥l

=n|ex(fy) — =y

1 1
=n||nex ot (nex otk +yIdgn) " (n}’> 4

2
=n||(nex ot + yIdgn) <%y) H2

2
Y _
< Lyl e o ¢ +1dzn) I,
< 42 (nex 0 L +1dgn) 3,

where we applied (|y|-Bound) on the last line. Recall that the operator nex ot’ : R™ — R”
is %H Then recalling that the minimum eigenvalue of H is Apin, we have that

1 1
(+l)‘.)2§( + 4)2’
7+ 7 Amin 7+ 5

|(nex otk + *yIan)_Ing =

where Amin > g5 by above. Hence, applying Assumption 1(i),

as required. |

Theorem 4 (Approximation) If Assumption 1(ii) holds, then we have || f*—f, |2 < 3+/€.

Proof Recall that f. € H satisfies || f* — ¢fc||3 < §. See that
I£* = 5113 = R(£,) — R(f*)
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< Ry(fy) — R(f7)
= Ry(fy) — Ry(fe) + Ry(fe) — R(fe) + R(fe) — R(f7)
< Ry(fo) = R(f) + 1+ = ofell3
1
< AN felle + 3€
<1
— 467
where we applied Assumption 1(ii). The result is obtained by taking square roots. |

Theorem 5 (Estimation) Suppose that Assumption 1(iii) holds. Then there is an event
with probability at least 1 — § on which || fy — fy]2 < $v/e.

Proof Using the closed form expressions of f, and fq,, write

f7 — fy=(ntx oux + ’yIdH)_lb}y —(nexoux + *yIdH)_l(nL} otx +yIdy) fy
= (nt oux +Aldy) Heky —neoex fy —fy)
= (ntx otx +ldy)” (LXy —ntxoLxfy—t (fF— tfy))-
Here, we have
(e o0+ 1) fop <
and so

. 1
Ify = Fllw < Dlleky =nex o uxchy = (7 = ohy)lln

% DK (i) (i — fy(xi) = E[K (x, ) (f*(x) = f,(x))]
i=1

H

Here, define random variables Z,7Z; : Q@ — H by Z = K(x,-)(f*(x) — fy(x)) and Z; =
K (xi,-)(yi — fy(x;)). Then we have E[Z;] = E[Z], and

A 1
fy = Fllw <=
1fy = Al 5

> (Zi-Elz)

H

Hence, we can apply vector-valued Hoeffding’s inequality (V-Hoeff). First note that, using
the reproducing property and the Cauchy-Schwarz inequality,

[ ()| = [(fy K (%))
< A Ml (i)
< [l fy 1l
= [[(¢F 0 v 4 yldp) T fH I
< 1 0 v+ yId2) " lopllF* 2
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<

)

2=

where we applied (f*-Bound) on the last line. Then using (|y|-Bound), almost surely,
1 Zille = lys — f () [l K (x4, ) |2
< (lyil + [f5 (=) DI (i, )l

1
<14 -—.
v

We are now ready to apply vector-valued Hoeffding’s inequality to obtain

. 1 - 1
P <”f'y — Syl = 2\@) <P ( Z(Zz —-E[Z])| = 2’7”\/E>
=1 H
2,2
vn<e

< 2exp (—12>
0
<
-2

as required, where we applied Assumption 1(iii). [ ]

Appendix C. Missing Details from Section 5

In this section, we provide all the missing details from Section 5, including proofs.

C.1 Index of Notations

In Table 1, we collect the notations of all the objects used for the neural network part of this
paper. The left-hand column shows the analytical objects for which the weights have been
integrated with respect to the initial, independent standard Gaussian distribution, and the
right-hand column shows the same objects with dependence on the particular values of the
weights W, denoted with the subscript W. Bold symbols indicate that evaluations on the
samples {(x;,y;)}"; took place.

In Table 2, we collect all the short-hands used for the objects along the gradient flow
trajectories. The left-hand column shows the evolution of the quantities along the popu-
lation trajectory, i.e., objects that depend on W (t), denoted with subscript ¢ without the
hat = symbol. The right-hand column shows the evolution of the quantities along the em-
pirical trajectory, namely those that depend on W(t), denoted with subscript ¢ and the
hat ~ symbol.

In Table 3, we collect the notations that indicate projections of functions onto the
eigenspace spanned by the top L eigenfunctions using the superscript L without the tilde ~
symbol (left-hand column), and projections of functions onto the eigenspace spanned by all
but the top L eigenfunctions using the superscript L and the tilde ~ symbol (right-hand
column).
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Pre-gradient matrix

J(w) = a(w)¢'(Xw)

Analytical Sampled Weights
fw :RTTR
Network n/a :
/ fw(x) = \/—%a - (W)
. fiy € R”
Network evaluation n/a
/ fi = (S (51), o i (50)) "
Noise variable n/a w=y—fwx): Q=R
Noise vector n/a E&w=y—ftweR"
Error function n/a Cw = f*— fw € L*(pa—1)
Error vector n/a Cw=Ff"—fy eR”
J:RT — L2(N) Jw :RT - R™
Pre-gradient function . .
i J(x)(w) = a(w)¢/ (w - %) Jw (%) = Jza ¢/ (Wx)
Je L2(N) xR" Jy € Rmxn

Jw = J=diaglal¢(WXT)

Gradient function

GRS LE(N) @ R¥FI
G(x) 2(W) = J(x)(w)x

Gw = Vw fw : RT — R™X (@D
Gw (x) = Jw(x)x "

Gradient matrix

Gw € R(d+I)xn
GW = JW *XT

ki REXRY - R

NTK 5 x) = (000, GO woms | maw(xX) = (Giw (), G ()}
=5 KE (w0 (w-X)] | = ST g (W)
He R Hyy € R
NTK Matrix H = (G, G) \ppin = Hy = GGy =
(XXT) 0 E[¢/(Xw)¢/(wTXT)] | XL o (¢ (XWT)g/(WXT))
NTRKHS X How
Inclusion operator L H — L*(pa—1) ww s Hw — L2(pa—1)
Sampling operator t:H—-R" vy Hy — R”

NTK operator

H: L*(pg—1) = L*(pa—1)
Hf(x) = E[s(x,x') f(x')]

Hyw : L*(pa—1) — L*(pa—1)
HWf(X) = Ex [’{W(Xv X,)f(xl)]

Eigenvalues of H

AL > A >

n/a

Eigenvalues of H, Hy,

A1 > .. 2> A = Anin

AW, 2 oo 2 AWn = AW,min

Population Risk

R:L*(ps1) — R, R(f) = E[(f

(x) —y)*] = |If = f*II5 + R(f*)

Empirical risk

R: LZ(pdfl) — R, R(f)

= 5 2 (F(xi) —wi)* = LI — I3

Population risk gradient

n/a

VWR(fW> c RmX(d+1)
VwR(fw) = =2(Gw, (w)2

Empirical risk gradient

n/a

VWR(fW) c Rmx(d-i—l)
ViwR(fw) = —2Gwéy

Table 1: Our main notations. Bold symbols indicate evaluation on the samples {(x;, v;) }i",
and the subscript W denotes dependence on the weights {w;}7",.
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Table 2: Objects from Section C.2.4 with time-dependence in gradient flow. As clear from
the table entries, dependence on W (t) and W (t) are denoted by subscript ¢ and introduction

of °
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Population Trajectory

Empirical Trajectory

Network ft = fw fi= Fww
Network Evaluation fi = fw f, = fW(t)
Noise Function & = Ewr) &= fw(t
Noise vector & = EW & = £W(t)
Error function Gt = Cw(e) G = Cw(t
Error vector ¢t = Cw) ¢t = G
Pre-Gradient Function Jr = Jw ) Jy = JW(t)
Pre-Gradient Matrix Jie=Jw Ji = JW(t)
Gradient function Gt = Gwy Gy = GW(t)
Gradient matrix G = Gy G, = GW(t)
NTK Kt = Kw (1) Ry = Ky (1)
NTK Gram Matrix H: = Hy ) H; = HW(t)
Inclusion Operator L= Lw(t) i = i)
Sampling Operator L= Lw(p) L= Ly (o)
NTK Operator Hy=Hyg =uot; lyol; = #Ht
NTRKHS He = Hyyy) H = %W(t)
Eigenvalues of H; n/a At 1 Z > )\t,n = At,min
Population Risk = R(f:) R(f:)
Empirical Risk R: = R(fy) Rt =R(fy)
Tlme\];,;r;flz:‘;we of % VR, C%/ _ —VWRt
Time Derivative of %(x) = (Gy(x), %h; %(x) - { At(§)7A%>F
Network = 2H,(y(x) 2(Gy(x), Gi&))r

Time Derivative of

Network evaluation

dft = (VWf) vec (dgtvt)

= 2G/ vec ((Gy, (t)2)

for conciseness.
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Top L eigenfunctions

Remaining eigenfunctions

Network

ftL - ZZL:1(ft,90l>2%0l

L = ZfiL+1<fta<Pl>2<Pl

Error function

G =30 (G e2e

¢t = Yo a1 (e w2

Squared norm of
error function

IGEN3 = 211 (G 1)

IGE113 = 320 141 (G 00)3

Gradient function

Gf =Vw fF
= 31 (G, o)

GF =vw it
_= 22L+1<Gt790l>

NTK kP (x,x') =

(Gi (%), Gr (x))r

Population risk

Ry = |G 113 + R(f*)

201
Af(x,x) = (G} (%), GE (X))r
Rt - HCt H2 +R(f*

Risk gradient

ViRl = =2(GF, ()2

)
VwRE = —2(GE,¢F),

Time derivative

awi _

. ~
of weights = 2(GE, ()2 dlgg = 2(GY, CtL>2

Table 3: Objects from Sections C.2.3 and C.2.4 that are projected onto different eigenspaces.
The superscript L without ~ denotes that a function is projected onto the subspace of
L?(pq_1) spanned by the first L eigenfunctions of H, and ~ denotes that a function is
projected onto the subspace of L?(ps_1) spanned by all but the first L eigenfunctions of H.

C.2 NTK Theory of Two-Layer ReLU Networks

In this section, we present a brief development of the theory of neural tangent kernels
(NTKSs) specific to our model used in Section 5.

