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Abstract. We present a simple randomized algorithm for approximat-
ing permanents. The algorithm with inputs A, ¢ > 0 produces an output
X4 with (1—€)per(A) < X4 < (1+¢€)per(A) for almost all (0-1) matrices
A. For any positive constant € > 0, and almost all (0-1) matrices the al-
gorithm runs in time O(n2w)7 i.e., almost linear in the size of the matrix,
where w = w(n) is any function satisfying w(n) — oo as n — oo. This
improves the previous bound of O(n®w) for such matrices. The estimator
can also be used to estimate the size of a backtrack tree.

1 Introduction

The permanent of an n X n matrix A is defined as
per(4) = > "] a(i, (),

where the sum is over all permutations « of {1,2,...,n}. The permanent func-
tion was first introduced in the memoirs of Cauchy and Binet in 1812 (see [11]
for a comprehensive history). The (0-1) permanent also has a simple combina-
torial interpretation, per(A) counts the perfect matchings in the (n + n)-vertex
bipartite graph whose adjacency matrix is A. The permanent has important ap-
plications in physical sciences and plays a central role in many linear algebra
and combinatorial enumeration problems.

Despite its syntactic similarity to the determinant, no efficient method for com-
puting the permanent could be found for almost two centuries. This apparent
paradox was solved by Valiant [16] who showed in his celebrated paper that
per(A) is #P-complete. The class #P is defined as {f : 3 a non deterministic
polynomial time Turing Machine M such that on input x, M has exactly f(x)
accepting leaves}. Thus, it comes as no surprise that there is no polynomial
time deterministic algorithm for calculating the permanent exactly. The best
known deterministic algorithm has a running time of O(n2") [14]. Therefore,
the more recent research has focussed on efficient approximation algorithms for
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the permanent with desired performance guarantees. In this paper, we describe
a simple estimator for the permanent and prove that it has an overall running
time of O(n2w) for random (0-1) matrices from G(n,1/2), where w = w(n) is
any function satisfying w(n) — oo as n — co. We then generalize our technique
to obtain a running time which is polynomial in the size of the input matrix
for the case of G(n,p). We also show how the same estimator when applied to
another problem, that of estimating the size of a tree, could result in better
running times for some kinds of random trees. The estimator is a randomized
approximation scheme.

2 Definitions

Let Q be some function from X* to the natural numbers. A fully-polynomial
randomized approximation scheme (a.k.a. fpras) for Q is a randomized algorithm
that accepts an input z € >_.* together with an accuracy parameter ¢ € (0, 1],
outputs a number X (a random variable depending on the coin tosses of the
algorithm) such that

Pr[(1 - 0)Q(x) < X < (1+6)Q(a)] >

>~ w

and runs in time polynomial in |z| and e~!. The probability of % can be boosted
to 1 —§ for any 0 < § < 1 by outputting the median of O(log §~!) independent
trials [7].

Suppose we would like to estimate Q and have a probabilistic algorithm run-
ning in time polynomial in |z|, whose output is a random variable X such that
E[X] = Q(z) and E[X?] is finite. Suppose further that we can repeat this ex-
periment as many times as we wish, and the outcomes of the successive trials
are independent and identically distributed. Let X; be the outcome of the i*"
trial. A straightforward application of Chebychev’s inequality shows that, if we

conduct O( Eg; 2] €~ 2) trials and take the mean, we have an fpras for Q. Together,
E[x?]

E[x)2

the complexity of performing the stochastic experiment, and the ratio of

(a.k.a. critical ratio) will determine the efficiency of the algorithm.

3 Related Work

Current research in the area of permanents has been divided into four major
categories [2]. They are: elementary recursive algorithms; reductions to deter-
minants; iterative balancing; and Markov chain Monte-Carlo methods. One of
the simplest estimators of the permanent using elementary recursive algorithms
was proposed by Rasmussen [13]. This estimator has a running time of O(n3w)
for almost all (0-1) matrices. We will extend Rasmussen’s idea to get a running
time of O(n?w) for almost all (0-1) matrices. The more famous K?L?* [8] esti-
mator uses reductions to determinants. This estimator, which is based on the



Godsil/Gutman estimator [4], has a running time of poly(n)2™/? for all (0-1)
matrices. In 1995, Frieze and Jerrum [3] proved that the K2L? estimator runs in
time O(nM(n)w) for almost all non-negative matrices, where M(n) is the time
required to perform matrix multiplications. Recently, an fpras for computing
the permanent of an arbitrary matrix with non-negative entries was proposed
by Jerrum, Sinclair, Vigoda [6]. This is based on the Markov chain Monte-Carlo
approach. However, due to their high exponent in the running time, i.e. O(n'°),
the algorithm is unlikely to be practical [2]. For this reason, it is still worth in-
vestigating alternative approaches. The following table summarizes the running
times of various estimators of the permanent of a random (0-1) matrix.

Authors Year Running Time
Jerrum and Sinclair [5] 1989 0(nPWm)
K2L? [8], Frieze and Jerrum [3]{1993, 1995|0(nM(n)w)
Rasmussen [13] 1994 O(n3w)

Ours 2004 0(n’w)

Fig. 1. Performance of Various Estimators for Random (0-1) matrices of G(n,1/2)

4 The Rasmussen Estimator

The Rasmussen [13] estimator is inspired by Laplace’s expansion formula for the
permanent:

per(4) = Z ai;per(Ai;),
j=1

where A;; denotes the submatrix obtained from A by removing the 1% row and
the j* column, and the permanent of the empty matrix is set to 1. The idea
is similar to that of Knuth’s estimator [9] for estimating the size of a backtrack
tree. Let W={j : a1; = 1} (the set of columns with 1 in the current row).
The estimator X 4 is defined as the product of the number of 1’s in the current
row with the estimator X4, for the remaining submatrix. The column j is
chosen uniformly at random from W. The estimator is clearly unbiased (E[X] =
per(A) and E[X?] is finite) and one run of the algorithm can be implemented
in O(n?). The benefits of such an estimator are its simplicity and wide range of
applicability.