We will consider a two-layer fully-connected neural network with ReLLU activation func-
tion, where m € N is the width of the hidden layer. Specifically, write ¢ : R — R for
the ReLU function defined as ¢(z) = max{0,z}, and with a slight abuse of notation,
write ¢ : R™ — R™ for the componentwise ReLU function, ¢(z) = &((21, ..., 2m) ") =
(¢(21)7 ) ¢(Zm))—r

Denote by W € R™*(4+1) the weight matrix of the hidden layer, by w; € R j =
1,...,m the j*" neuron of the hidden layer and a = (a1, ...,am)T € R™ the weights of the
output layer. Then for x = (z1,...,24)" € R? and writing X = (x1,...,24,1) " € R¥1 the
output of the network is

fw(x) = ia o (Wx) Z

m d
1
}'():7 a;¢ Wikxr +Wjae |-

For weights W, we write &y noise random variable and (y for the error respectively:

Further, we have the following vectors obtained by evaluation at the points {(x;,y;)}7;:

Cw = Chy = = fw € L*(pa—).

fw = (fW(Xl)v"',fW(Xn))T ERna EWZEfW =y — fw, CWZCfW :f*_fW
First note that, for any a > 0 and z € R, ¢(az) = a¢(z), a property called positive
homogeneity.
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The ReLU function ¢ has gradient 0 for z < 0, gradient 1 for z > 0 and its gradient
is undefined at z = 0. We extend this to a left-continuous function by defining ¢'(z) =
1{z > 0}, and treat it as the “gradient” of ¢. For higher-dimensional quantities, we
extend ¢' by applying the function componentwise again, i.e., ¢'(z) = &' ((21, ..., 2m)") =
(¢ (21), ..., @' (2m)) T, via an abuse of notation.

We define the gradient function Gy : R — R™*(4+1) at W as:

(Vw fw (X)), = %¢/(W]‘ -X)zp € R forj=1,...mk=1,..,d+1,
G, (X) = Vi, fiv (x) = —2-¢/(w; - %)% € R for j =1,...,m,

Jm

G (x) = Vi fir (x) = \/1% (a0 (W) 5T € R,

We also define the pre-gradient function Jy : R4 — R™ and pre-gradient matriz Jy €

R™*™ at W based on the sample X by the following;:

Jw(x) = \/%a@ W), Iy = \/1%

Then note that Gy (x) = Jy (x)x ", and defining the gradient matriz Gy = Jy * XT e
R™MAHDXn 4t T we have

diagla]¢/ (WX T).

- a; D
(Gwla(—1)+k,i = [TwljiXik = ijgbl(wj - %) (%) ke,

i.e., the i'" column of Gyy is the vectorization of Vyy fi(x;), and
Vw fw (xi)]jx = [Gwlag—1)+k,i-

C.2.1 NEURAL TANGENT KERNEL

In this section, we collect various definitions and notations related to the neural tangent
kernel (NTK) (Jacot et al., 2018) of our network. The notation is consistent with those in
Appendix A.3.

We define the neural tangent kernel (NTK) ry : R? x R® — R at W as the positive
semi-definite kernel defined with the gradient function Gyw = Vw fw : RY — R™*(d+1) a4
W as the feature map:

XX Z ¢ (w;-%)¢ (w;- %) = %qﬁl(XTWT)qb,(WX/).

Jj=1

rw (x,x") = (Gw (x), Gw (X'))p =

m

We also define the neural tangent kernel Gram matriz (NTK Gram matrix) Hyy € R™*"

at W as
Rw(X1,X1) ... Kw(X1,Xp)

Hy-GiGw-| . |
Ew (Xn,X1) - Kw(Xp,Xp)
and write its eigenvalues as Ay, > ... > AWy = Awmin 10 decreasing order (with multi-
plicity).
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Then note that, by (M-1), we have

Hy = Jw X)) Jw*XT) = (XXT) o [@hdw) = —(XX ") 0 (¢'(XW )¢’ (WX ).
m
We can decompose the NTK as a sum of NTK’s corresponding to each neuron. For each
J=1,..,m, define Ky, : R? x R? — R by
x-x

(v 50 (w0 K).

The NTK matrix also decomposes similarly:

Fow, (%,X') =

Kw; (X1,X1) ... Fw, (X1,X5)

Ho=| @~ = (XX e@Ew])dwT).
Kw; (Xn,X1) oo Fw, (Xn, Xn)

Then we have

m m
’{W(X¢ X/) = Z Kw ; (X7 X,)a Hy = Z HW]' .
j=1 j=1

We denote by Hyy the RKHS associated with ky, and call it the neural tangent repro-
ducing kernel Hilbert space (NTRKHS) at W. We denote the inner product in this Hilbert
space by (-, )3, and its corresponding norm by ||-||sc,,, -

We denote the inclusion operator and its adjoint by

v s Hy — L2(pd,1), L%k/V : L2<pd,1) — Hw.
We also have the self-adjoint operator
Hy =y o ily : L2 (pa—1) — L*(pa—1).

Again, we consider the neuron-level decomposition. For each j = 1,...,m, denote by H,
the NTRKHS corresponding to the NTK fy;. Then exactly analogously, we have

twy P Howy = L2(pac1), 1y, L2(pac1) = Hays  Hwy = tw; 0 6y, 2 L2 (pa1) = L*(pa1),
with [lew; [lop = [l43; llop = ﬁ and

Hy, (1) = t3, () = Bx[f (%) w, (x, )]
for f € L?(pg_1). Then

S Huy £) = Bx | £ fiwy (36,2) | = ExlF () (x, )] = Hw £(-),
i=1 j=1

S0
m
Hy =) Hy,.
j=1
We denote the sampling operator and its adjoint based on the i.i.d. copies {x;} ; of x by
Lwtj'fw%Rn, L*W:Rn%}fw,

with ey oty = #HW (c.f. Appendix A.3).
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C.2.2 INITIALIZATION AND ANALYTICAL COUNTERPARTS

Recall that m is an even number; this was to facilitate the popular antisymmetric initial-
ization trick (Zhang et al., 2020, Section 6) (see also, for example, (Bowman and Montufar,
2022, Section 2.3) and (Montanari and Zhong, 2022, Eqn. (34) & Remark 7(ii))).

The hidden layer weights are initialized by independent standard Gaussians via the
antisymmetric initialization scheme, [W(0)]; ~ N (0,1) for j =1,..., 2 and k =1,...,d+1.
In other words, for each j = 1,..., %2, w; € R we have w; ~ N(0,1z41). The output
layer weights aj,j = 1,..., % are initialized from Unif{—1,1} and are kept fixed throughout
training. Then, for j = 3 +1,...,m, we let w;(0) = wj_%(O) and a; = —aj_m. Then we
define fiy = %( St o T fwn o +1,...wm)- This ensures that our network at initialization
is exactly zero, i.e., fyr()(x) = 0 for all x € S%1, while being able to carry out the analysis
as if we had m independent neurons distributed as N (0, I;41) at initialization. This is what
we do henceforth.

We define the analytical versions of the objects defined earlier by taking the expectation
with respect to this initialization distribution of the weights. First, define the analytical
pre-gradient function J : R* — L?(N) and analytical pre-gradient matriz J € L*(N) x R
as

J(x)(w) = a(w)¢'(w-%),  J(w) = a(w)¢'(Xw).

Then define the analytical gradient function G : R* — L*(N) @ R and the analytical
gradient matriz G € L>(N) x R¥™1 x R" by

G(x) (W) = J(x) (W)% = a(w)!(w- %)%, G(w) = a(w)e/(Xw) + X .
Then we have, exactly analogously, the analytical NTK « : R? x R? - R
k(% %) = (G(x), GX)amn = X - X Eageory(0.1) [0/ (W %) (W - %] = Eyyroay oy liw (%, %)
and the analytical NTK matriz H

K(X1,X1) ... K(X1,Xp)
H:<G7G>N®Rd: )
K(Xn,X1) ... K(Xp,Xp)

with its eigenvalues denoted as A1 > ... > A\, = Anin-
We also have the neuron-level decomposition again:

K‘(Xa X,) = mEWNN(O,Id)[RW(X7X/)]a H = mEWNN(O,Id)[HW]

Analogously to the development in Section C.2.1, we have a unique analytical neural
tangent reproducing kernel Hilbert space (analytical NTRKHS) H with x as its reproducing
kernel and its inner product and norm denoted by (-,-)sc and |-|[s. We also have the
inclusion and sampling operators as well as their adjoints:

viH = L2(pa—1), o L*(pa—1) = H, t:H—-R", o :R" =K

and denoting H := 101" : L?(pg_1) — L?*(pq_1), we have

HF() =7 f() = Blf(on(x, )], tou = —H.

n2
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C.2.3 SPECTRAL THEORY FOR NEURAL TANGENT KERNELS

Consider x,x’ € ST1. Note that, since ||x|2 = |[|X'|l2 = v/2, there is always an orthonormal
basis of R? such that with respect to this basis,

1 cosd

0 sin 0 o, o
x=v2|0], X =v2| 0 ,  where 6 = arccos (X -2x > = arccos (XX2+> .

0 0

Then writing w = (w1, wa, ..., wg, war1) with respect to this basis, we still have that w ~
N(0, Iz41) (Vershynin, 2018, p.46, Proposition 3.3.2), and so (w1, ws) ~ N (0, I2). In polar
coordinates, we have that (wy,ws) is distributed as (r cos ¢, rsin(), where 72 ~ x2(2) and
¢ ~ Unif[—m, 7]. Now see that

X BN (0,1411) [0 (% - W) (X - w)]
X'Ey ¢ [1{rcos¢ >0} 1{rcos¢cosf + rsin(sinf > 0}]
x'E¢ [1{cos¢ > 0} 1 {cos(¢ — 6) > 0}]

%! /’5
= d¢
271' —T40

. ./<1 0)
=X -X - —
2 27

x-%' x-x'+1
—x-% E_M = (x-x +1) 1_&1‘0005( 2 )
2 2w 2 27

[VE]

So k is clearly a continuous function, which means that the associated RKHS X is separable
(Steinwart and Christmann, 2008, p.130, Lemma 4.33). Hence, the self-adjoint operator
H =100 : L*(pg_1) — L%*(pg_1) is compact (Steinwart and Christmann, 2008, p.127,
Theorem 4.27). Now we apply spectral theory for compact, self-adjoint operators. By
(Weidmann, 1980, p.133, Theorem 6.7), H has at most countably many eigenvalues that
can only cluster at 0, and each non-zero eigenvalue has finite multiplicity. Also, for any
eigenvalue \ of H with eigenvector ¢, we have

AMlelZ = (o, )2 = (Hp, )2 = [l* 0|13,

so A > 0. We denote the eigenvalues in decreasing order with multiplicity by A1 > Ay > ...
with \; — 0 as [ — oo from above, whose corresponding eigenfunctions ¢;,l = 1,2, ...
form an orthonormal basis of L?(ps_1) (Lang, 1993, p.443, Theorem 3.1). So by Parseval’s
equality (Weidmann, 1980, p.38, Theorem 3.6), for any f € L?(pg_1), we have

F=Y (e, IF13=D (o5, HF=Y Nl
=1 =1 =1

which obviously has, as special cases, Hyp; = \jp; for all 1 = 1,2, ...
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For an arbitrary L € N and a function f € L?(pg_1), we denote by the superscript L in
fE the projection of f onto the subspace of L?(pg_1) spanned by the first L eigenfunctions
©1, ..., o1, and we denote by f” the projection of f onto the subspace of L?(ps_1) spanned

by the remaining eigenfunctions ¢y 1, ¢r+2,.... Then we have
L ~ o) B _
FE="edaen Fi= 3" (fenaen f=rE+F5 A3 = IF513 + 117403
=1 I=L+1
We can also calculate bounds on the eigenvalues A\ > Ao > ... of H explicitly, using

spherical harmonics theory (Miiller, 1998; Azevedo and Menegatto, 2014). Below, the order
h refers to the order of spherical harmonics.

Order h = 0: )\ is of constant order.

1 d+1 1 d+1
- < < =
8 8rd M8 Ted
Order h = 1: We have Ao = ... A\gy1, where, for [ =2,...,d+ 1,
1 9
— < < —.
50 =M= 254

Order h > 2: Eigenvalues A; for [ > d + 2 are upper bounded by d%, with multiplicities

1 for h=0
N(d,h) =< d forh=1.
(htd=2)(htd=3)! 1< o

I(d—2)!

C.2.4 FuLL-BATCH GRADIENT FLOW

Our goal is to optimize for the weight matrix W e R"™*(4+1) ysing full-batch gradient flow.
We perform gradient flow with respect to both the empirical risk R and the population risk
R, the latter obviously not possible in practice.

Note that

Vi R(fw) =2(fw — f*) = =2¢w € L*(pa-1), Vi, R(fw) = %(fw -y) = —%SW € R".

Using the chain rule and results from previous sections, we calculate the gradient of the
risks as

Vo, R(fw) = —%E [Cw () (w; - %)%] € R+,
VwR(fw) = (Vi R, Vi fw)2 = =2(Gw, Cw)2

- —\/QT—nE[CW(X)(a@ ¢ (Wi))xT] € R+,
Ve RUW) =~ S € (w; i) € B4,
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2
VwR(fw) = (Ve R, Vvt )2 = — Gwéw

— d / WXT XT c RmX(d+l).
— = diaglald (WXT)) « X Ty
For t > 0, denote by W (t) and W () the weight matrix at time ¢ obtained by gradient flow
with respect to R and R respectively. They both start at random initialization W (0) as in
Section C.2.2, and are updated as follows:

aw

e —VwR(fw) = 2(Gww), Cwe))2s

aw 2

at _VWR(fW(t)) = gGW(t)gvi/(t)-

For conciseness of notation, we denote the dependence on W(t) and W(t) simply by the
subscript ¢ and the hat”. So we write f; and f; for fy () and fW(t)’ f; and f; for fi(;) and
fW(t)’ Jy and jt for {W(t) and JW(t)’ J; and jt for JW(t) and JW(t)7 Gy and @t for GW(t)
and GW(t)’ G; and Gy for GW(t) and GW(t)’ Kkt and R for KW (1) and Ry U and i; for
L () and iy bt and ¢; for ¢y (4 and Lyir () H; and H, for Hyy ;) and HW(t)’ H,; and H,
for I_IAW(t) and HVV(t)’ )\t,l > .. > AAtm = )\t,min for )‘W(t),l > .. ZA }‘W(t),n = AW(t),min’ ft
and & for Sy and &y ), & and &; for §yy ) and &y, ¢ and G for Gy and Gy, €
and é’t for Cyy(y) and CW(t)’ R, and R, for R(f:) and R(ft), and R; and R; for R(f;) and

R(f;) (see Table 2).
 Using the chain rule, we can also calculate the time derivative of the networks f; and
ft, as well as the empirical evaluation f; of f;:

dfs de; d¢, aw

() =——()=-22() = <wat( ) >F
= 2(G¢(-), (G, Ce)2)p
= 2Ex[(G("), Ge(x))r G (x)]

= 2H;Gi(+) € L*(pg-1)
dfy dé, e

2640, Gy ) € LP(pa)

dw
Sty = - =20 = <Wft<>, ~ >F=

dfy g, dct T aw T

== = - f —_— :2 R’/’L
dt dt dt = (Vwh)  vec i G, vec ((Gt,Gt)2) €
di, g, _ d¢, NT (AW 2ara s 24
W= =g = (V) vee ) = GG = THg, €

Define W (0) = W (0) and W%(0) = 0, so that WE(0) + WX (0) = W(0). See that
= [1GII3 + R(F*) = ISH13 + IGH115 + R(f*)

where we used the ¢/ = lel(g}, ©)ap and CF = > 141 (Gt @1)2¢r notation from Section
C.2.3. We denote the gradients of f* and ftL with respect to the weights as

Gf =Vwik, GE =vwit.
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Then we can see that

L L L
G = Vw <Z<ft790l>290l> = (Vwfueaer= > (G o)

=1 =1 =1

so that

Gi (%), Gy (x))r

—~

K?tL(X, x')

L L
— Z(Gt,mhsﬁl(x),Z(Gt,@l'>29@l/(><')>
F

1 =1

=
L
= 3" ai®)er(x) ((Gr. 1), (Gr. o))

We also denote the projected risks as
Rf =G5+ R(f)  RE = ICF15 + R(f™),
so that their gradients with respect to the weights are
ViwR{ = =2(Gy, ()2 VwRE = =2(G},{)s

and we have B
VwR: = VwREF + VwRE.
Then we perform gradient flow on each of the projections as follows:
aw*
dt

dwt
dt

— —VwRE =2(GE, ¢y, = —VwR =2(G}, ¢)s,

Then by using the decomposition of Vi Ry = VWRtL + VWRtL from above, we can see that,

for t > 0,
taw taqwl  awl -
W(t) = / — dt = / + dt = WEt)+ Wk).
0 0

dt dt

For individual neurons in W¥(t), write WJL (t), and likewise V~V]L (t) for individual neurons in

WEt).
We define xf : RY x R? — R by
ri (%, %) = (G} (x), G (') p.

Moreover, we denote the RKHS associated with s as H}, the associated inclusion operator
as 1F : Hl — L%(ps_1) and the associated operator as

HE = oF o (F): Dpar) = L2(pacr),  HEF(x) = Bwlih (x,%) F(x)].

It must be stressed that f/ = ZZL: 1 (ft; pr)2¢1 is not necessarily the same as fy L. Simi-
larly, GF, kF and H} are not necessarily the same as Vy fwry, kwry and Hyr ).
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C.3 High Probability Results

Before we dive into our proofs, we first remark that our results are high-probability results,
and the randomness comes from the sampling randomness of the data {x;,y;}/~; (or X
and y) and the random initialization of the neurons {w;(0)}7.; (or the weight matrix
W(0)). Since we are performing full-batch, deterministic gradient flow, once those are
fixed, the trajectory of gradient flow is completely deterministic. Hence, it is often done
in the literature that first all the results that hold on a single high-probability event are
proved, and then those that follow in a deterministic way on this high-probability event
are proved. In the literature, this is variously called “quasi-randomness” (Razborov, 2022,
Section 3.1), a “good run” (Frei et al., 2022, Definition 4.4) or a “good event” (Xu and Gu,
2023, Section 4.1).

We also collect some high-probability results in this section. Then, overfitting, approxi-
mation and estimation results in Appendix C.4, Appendix C.5 and Appendix C.6 are proved
in a deterministic fashion conditioned on the high-probability event of this section. Each of
the high-probability results Lemmas 24, 25 and 26 will yield a (high-probability) sub-event
of the one produced by the previous result, and they will be denoted as Fq4 O Ey O Fs.
Our final event on which all of our result hold will have probability 1 — §, where § is the
failure probability.

We start by collecting some preliminary non-random results.

Lemma 23 We have the following results.
(i) The operator norm of H : L*(pg—1) — L?(pg—1) satisfies § < |[Hll2 = M1 < .
(i) For any weights W € R™* @+ e have

1
[Hwll2 <1, and  |[Hy,|l2 < —.

As a result, we also have, for allt > 0,

2[|Gill2
J

IV, B2 <

(iii) We have

Proof

(i) This follows immediately from the bounds on the largest eigenvalue \; of H, computed
in Section C.2.3, and the fact that, since H is a self-adjoint (and therefore a normal)
operator on L?(pg_1), the operator norm of H coincides with the spectral radius
(Weidmann, 1980, p.127, Theorem 5.44).

(ii) We define linear operators =, = : L?(pg_1) — L*(p4—1) by

() = Ewlix-x + DA, E(H60) = ~Bollx-x + 1) ()]

(1]
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Notice that Hyy is given as the integral operator of the NTK ky, which in turn is
a tensor product of the dot product kernel plus 1, which is the associated kernel of
=, and the kernel (x,x’) — L > ity ¢'(wjy - %)@ (w; - X'). Since the second kernel is
bounded above by 1, and the operator norms of 2 and = are 1 and % respectively,
Lemma 20 tells us that

- = 1
IHwlz <lEl2=1,  [[Hw, ]2 < lIEll2 =

since Z and Z are self-adjoint (and therefore normal) operators.

Applying the Cauchy-Schwarz inequality,

vathHQ = 2H<GWj(t))Ct>2H2
= 2||E[Gw, 1) (x)Gt(x)] 12

_ WEX, (G (3) - Gy (3)) G3)G )]

=2 <Ct,ij(t)Ct>2

< 2|Gell2/ ([ Hw, ) ll2

2(|Gel2
Jm

<

as required.

See that v/dx and v/dx’ are independent isotropic random vectors (Vershynin, 2018,
p.45, Exercise 3.3.1), so by (Vershynin, 2018, p.44, Lemma 3.2.4), we have that

L E (Vi) - (VAX))?2] = —d =

1
Ex,x’[(x ) X/)Q] = a2 2 L

as required.

C.3.1 RANDOMNESS DUE TO WEIGHT INITIALIZATION

We first collect a few results that weights at initialization satisfy with high probability. In
these results, the only randomness comes from the weight initialization.

Lemma 24 If Assumption %(i) is satisfied, there is an event FEy with P(E;) > 1 — g on
which the following happen simultaneously.

(i) The initial weights are upper bounded in norm: for all j =1,...,m,

[w;(0)]l2 < v/5(d + 1) + 4log m.
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(ii) The initial NTK operator concentrates to the analytical NTK operator:

(iii) We have:

sup
x€Sd—1

(iv) We have

sup
xeSd—1

Proof

{j €{1,...,m}:3Iv e R withv-% =0 and ||v —w;(0)]|2 <

| Ho — H]J» < 5\/(d+ 1)log(2m).
- m

2d
{j c{1,..,m}:Iv e R with v-%x =0 and ||v — w;(0)[2 < 3}’

vm

< Vdm(34 + \/logm).

2v/2
VmAe

< \im(?nfwr Viogm).

(i) Note that, for each j =1,...,m, |w;(0)]|3 ~ x*(d + 1), so by (x?*-1), for any ¢ > 0,

P (ij(o)ug >d+1+2/d+ e+ 2c) <eC

Letting ¢ = d + 1 + logm and taking the square root, we have

P (JIw;(0)ll2 > /5(d + 1) + 4log m)

<Pp (\\wjm)ug > \/3(d+1) + 2logm +2/([d+ 12+ ([d+ 1)10gm)

< 6—(d+1)—logm

and taking the union bound over the neurons, we have

P (”Wj(O)HQ > +/5(d + 1) + 4logm for some j € {1, ...,m}) < e (D),

We note that e~ (@+1) < % by Assumption 2(i).

(ii) We start by defining, for each pair x,x’ € S~!, a function Ox.x’ ° R+ 5 R as

gxx' (W) = ¢ (x-w)¢'(w-x') =1{x-w > 0}1{w - X" > 0}.

The intuition behind the functions gx x is the following (see Figure 4). For each
x € S 1, R4t is cut into two disjoint halves by the hyperplane through the origin
to which % is a normal, which we denote by He™! and HI+H! with x € He*!, and with
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d+1
Gx,x’

==l
.
+
[N

==
.
_l’_
—
(@)

Figure 4: In the third picture, the shaded region represents G‘f;l = Hd N ]H[;ljl, and thus
contain those w such that gx x/(w) = ¢'(x - w)¢'(w - X’) = 1.

H%+! containing the hyperplane. If w € HEH!, then ¢/(x - w) = 1, and if w € HIt!,
then ¢/(x-w) = 0. For each pair x,x’ € S971, the function gy ,» makes two such cuts,
and thus is given by

W) 1 if we HE nHE! = G&)
Ixx' (W) = . - - o
o 0 if we HEH U

So gxx takes value 1 for at most half of R4™! (if x = x’) and takes value 0 for the
rest of R%. We also define the following collections of sets:

o d+1 . d—1 o d+1 . ' d—1
Hi={Hiixes™} gi={GI i x ¥ est
So H is a collection of half-spaces in Rd+1, and G is a collection of intersections of two

half-spaces in R4,

The growth function Ilg : N — N of G is defined as (Mohri et al., 2012, p.38, Definition
3.3), (van de Geer, 2000, p.39, Definition 3.2)

Ho(m) = max (g (W), o g (W) s 3, X € 771}
W1,...,Wy ERIHL

= max HGN{w1,...,wn}: G e G} .

W1,..., Wy ERAF1

The growth function I1y : N — N of # is similarly defined. Then by (van de Geer,
2000, p.40, Example 3.7.4c), we have

I <od+1 T d+1
utm) <241( ) < m)?,

and noting that G = {Hy; NHy : H;,Hy € H}, (Mohri et al., 2012, p.57, Exercise
3.15(a)) tells us that

Mg (m) < (I (m))? < (2m)*@+),

Now, we let {; };”:1 be a Rademacher sequence, i.e., a sequence of independent random
variables ¢; with P(; = 1) = P(g, = —1) = 3. Then using an argument based
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on Massart’s Lemma (Mohri et al., 2012, p.40, Corollary 3.1), we can bound the
Rademacher complexity by

[21ogIlg(m d+1)log(2m
Ee; ow;(0),j=1....m SUP*E :gjgxx w;(0))] < g(m) < 2\/( ) log( )
x,x/ M m m

)

We also define a function F : (R¥1)™ — R by

1
F(W17 cey Wm) = sup _— Z Ix.x’ (WJ) - Ew~N(0,1d+1) [gx,x’(w)]

x,x/€Sd—1

Then for any j' € {1,...,m} and any wy, ...,Wm,W;-,, we have

1
F(le-'-7Wm> = sup ngx W] - ngx W] gx,x/(w;’)
x,x’eSd—1 ]75] m

1 1
+E Z Ix,x' (Wj) + ng,x’(wg") - EWNN(O,1d+1) [gx,x’ (W)]
J#7
S F(Wiy ooy W1, Wi W1, e, Win)

1 /
4+ — su I\Wjr ) — 1\W
m x,x’Gé)dfl {gx,x ( ! ) i ( J )}

1
/
< F(wy, ey W1, W Wi, ey W) + png

since gxx' (W) € {0,1}. So

1

‘F(Wl, ,Wm) - F(Wl, ...,Wj/_l,W;»/,qu_l, o, W )‘ < — m

Hence, we can apply McDiarmid’s inequality (McD) to see that, for any ¢ > 0,
B (F(w1(0), s Win(0)) > E[F(w1(0), .., win(0))] 4+ ¢) < e, (%)

Now, to bound E[F(w1(0),...,w,,(0))], we use symmetrization. Denote by F the

o-algebra generated by wi(0), ..., w,,(0). Suppose we had another set wi,...,w/]  of

independent copies from the distribution A(0, I,1). Then for each pair x,x’ € S,

%Z Grx (Wi (0)) | F| = % > 9w (w;(0))
=1 =1

% Z Ix,x’ = IEw [gx,x/ (W)]a
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S G (Wi (0) ~ Bl W] = B | -3 { (w5(0)) — g (W)} | F
j=1 j=1
Hence

E [F(w1(0), ..., wn(0))] = E [sup % Z Ix,x’ (WJ(O)) - Ew~N(0,1d+1)[gx,x’ (w)]
j=1

=E suI?IE — Z {gx,x/(W] (0)) — gx,x (W;)} | F
_x7x j:l -
1 m
s EE fsup D Agxx (wi(0) = g (W)} | F
I e i

1 m
ZE [sup L 3 o (5(0)) — g (W)} |
x,x/ m =1

where the last line follows from the law of iterated expectations. Then noting that

X,

1 — 1 &
su;? - E {gx7x/(wj(0)) — gx.x’ (W;)} and sul? - E Sj {gx,xr (w;(0)) — gx7xl(w9)}
X,X j=1 X j=1

have the same distribution, continuing our argument from above,

E[F(w1(0), o Win(O)] < B [s1p 3™ {gase (w5(0)) — g ()}
X,X =1

1 & 1 &
<E [sup— > gxx (W5(0)) +5up — > 695 x (W))
x,x! T x,x! T

Jj=1 J=1

1 m
= 2E [sup - Z 9%, x’ (Wj (0>)
J

/
X,X _—

)

S4\/(d+ 1) log(2m)

m

by the bound in (*). Hence, continuing from (**), for any ¢ > 0,

P <F(W1(O), ey Wi (0)) > 4\/(d + 1) log(2m) n c) < 2m

m

(d+1) log(2m)

m 9

P (F(wl(o), e Wi (0)) > 5\/ (d+1) 10g(2m)) < e-2dDlogzm) _ L

Letting ¢ =

m (2m)2(@+D)”
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We note that <ed< % by Assumption 2(i).

1
(2m)2@+D)
Now we assume we are on the above high probability event on which F'(w1(0), ..., w,,(0)) <

5 w. We use the same linear operator Z as in the proof of Lemma 23(ii),

which we recall to be
E(f)(x) = Ex[x-x'f(x)]
and we also recall that ||Z||2 < 1. Applying Lemma 20, we see that

1 m
1Ho = Hll2 < sup | — > gxx(wj(0)) = Ewep(o,1,)[9x (w)]
xeSd—-1 \ M —

< F(w1(0), ..., wp,(0))
< 5\/(d + 1) log(2m)

m

9

as required.

(iii) We use the net argument. We know that, by (Vershynin, 2018, p.78, Corollary 4.2.13),

-2 4 _ ; d—1 :
the T Taiogm vm covering number of S is upper bounded by

d+1
(T\/5(d+ 1) + 4logm + 1) .

Let C be such a cover of S¥ 1. Also, for each z € S !, define R, C R by

Note that, for each j = 1,...,m and each z € é, the real-valued random variable
z - w;(0) has distribution N (0, 2), since ||z|2 = 1 and w;(0) ~ N (0, Iz11). So

; . 34d 34d
Denote by J» the set of neurons that are in R,. This is a random set, and we clearly
have .
T = _ 1z, (w;(0)).
j=1

By Hoeffding’s inequality (Hoeff), for any ¢ > 0, we have
7 5 < A 2¢2
P(Jp2340Vdm+c) <P J =D P(w0) €R,) 2 ¢ | <exp <_m) .
j=1

Letting ¢ = v/mdlogm, we have

P(jzz\/%<34+\/@)) gﬁ.
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We take the union bound over all z € C:

P (there exists z € C such that jz > Vdm (34 + +/log m))
d+1
vm 1
( \/5d—|—1 +4logm—|—1> o

< 6fd+1

)
<77
12

where the last line follows by Assumption 2(i).

Now suppose that we are on this high-probability event on which there does not exist

z € C such that J, > dm(34 + /logm). Then for any x € S%1, denote by xg

_ d
the element in the net C such that [|x — x|z < \/m o Then for any

w;(0) ¢ R, noting that part (i) tells us that [w;(0)]l2 < +/5(d+1) +4logm, we
have

34d 24 32d
vmo omom
Hence, for any x € ST!, we have at most vdm(34 + /logm) neurons that satisfy
% - w;(0)] < %. See that, for each x € SY~! and each j = 1,...,m, for there to exist

a v € R™! such that v-x = 0 and ||v — w;(0)]|2 < %, a necessary condition is that
- w;(0)] < 24

% w;(0)] = [%0 - w;(0)] = |(x = %o) - w;(0)] >

—, since

% wi(0)] < |(wW;(0) = v) - x|+ |[v- x| < [|w;(0) = v]}2 < 24

\/m

Thus

sup
x€Sd—1

2d
{j e{l,..,m}: Jv € R™! with v-x =0 and v —w;(0)]2 < —= 3 }’

Vidm(34 + \/logm).

2 V2
\/5(d+1)+4 logm VMAe
d+1

covering number of S?! is upper bounded by (@6 \/5(d+ 1)+ 4logm + 1)
Let C be such a cover of S9!, Also, for each z € S%~ !, define R, C R¥! by

2
Rz—{WG}Rd+1 |w-z| < %6}

Note that, for each j = 1,...,m and each z € C, the real-valued random variable
z - w;(0) has distribution N (0, 2), since ||z|j2 = 1 and w;(0) ~ N (0, Iz+1). So

3\f><3\/§

P(wj<o>e7zz>=r@<\z-w]< < T ) S
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Denote by J, the set of neurons that are in R,. This is a random set, and we clearly
have

Je =Y _1r,(w;(0)).

j=1

By Hoeffding’s inequality (Hoeff), for any ¢ > 0, we have

3vV2 m 22
P<~7ZZ\CZ/E+C>SP JZ—Z]P’(W]‘(O)ERZ)ZC Sexp(—é).

j=1

v/mlogm
Ae

, we have

P (7= 2 (3v2+ Viogm) ) <o
We take the union bound over all z € C:
P <there exists z € C such that 7, > T (3\/5 + @))
< (v

Letting ¢ =

2

d
V5(d+1) +4logm+1) m 3

Se

1)
<7a
- 12

where the last line follows by Assumption 2(i).

Now suppose that we are on this high-probability event on which there does not exist
z € C such that 7, > @(?nf 2 + /logm). Then for any x € S, denote by xq

2 V2
+4logm vmAe®

w;(0) ¢ Ry, noting that part (i) tells us that |w;(0)[|2 < \/5(d + 1) + 4logm, we
have

the element in the net S such that ||x — xgll2 < NECY Then for any

i w; (0)] > [so - w;(0)] — |5 — %o) - w;(0)]
3V V2 208
T Ve Vmhe VA

Hence, for any x € S* !, we have at most m(?)\/i + V/logm) neurons that satisfy
|x - w;(0)] < 2V2 Qoo that, for each x € S¢! and each j = 1,...,m, for there to

e
exist a v € R such that v-x =0 and ||v — w;(0)]2 < % , a necessary condition
is that |x - w;(0)| < \/Lf)\ , since
2+/2
w01 < (3(0) —v) %] [v %] < [w3(0) vl <
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Thus
2v/2
S e {l,..m}:IveR™ withv-x=0and ||v—w;0)] <
x€g£1 {J { m}:3v with v - x nd |[v — w;( )”Q—WTME

< \/ﬁ(3\/§+ V1ogm).

Ae
Now, the events of parts (i), (ii), (iii) and (iv) each have probability at least 1 — %,
so by union bound, the event E; on which all of them happen simultaneously satisfies

P(E) >1— g, as required. [ |

C.3.2 RANDOMNESS DUE TO SAMPLING OF DATA

We now state and prove a few results that the samples satisfy with high probability. In
these results, the only randomness comes from the random sampling of the training data.

Lemma 25 If Assumptions % (i) € (ii) are satisfied, there is an event Eo C Ey with P(Ey) >

— % on which the following happen simultaneously.

(i) The spectral norm of the data matriz is bounded above as follows:
1Xl2 < 2v/n.

This implies that, for any weights W € R™ @+ with rows wi,j=1,...m,
n
IGw;ll2 <2¢/ = [Gwlz<2vn  and  [Hw] < 4n.

(i) The minimum eigenvalue Apyin of the analytical NTK matriz, is bounded from below:

n
)\min Z .
5d

Proof

(i) We have that the rows of v/dX are independent, and by (Vershynin, 2018, p.45,
Exercise 3.3.1), each row is isotropic. Moreover, each row has mean 0, and has sub-
Gaussian norm bounded by an absolute constant Cy > 0 independent of d (Vershynin,
2018, p.53, Theorem 3.4.6), i.e.,||\/3x7;||w2 < (. Hence, by (Vershynin, 2018, p.91,
Theorem 4.6.1), there exists an absolute constant Co > 0 such that for all ¢ > 0,

P(IVAX |2 = v+ CoCF (VA + 1)) < 207

Then defining an absolute constant C' := 2C5C?, and noting that \/g > C by As-
sumption 2(ii),

n n
(12 2/5) < (1 2 /5 + 2020}
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=P (|VAX [ > Va+2VdC:C})
=2¢7 ¢ letting t = Vd above.

We note that 2e~% < % by Assumption 2(i).
From this, we get that || X||2 < 2y/n. For the next assertions on the high-probability
event that ||.X|l2 <2,/5, we see that
1Gw, I3 = ll(Fw; * XT) T (T, # X T)]l2
= [T, Iw;) © (XX T)[la by (M-1)
< HXH%iemaX [T, Iw,Jil by (M-2)

{1,...,n}
1 .
<4n max —¢'(w;-%;)> by the above bound on || X2
i€{l,...,n} M
4
<= since ¢/ (w; - %;)? < 1,
m

and by the same argument,

IGw 3 = 1(Fw =« X )T (I XT)|2
= (I Iw) © (XX )2 by (M-1)
<|IX[3 max [[JyIwlil by (M-2)
ie{l }

goooy

1 & .
<4n max — "(wi - x%;)? by the above bound on || X
<dn mox 36w %) by 11
<d4n since ¢/(w; - %;)% < 1.

Lastly,
Hw 2 = |GGl = |Gw |3 < 4n.

Recall from Section C.2.3 the NTK k. The first few terms of its Taylor expansion are

arccos (%) 1
r(x,x) = (x-x' +1) 3 =4+ X2 xx'+

2T 3

Hence, the Gram matrix is

1 1 V3 V3
H=_-II" S 2T XX S xx e 4
3 +<3+67T> +367T( ) +

where the superscript ®2 denotes the 2-times Hadamard product. Here, IIT has
rank one, and XX ' is clearly positive semi-definite, and by Schur product theorem
(Horn and Johnson, 2013, p.479, Theorem 7.5.3), we know that Hadamard products of
positive semi-definite matrices are positive semi-definite, so each summand is positive
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semi-definite, and so just considering the first term <% + 6—@) XX T and denoting the

minimum eigenvalue of X X T by ttmin, we have Apin > %umin. But by (Vershynin,
2018, p.91, Theorem 4.6.1), the singular value of VdX is lower bounded by Vn —
%(\/& + t) with probability at least 1 — 2¢~t* for any t > 0, where C' > 0 is an
absolute constant. Letting ¢ = v/d, the singular value of vdX is lower bounded by
— > 1/ % (using Assumption 2(i1)) with probability at least 1 — 2e™“. 18
CVd > /3% (using A ion 2(ii)) with probability at least 1 — 2e~¢. Thi
means that, with probability at least 1 — Qe*d, Mmin > ?TZ' Hence Apin > g‘—d. We note
that, again, 2e~% < % by Assumption 2(i).

The events of parts (i) and (ii) each have probability at least 1 — %, so by the union bound,
the event on which both parts are satisfied has probability at least 1 — g. Now we look for

the event Fo C FEq on which the events of this Lemma hold, and by union bound, we have
P(Ey) >1—%. |

C.3.3 RANDOMNESS DUE TO BOTH WEIGHT INITIALIZATION AND SAMPLING

Finally, we present some results that hold with high probability, in which the randomness
comes both from the weights and the samples.

Lemma 26 We have the following high-probability events:

(i) If Assumptions £(i) € (ii) are satisfied, the minimum eigenvalue of the initial NTK
matriz is bounded from below with probability at least 1 — %:

n
A min 2 A
0 10d
(ii) Define, for each u=1,..., Uk,
1 - .
Vu = EGOHK '€y — (Go, HY ' Co)a.

If all the conditions in Assumption 2 is satisfied, then with probability at least 1 — g,
forallu=1,...,U,
log(nu)

1]

Hence, if all the conditions in Assumption 2 are satisfied, then there is an event E3 C Fo
with P(E3) > 1 —§ on which parts (i) and (ii) occur simultaneously.

Vulle <8

Proof

(i) Recall from Section C.2.2 that we have

H and Hy=) Hy ).

1
EWNN(O,]d+1) [HW] = E
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For each j = 1,...,m, apply (M-2), and note that ¢'(w;(0) - %x;)2 < 1 and apply
Lemma 25(i) for || X||2 to see that

B, lle = [ (XXT) © (o Ckw(0) )0/ (w3 (0)X )

< w max ¢’ (w;(0) - %;)?
T om ie{l,...n}

4n
<

m

Hence, recalling from Lemma 25(ii) that we have Apin > g5 and using the Matrix
Chernoff inequality (M-Chernoff), we have

(Ao min < i) <A0 min < }‘;‘in) <n (ﬂe)ngm <n < 26)7ﬁ .

10d

We note that n (\/ie)iﬁ < & by Assumption 2(ii).

For each u =1, ..., U,, we have

n

1 _ 1
—uGoHg ¢y = o > Go(xi)[Holiy o [Holi, i Y-

ilv---yiuzl

Here [H()] i = <G0(Xl) Go(xi/»F = no(xi,xi/), SO

n

1 _ 1
EGOHS ') = nu Z Go(xiy ) ko (Xiy s Xiy )60 (Xiy_ 15 Xi ) Yi
114yl =1
1 n u—1
- ﬁ Z GO(Xil)yiu H KO(XicvxiﬁLl)
115y tu=1 c=1

Defining T, : (R? x R)* — RmX(A+1) oq

u—1

TU((leyl)a ey (Xuayu)) GO Xl H Ko X07XC+1) <G07Hu 1C0>
c=1

we clearly have E[Y,((x1,¥1), .-, (Xu,yu))] = 0 and that

1 u— U—
—GoHy 6 — (Go Hy o)z = — D0 Tul(irsvin)s o (% ¥ )

015yl =1

i.e., we have a V-statistic (c.f. Section A.6). We actually construct a symmetric
version Ty, : (R? x R)* — R™*(d+1) of T, by

TU((thl) Xu7yu - U' ZT Xllayll (xluaylu))a

57



PARK, BLOBAUM AND KASIVISWANATHAN

where the sum ) is over the u! permutations {i1,...,%,} of {1,...,u}. Then it is easy

to see that we still have E[Y,] = 0 and

1 - " 1 & -
Vi = WGOHO 160 - <G07H0 1C0>2 = ﬁ Z Tu((x’iuyil)a ooy (Xluaylu))

i1 iu=1

Note that we have, almost surely for all u-tuples ((x1,41), -, (Xu, Yu))s

_ 1
HTU((Xh y1)7 L3) (X’LH yu))HF < E Z||TU((X’Llayll)7 ceey (xzuayzu))”F

u—1

1Go(x0) e T T 1o (xes xe1) vl + [1(Gos Hy ™" Codellr

c=1

<14 \JUHECo HY ™ o)

u—1 %
<1+ [[Holly * [IF2

Lemma 23(ii) f*-Bound

IN

<2.

Hence, from Proposition 22,

P (HvunF > 8 1‘?[(7“)) <2

Taking a union bound over v =1, ..., U, we have

20U,

n .

log(nu)
L)

IED<||Vu||F > 8 for someuzl,...,U€> <

We note that 2% < % by Assumption 2(iii).

The events of parts (i) and (ii) each have probabilities at least 1 — %, so by union bound,
E5 C F5 on which the events of this Lemma all hold satisfies P(F3) > 1 — 4. [ ]

C.4 Proof of Overfitting

Lemma 27 (Expanded Lemma 9) Suppose that Assumptions %(i) € (ii) and 5(i) are
satisfied, and suppose thatt € S.

(i) The spectral norm of the NTK matriz does not move much:

4n(34 + /logm)

||ﬂt—ﬂo||2 < i .
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(i) The minimum eigenvalue of H, is bounded from below:

)\t,min >

L
16d’
which implies

. 1 .
2 2
IVwRE = 5113,

(iii) The gradient of the norm of the error vector is bounded from above by a negative
number:

A
Sz <l

(iv) The norm of the error vector decays exponentially:

, t
Jeda < vie (~5;)-

Proof
(i) See that, using (M-1), (M-2) and Lemma 25(i),

|H, — Hols = |G/ Gt — G¢ Goll
=[|(F s« XD T T X)) = Tox X T (Tox X2
= (XX oI — I To)l2

<IB |G W0 07 0)5) — 6 WO ) (W (0%
1€q{1,.. ,n}
< aie{?%?fn}z o/ (W — F(wy(0) - %)?]
4n

= max 1 {(]ﬁ wj(t) - %;) # ¢'(w;(0) Xz)} :

m ie{l,.. ,n}

Here, for each i =1,...,n and j =1, ...,m, in order for ¢'(W;(0) - %;) # ¢'(W;(t) - %),
there must be some v € R on the weight trajectory, such that v - %; = 0 and

But by Lemma 24(iii), there only exist at most vmd(34 + v/log m) neurons such that
this happens. Hence,

IEL, — Fol < 4n(34 + /Togm)Vd
t 0 2 —_— m .
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(ii) See that
Xt,min: lnf ||I:Itv||2

> mf HHOV”Q— sup H(Ht—Ho)VHQ
vES vesSn—1

> Xomin — [|He — Ho 2
n 4n(34 4+ Togm)Vd

> Tod Jm by Lemma 26(i) & part (i)
n

S N . .

2 T6d by Assumption 3(i)

as required. Then using this, see that
. 4 A 4 4 2T A1 A 4 4 T o 1
IVwRIE = Sl1Gi&lIf = & G/ Gig, = —& Hi, > 1613

(iii) Differentiate both sides of Ry = %HétH% with respect to t and apply the chain rule to
obtain R
dR;
— = *Hét\l

o dHStHQ . d||§t||2_ n th

dt 2y dt

We apply the chain rule and part (ii) to see that

dR; . AW - 1 20
— = — <_7
I <VWR7 7 >F [ViwR|lf < 4ndH€tH2

Hence, substituting into above,

d||&; 12 [
< :

(iv) We apply Gronwall’s inequality and the fact that ||€y]l2 = |ly|l2 < /n to see that

e < Neollzesp (~ o5 ) < viven ().

Proposition 10 Suppose that Assumptions %(i) & (ii) and 5(i) are satisfied. Then S is
inductive.

Proof We prove each of (RI1), (RI2) and (RI3) in Appendix A.5 for the set S.

(RI1) Obvious.
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(RI2) Fix some T > 0, and suppose that T € S. Then we want to show that there exists

some y > 0 such that [T, T +~] C 5. Since T € S, we have | W (T) —w;(0)l2 < ?/21
for each j = 1,...,m. Define
g VD) w0
8
Then v; > 0, and for all t € [T, T + ~,],
1905 (t) — w02 < [W(T) — w;(O)]|2 + ¥ (£) — W;(T)]l2
. dw ;
= [%5(T) — w;(0) ]2 + H/ ]
< ¥oj (T) — wy(0)]2 + / I
< ¥ (T) — w012 + > / |G, ot
< Wi (T) — w;(O)l2 + —— / |€,ll2dt by Lemma 25()
4(t _T)
< Wi (T) — w;(0)[|2 + W
1, . 16d
< §||W](T) - Wj(o)Hz + ﬁ
_ 3
N

Now take v = minjegy . )75 Then [T,T +~] C S as required.

A~

(RI3) Fix some T > 0 and suppose that [0,7) C S. Then we want to show that T € S. See
that, for each j € {1,...,m},
T A
AV
/ W5
o dt

T

1¥;(T) — w;(0) 2 = \

w,(n&dt
2

4 (T ,
< / 1€, ||2dt Lemma 25(i)

/ exp < ) dt Lemma 27(iv)

_ 2
-_— \/m'

SoT € S.
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Since S satisfies all of (RI1), (RI2) and (RI3), S is inductive. [ |

Theorem 11 (Almost Overfitting) If Assumptions %(i) & (ii) and 5(i) are satisfied,
there is an event with probabzlzty at least 1 — & on which R(ft) < et Moreover, at time
t =T, we have R(fr.) <

Proof Proposition 10 implies that we can run gradient flow as long as we want and ensure
that the empirical risk follows Lemma 27(iv).
So only the last statement requires attention. We know from Lemma 23(i) that the

maximum value of A, is 4—1d, which means that the minimum value of T; is 8dlog (%)

R(fr,) < exp (_210g (})) Cce

as required. u

Hence,

C.5 Proof of Small Approximation Error

In this section, we assume that we are still on the high-probability event F5 from Lemma 26
in Appendix C.3, and we show that the approximation error ||f* — fill2 = [|¢el|2 is small,
i.e., less than our desired level 1 51/€, with the other 5 L /€ to come from the estimation error
in Appendlx C.6.

Lemma 28 (Expanded Lemma 13) Suppose that Assumption % (i) and Assumption 5(ii)
are satisfied, and that t € S..

(i) We have

3\f+ \/logm

|Hy — Holl2 <

\F)\

(ii) We have
IVw Rellf 2 AcllGll3.

(11i) We have

dliéill2

2 < gl

(iv) We have
1
el < exp (=)

Proof

(i) First see that
(H; — Ho) f(x) = Ex [((Gi(x), Ge(X'))r = (Go(x), Go(X))F) f(x')]
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XS (g w (1) - 00 (w; (1) - K1) — & (w;(0) - %) (w;(0) - %) 7o)

1

= EX/

.;om
m -

J

We use the same linear operator E as in the proof of Lemma 23(ii), which we recall
to be

=()(x) = B l(x-x' + 1) f(x)],

and we also recall that |Z||2 < 1. Now applying Lemma 20, we see that

|H; — Hpll2 < sup %Z (¢/(Wj<t) - %)2 — ¢'(w;(0) x)2)

j=1

< sup S [0 wi(0) %) - o (w(0) - 5P
xeSd—1 M —1

= sup ST (1) %) # 6/ (ws(0) 50}

Here, for each j = 1,...,m, in order for ¢'(w;(t) - X) # ¢'(w;(0) - x), there must be
some v € R4 on the weight trajectory, such that v - x = 0 and

o< 202

2= am

But by Lemma 24(iv), there only exist at most @(3\@ + +/log m) neurons such that
this happens. Hence, '

v —w;(0)

1
|H; — Hpll2 < NG\ (3\/§+ \/1ogm).

(ii) See that

IVw Rl = [12(Gt, Gr)all7
= 4(Ct, Hy(t)2
= 4G, HG)2 + 4G (Ho — H)G)2 + 4(C, (Hy — Ho)Ce)2
> 4G, H<t>%_ 4G, (Ho — H)Ce)2| — 4[{Ce, (He — Ho)Gr)o| -
(=) (b) (©
We look at (a), (b) and (c) separately.

(a) Recall that 7] is defined as
. = . 1
T = min{t € Ry : [|G[la < (1 [l2} = min{t € Ry« [IG[13 < 516133

Since t < T/, we have

00 Le
4G Hérya = 4 NG )3 > 4> NG 03 = AAG/< N3 > 2XlIG 3
=1 =1
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(b) By the Cauchy-Schwarz inequality and Lemma 24(ii),

4|(Ge, (Ho — H)Ge)2| < 4l1Ge13]1 Ho — Hl2 < 20]1¢: 13

\/ (d+1)log(2m)

(¢) By the Cauchy-Schwarz inequality and part (i),

Al(Ce, (Hy — Ho)Ce)a| < 4lIG 311 He — Holl2 < \/%/\6(3\/§+ Vlogm)||GI3.

Putting (a), (b) and (c) together and applying Assumption 3(ii) that

Ae > 20\/(d+ 1)77110g(2m) + \/%)\ (3v2 4 /logm),

we have

IVw Rillf > AcllGill3-
(iii) Differentiate both sides of R; = ||(;||3 + R(f*) with respect to ¢ and apply the chain

rule to obtain

R,
dt

dl|Ct |2 dliGllz 1 dRy

[1Gell2 ar dt 2|Gell2 dt

We apply the chain rule and part (ii) to see that

th dW 2 2
— JR— = — < _)\6 .
il <VWRt7 7 >F [V Rel|f < 1Cell2

Hence, substituting this into above,

df|Gell2
dt

Ae
< =216
< -2 1cls
(iv) We apply Gronwall’s inequality and the fact that ||(o|l2 = ||f*||2 < 1 to see that

1 1
e < llexp (~30c) < exp (<)

Proposition 14 Suppose that Assumption £(i) and Assumption 5(ii) are satisfied. Then
Se € [0,T)] is inductive.

Proof We prove each of (RI1), (RI2) and (RI3) for the set S..

(RI1) Obvious.
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(RI2) Fixsome T € [0,7)), and suppose that T' € S.. Then we want to show that there exists
some v > 0 such that [T, T+~] C Se. Since T' € S,, we have |w;(T)—w;(0)|lr < )\2\\/[%
for each j = 1,...,m. Define

L Vil () - w0l
T 22

Then 7; > 0, and for all t € [T, T + ~;],

[w;(t) = w;O)l[p < [[w;(T) = w;(0)|[p + [[w;(T) = w;(t)][r

tdw;
= I () = w, )+ | [ e
T

F

t
< lw; (T) — w; ()| + / |V, Relle dt
T ~~———

Lemma 23(ii)

guwj(T)—wj-(owwﬁ [ 16laat

Lemma 28 (iv)

< wj(T) = w; (0)llr + \/iit/m_T)
< %HWJ'(T) —w;(0)|r + )\:\//im
2v2
Aev/m

Now take v = minjegy . my 5. Then [T, T + 4] C S, as required.

(RI3) Fixsome T € (0,T/] and suppose that [0,7) C S.. Then we want to show that T € S..
See that, for each j € {1,...,m},
T
dw
/ %5 gy
o dt g

T
< [ 19w il
0

2 T
S\F/ [Cell2dt by Lemma 23(ii)
m Jo
2 (T _aa _
< / e 2 dt by Lemma 28(iv)
m Jo
2v/2

< .
= vm

w5 (T) — w(O)ls = \

Hence T' € S, as required.
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Since all of (RI1), (RI2) and (RI3) are satisfied, S. C [0,7}] is inductive. [ |

Now we show that T/ is large enough to ensure that 7T, := % log (%) < T! such that, for
all t € [T.,T!], the approximation error is below the desired level: [|¢[|2 < 3+/€.

Theorem 15 (Approximation Error) Suppose that Assumptions % (i) and 5(ii) are sat-
isfied. Then, on the same event as in Theorem 11, we have, for t € [0, T, ||f: — f*]l2 <
exp (—Act/2). Moreover, at time t = T,, we have ||f; — f*|l2 < V€/2.

Proof Recall from Section C.2.4 that we had R- = ||(F<||3 + R(f*), the population risk in
this subspace. Differentiating both sides of this with respect to t using the chain rule gives
us _
AR}
dt
Here, see that, by the chain rule,

dREe _ . dW ke _
= <VWR,:L% > = —|[VwR{|f < 0.
F

e didle _ 1 dRk
dt dt 2|t

=2)I¢ 2

dt dt

Substituting this back into above, we know that ||C~t “||2 is not increasing. Hence, by our
choice of L,

: : 1
Gl < 1G5l < Ve

for all t > 0.
Now, as we perform gradient flow from ¢ = 0, we know that, by Lemma 28(iv),

1
el < exp (-3 )

up to 77. Then for all ¢t < T,, we have

1 - -
IGell2 > 5 ve = 211G ll2 > 2116 l2,

which means ¢ < 7! and we can continue gradient flow with Lemma 28(iv) continuing to
hold. After we have reached T, i.e., for all t € [T,,T!], we have

1
HCtHQ < 5\@

as required. u

C.6 Proof of Small Estimation Error

In this section, we assume that we are still on the high-probability event E3 of Appendix C.3
with P(E3) > 1 — 6, which means that we can assume all the results from Appendix C.4
and C.5.

First, we prove the following decomposition of the estimation error.
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Lemma 16 For any integer U > 2, we have the following decomposition:

R 1 _ u—
I fr. — frll2 < —uGoHyg "¢y — (Go, Hi ™ ¢o)2
F
1 - o N
+2V2T,. sup ||=(Gi— Go)&|| + == sup [(Go— Gr, G)ally
te[0,T¢] \fte[OTg
U
(27¢)" _2p 2
+2 sup |[|GoHy “(H; — Hp)&,||r
UZ; o tewu 5~ Ho)g |

sup |(Go, Hy *(Ho — Hy)Gr)allr
te[0,T]

t1

+\fz

Te tv-1 1

GOHU Y&, —€0)

—(Go, Hy _I(CtU - CO)>2dtUdtU—1---dt1HF

Proof We prove this by induction on U. We first look at the base case U = 2.

IFr. = Frlle € <= 30 \Ex(0(9,(T) - %) = 6(w,(T) 507 triangle inequality
j=1
<+ > VER[(5,(T) = w; (1) - %)?]

\f DT = wy (T e

SWHW (Te) = W(T) |l

o [ v
0 t dt 4
Tel

X N
*Gmﬁtl Gofo + EGO£O — (Go, Co)2

+<G07 C0>2 - <Gt17Ct1>2dtHF

T
< 2\/5/ *GOEO — (Go,Co)2|| dt
0 F
Te 1. o
Gt1£t1 Gofo +(Go,Co)2 — (Giy, Gy )2dty
F
1
< 2V/2T. EGoﬁo — (Go, Co)2
F

TE 1. o
*(th — Go)&;, dt

Te
2 / (Go — Gty 5 Gty )2dty
0

F

*Go(ﬁtl €o) — (Go, G, — Co)adts

F

F
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1
< 2V2T | ~Go&) — (Go, o)

F

+2V2T. sup |[(Go — Gy, G)2llp
F t€[0,Tc]

Te 1
/0 7G0(5t1 €o) — (Go, Gty — Co)2dty

1 . .
+2V2T, sup —(Gt — Go)&,

te[0,Te]

+2V2

F

Here, for the last term,

*Go (&, — &) — (Go, Gy — Co)2dty

F

<1 t1 t1
= 2\/§ / -Gy / df —dty | — <G0,/ d< dt2> dtq
0 n 0 dtg 0 dtQ 9 F

Te 1 t1 2 . R t1
= 2\/5 —/ *GO EHt2£t2dt2 + <G0,/ 2Ht2<'t2dt2> dty
0 2

F
Tt 1
=4V2 / / *GoHtgftQ - GoHoEo + EGOHoﬁo

—(Go, HoCo)2 + (Go, HoCo)2 — (Go, Hy, Gty )2dtadty ||

1
< 2\/§T62 EGOHOSO - <GO>H0C0>2

F
Te rt1 R . .
cava| [T e [, ~ Hog, + Hol, )]
+(Go, Ho(Co — Cty) + (Ho — Hy, )Gty )o dtadty ||

1
< 2272 ﬁcoﬂoso — (Go, HoCo)2
F

21/2T.
+ sup | Go(FL — Ho)d, | +2v2T2 sup |(Go, (Ho — Hi)Go)olly
nT teo 1] te[0,T¢]
1

T. A
EGOHO(&SQ — &) — (Go, Ho(Ct, — Co))2dtadty

F

Now, putting this into (*), we have

Iz, = frll2 < 2VET. || -Goko — {Go, oo

F

+2\fT€ sup [[{Go — G, ¢i)2llp
te[0,T¢]

1 . N
+2V2T. sup ||=(G;— Go)&,

tE[O,Te]

1
+2V2T.! —5 GoHo&o — (Go, Holo)o
F

21/2T.2 . .
+ sup HGO(Ht - HO)EtH +2v2T.2 sup [[(Go, (Ho — Hy)G)ollp
n= o tefo,1] F te[0,Te]
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t1

5 GoHo (&, — &) — (Go, HolG, — Go)adtadiy

F

2
2T, )" || 1 " "
=v2) :7( u!) HnuGOHO "¢y — (Go, Hy ™' ¢o)2
u=1

F

1 . .
+2V2T. sup —(G¢ — Go)&,

tel0,T¢]
2
(2Te)u -2/ ¢
+ \/§ sup HGOHU (Ht — HO)E H
;:2 ntul yepo1] 0 e

+v2) (zﬁu

Te

sup |[{Go — G4, ¢
\fte[OTe {Go — G, G)allp

sup [[(Go, Hy *(Ho — Hy)Gr)a|
te[0,T]

t1

F

1 R _
ﬁGng Y&, — &) — (Go, Hy (¢, — Co))adtadty

F

So the base case u = 2 holds. Suppose that the claim is true for w, i.e., the following holds:

. 1) 1
Ifr. = frlle < V2 — HnuGng‘lgo — (Go, Hy ™ 'Co)2
u=1 ’

F
1 o s
+2V2T. sup ||=(G¢ — Go)§, —= sup [[{Go — G, G)allp
te[0,Te] \fte[OTe
U
(2Ts)u —2 /A ¢
2 H “H; —H
+WZ il t:[ggé]”GO o (He—Ho)& [l
u—2 _
+\[Z:: ul t:{gl%e {Go, Hy™~(Ho — Hi)G)2llp
31 ty—1 U_1
GOH (&, — &o)
—<G0,H0U 1(gU —C0)>2dtUdtU_1...dt1HF. (¥%)

Consider the last term involving the norm of an integral:

Te rt1 ty—1

1 1,4 _
nTGng Y&, — €0) — (Go, H MGy — Co))adtydty—y..dty

F

Te t1

tu-1 q dé
U-1 ISty
nV GoHg /o dty1 dtu-+1

d
<G0,HU—1/ ¢ dtU+1> dtydty_1.. dt1
0o dtuta

ty—1

Te t1 tuy

U-1
nU+1 1 GoHg HtU+1 EtU+1

. <G0, H{{ 1HtU+1§tU+1 >2 dty1dtydty 1 ...dt HF
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tu

GOHU l(HtU-H - HO)étUﬂ

+ WGOHO (ftu+1 — &) + U+1 GoH{ &, — (Go, H{ Go)2

+(Go, H (6o - ctUH»z o+ (Go, HY ™ (Ho = Huy )G )addturndti]|

V22T,V !
< ———— sup
U+ ieo,n

nU+1 GOHO fo <G07 H6]<0>2

F
\/5(2T6)U+1 U-1
—————— sup GoH; H, — Hy)¢,
U+ ieo,n nU+1 (H, ) F
\/Q(ZTG)U'H
+ — sup H G(), Ho—H C H
U+ e < i )62
T. ty
1 GoHY (&4, — &0) — (Go, HY (Guyyy — Co))adturs1...dty
F
Putting this into (**), we have
UL T)“ 1
Iz, — fT5||2\fZ EGOHS_lfo —(Go, Hy ™ ¢o)2
F
1 . F
+2V2T, sup || =(Gy — Go)é, sup [(Go — Gy, &)allp
te[0,Te] \f te[o T
U+1 (2T,) X X
+2 sup ||GoHY 2(H, — Hy)E, ||r
23 S i | GoHy (8~ Fold |
U+1 (21L)
+fz — sup [[(Go, Hy*(Ho — H)G)z|lw
—, W te0,1e]
Te tu
GOHO (&UH - 50)
—(Go, HY ((,m1 — Cg))gdtUH...dtlHF.
So by induction, the result of the lemma is proven. |

We are finally ready to prove our estimation result.

Theorem 17 (Estimation Error) Suppose that all the conditions in Assumptions 2 and
3 are satisfied. Then, on the same event as in Theorem 11, we have | fr. — fr.|l2 < €/2.

Proof We will use the decomposition in Lemma 16 with T" = T, and U = U.. We will
consider each term appearing in the decomposition separately.

(a) See that

U Te rt1 tue-1 1 U—1,2
\/52 € / / / TGOHOE_ (gtUe - éo)dtUedtUe_l...dtl
0o Jo 0 n-e F
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\/E(QTE)UE A
< |Gl | Ho |5 [1€s,,, — &oll2
N————

—  UnUe ~
Lemma 25(i) Lemma 27(iv)
—  U/nUe
(8T
= U '

1

by the definition of U, (see eqn. (4)).

_14

(b) See that

Te tye—1
v / / / (Go, Hy* ™ (e, — C0))adty, dty,—1...dty
0 0 0 .
V2(2T)Ve -
Sin)‘W%Hﬁlmm—@mw
2T\ Ve -
- (\/351 \/<ng (T Co)aH(gje 1(CtUE —(o))2
\/§ 2Te Ue Uc—1
= (U.) [1Holly" 2 11w, — Coll2

Lemma 23(ii) Lemma 28(iv)
_ VaeT)
ST UL
V3T
T

Ve,

also by the definition of U..

1
< —
— 14

(c) See that

sup [|(Go, Hy *(Hy — Ho)G)2lr
t€[0,Te]

WE: o

& (2T ) u— —~
:\/52 - S[Up \/HO *(Hy — Ho)y, HY ™ (Hy — Ho)Ge)o
_ . te[0,T¢]

\/> Ue (2T€)u u—%
<V2y ST s lGlle [Holls ? [y — Holls
U tel0,Te] N~ —_——— ———
Lemma 28&(iv) Lemma 23(ii) Lemma 28(i)

U u
3\52(25) N (3v2 + /logm
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6+\/210g Z
<£,
— 14

by Assumption 3(iv).
(d) See that

V2 Z 210% sup [ GoHy (8, — Hoé, e

te[0,T¢]
< V2 Z

sup || Goll2 [ Holl3 ™ ||FL — Holl2 [z
. te 07 e] SN——

Lemma 25(i) Lemma 27(i) Lemma 27(iv)

<[Z 2T 22u 3 ’LL 34”(34+\/10g )\/ﬁ

n*ul Vmd
34 + \/log Z
6 + \/ 2 10g Z
< ﬁ
- 14’

by Assumption 3(iv).

(e) Note that
J,—Jo= \;mdiag[a] (¢' (W(t)XT> — ¢ (W(O)XT)) e R™<M.

and so for each i = 1, ...,n, the squared Euclidean norm of the i*" column of J; — Jo
is

2
H diag[a] (VAV(t)Xl) - ¢/(W(0)Xz)) ,
*Za ) %) — ¢ (W;(0) - %;))?

fZ {8/ (W;(t) - %i) # &/ (W;(0) - %;) }

Now we apply (M-1), (M-2) and Lemma 25(i) to see that

1G: = Goll3 = [(Je = Jo) * X 1) (s = Jo) * X 1)ll2
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= [(XXT) © ((Je = Jo) T e = Jo)I3

m

: 1
< IXIE, max > 1{'(W;(t) - %) # ¢/(W;(0) - 1))
Ty m
L~ e . o :
<dn, _mex ; 1{e/ (W;(t) - %) # ¢/ (W;(0) - %)}

Here, for each i =1,...,n and j =1, ...,m, in order for ¢'(W;(t) - X;) # ¢'(W;(0) - %;),
there must be some v € R on the weight trajectory, such that v - %; = 0 and

32d
[v —w;(0)]l2 < et

But by Lemma 24(iii), there only exist at most vmd(34 + y/log m) neurons such that
this happens. Hence,

4n\/d(34 + /Togm)
7 .

Hét - GoH% <

Taking the square root, we have

21/nV/d(34 + \/Togm)

|Gt — Goll2 <

ml/A '
Now see that
1 . " 24/2T, . .
V2T, sup ||—(G;— Go)&,|| < S sup [|Ge—Gollz  [1&l2
te[0,T] [| T F N e[0T ) ———~—— —~—
above Lemma 27(iv)
22T, 2\/nx/&(34 + Vlogm)
< Vn
n ml/4
B 44/2dY4T /34 + /logm
- ml/4
o Ve

TR
by Assumption 3(iv).
(f) Define an integral operator Hy : L?(pg_1) — L?*(pa—1) by
Hy(f)(x) = Ex[{(Gr — Go) (%), (Gr — Go)(x))r f(x)].
An explicit expression for H;(f)(x) is

D (¢ (wi(t) - %) = ¢ (wi(0) - %)) (¢ (w(t) - %) = ¢ (w(0) - X)) f(x)|

i=1

Ey

m
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and so by applying Lemma 20, and recalling the linear operator = : L?(pg_1) —
L?(pg_1) defined by Z(f)(z) = Ex[x - X' f(x/)] with ||Z]|2 < 1, we have

m

[Flla < sup S (¢ (wj(e) %) — &' (w5(0) - %)

xeS§d-1 j:1

2

:ngflmz {¢'(wj(t) - %) # ¢/(w;(0) - %)} .
Here, for each j = 1,...,m, in order for ¢'(w;(t) - X) # ¢'(w;(0) - x), there must be
some v € R4 on the weight trajectory, such that v - %X = 0 and
’ f

But by Lemma 24(iv), there only exist at most ‘{\—?(3\/5 + v/log m) neurons such that
this happens. Hence,

v —w;(0)]

12 <

\F/\ logm

Then see that
2V2T. sup [[(G— Go, ()2l = 2V2T% sup ||Bx[(Ge — Go)(x)((x)]|p

te[ovTe] te[ovTﬁ}

= 2V2T, sup \/(Ci, HiCr)o

t€[0,Tc]

<2V2T. sup /| Hill2  ||¢l2
tE[QTe]\—v—/ S~

above Lemma 28(iv)

< 22T, 1/4\F\/3\f+\/logm

< Ve
14

by Assumption 3(iv).

(g) We have from Lemma 26(ii) that ||V,|x < 8 % for all w = 1,...,U.. Then see
that '
Ue

2T
Z( u!)

u=1

—GoHy™ L&y — (Go, HY ¢o)a

(2T )"
=3 Sl
) |

as required, where the last inequality follows by Assumption 3(iii).
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Putting it all together, || fr, — fr. |2 is bounded by a sum of seven terms each bounded by

1—14 €, SO
e

. €
Ifr. = frll2 < 5

as required. |

C.7 Putting it all Together: Generalization and Almost Benign Overfitting

Bringing together Theorem 15 and Theorem 17, we have a generalization result.

Theorem 18 (Generalization) Suppose that all the conditions in Assumptions 2 and 8
are satisfied. Then, on the same event as in Theorem 11, we have R(fr,) — R(f*) =

Ifr. = fI3 < e

Proof We have the approximation-estimation decomposition from eqn. (5):

1 fr. = £*ll2 < I fz = frllz + llGrl2-

Here, Theorem 15 gives us ||(r. |2 < 5

and Theorem 17 gives us || fr. — fr.|j2 < 5. Thence

= 9>
we have R R e .
1fr. = Fll < fr. = frllz + ez llz = 5 + 5 =«
Since, R(fr.) — R(f*) = ||fr. — f*||3, we get the claimed result. [ |

Finally, bringing together Theorem 11 and Theorem 18, we have the benign overfitting
result.

Theorem 19 (Almost Benign Overfitting) Suppose that all the conditions in Assump-
tions 2 and § are satisfied. Then, on the same event as in Theorem 11, we have

Empirical Risk: R(fr,) <e and Excess Risk: R(fr,) — R(f*) <.

Proof This is an immediate corollary of Theorem 11 and Theorem 18. ]

C.8 Additional Experimental Evaluations
In this section, we provide additional experimental evaluations.

Experiments on Wine Dataset. We use the Wine dataset (Aeberhard and Forina,
1992) where the input dimension d = 11. The goal is to predict wine quality from various
features. We standardized inputs and targets, and add Gaussian noise during training. We
use m = 100000. Figure 5 illustrates the relationship between risk and model complexity,
reaffirming the findings from Section 5.5.

Ablation Study on Abalone Dataset. In Figure 6, we plot the risk vs. model com-
plexity curves (with m = 10000) by varying the noise levels. We add mean-zero Gaussian
noise with standard deviation in {0.1,0.2,0.3} to the target variable in the training data.
The results are consistent with our previous findings. As expected, for same n, across the
various plots in Figure 6, we see that higher noise levels shift the crossing point (marked
by %) to later iterations.
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Figure 5: Risk vs. model complexity plot on Wine dataset.
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Figure 6: Ablation study on Abalone dataset with varying noise levels.
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