5 A Better Estimator

A closer look at the above estimator tells us that this estimator makes most of
its mistakes towards the end when the matrix becomes small. This motivates us
to increase the frequency of runs as we go down (here run stands for a single
application of the estimator algorithm over the remaining submatrix). At every
level with height s%(i > 1) (= branching points), we do r (= branching factor)



Random Approximator of the Permanent:
RAP(A,n,s,r)
if n =0 then
Xa=1

else
W={jra,; =1}
if W =0 then

Xa=0
else
if n=s' for some % > 1 then
K=r
else
K=1

for =1 to K do
choose J({) u.a.r. from W
compute Xa,,, using RAP (Ai,n—1,s,7)
K
Xa = |W|(% ZIZ:I XAu(e))

Fig. 2. The Algorithm

runs on the submatrix, rather than the usual one. At height 1, we have only
one element. The estimator X4 of a (0-1) n x n matrix A=(a;;)(1 < i,j < n)
is computed as in Figure 2. We call our algorithm RAP. This idea is similar to
one used by Karger and Stein [15] to obtain a faster algorithm for Min-Cut. The
computation has a tree structure (Figure 3). Each path from the root to a leaf
represents one run of the Rasmussen estimator. We do a bottom-up evaluation.
At each branching level, we find the estimator by taking the product of the
number of 1’s in that row with the mean over the estimators of the previous
level. This gives an unbiased estimator for permanent of any (0-1) matrix.

6 The Permanent of a Random Matrix

The two most frequently used models of random graphs are G(n, p) and G(n, m).
G(n, p) includes each possible edge with independent probability p and G(n,m)
assigns equal probability to all graphs with m edges (see [1] for an extensive
treatment). Following [13] we use A(n) to represent the set of all n x n (0-1)
matrices, A(n, m) to represent the set of all n x n (0-1) matrices with exactly
m 1’s, E, to represent the mean over the coin-tosses of the estimator, E 4 to
represent the mean over A(n), and E 4, ) to represent the mean over A(n,m).
In this section we deal with the more widely used random graph model G(n, 1/2).
Here at every level with height 2¢(i > 1) (s = 2), we do r = 3 runs on the
submatrix.

Theorem 1. The running time of the algorithm RAP(A,n,2,3) is O(n?).
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Fig. 3. Run of the Algorithm RAP(A,4,2,3)

Proof. Let 201 < n < 2%, Then the running time: Between top and 1! branching
level is < n? < 22, Between 1! and 2"¢ branching level is < 3(2~1)2. Between
274 and 3" branching level is < 9(2¢72)2. As this forms a geometric series, the
total running time is O(n?). O

Our result rests on the following results of Frieze and Jerrum [3], Rasmussen
[13], which we state here without proof.

Lemma 1. (Frieze and Jerrum [8]) Suppose m = m(n) satisfies TL—j — 00
as n — 00, and choose A from A(n,m) (set of all (0-1) matrices with exactly m
1’s). Then

n2

m TLB
Elper(4)%] = (n)*(25)*"exp(~ = + 1+ O(5))

and
Elper(4)? i
2

Blper@pE T Ol

Lemma 2. (Rasmussen [13]) Let w = w(n) be any function satisfying w —
oo as n — oo. Let p(n) = Epn)[per(A)] denote the mean of the permanent
of a random matriz. Then for almost all (0-1) matrices A, and any unbiased
estimator X 4 of the permanent,
fi(n) B, [X3] BB, [X3]]

er(A) > ——= and w
pertd) =7, B, X = “EAlE, (X

For Rasmussen’s algorithm the critical factor % is O(nw). The idea of
o A

repeated runs allows us to achieve an asymptotically lower bound on the critical
ratio.

Our algorithm RAP (Figure 2) differs from Rasmussen’s algorithm on what it
does only at branching points. RAP is an auxiliary random approximator of the
permanent. It’s only difference from RAP is that K=1 at the start, i.e., there is
no branching in the root of the computation tree even if n = 27. The random
variables X and X are the outputs of RAP and RAP respectively. To model the
quality of RAP and RAP, we introduce two terms R(R) and R(h). R(h) models



the ratio of means of the auxiliary approximator @), while R(h) models the
ratio of means of RAP until height h.

ooy BalBolXn ] _ EalB,[X2)
A= EEme M T B E

The proofs are organized as follows: We establish the recursive relationship be-
tween R(h) and R(h) in Theorems 2 and 3. With Theorems 4 and 5, we establish
the claimed performance bounds. The following Theorem shows how R(h) varies
as a function of R(2U'8(*=1J) ie. R at the previous branching point.

Theorem 2. Let A, denote a random matriz from the set A(n), and let R(h)
and R(h) be the functions defined as above. Then

- {2 forh=1

R(h) = )
. sty RV DY) for h> 1

Proof. The numerator of R(h) is

EalE[X7] = ) Ea[Eo[X7]|My = m] Pr[M), = m]

where M; denotes a binomial variable with parameters ¢ and p = % and thus
anzo m?2 Pr[Mj, = m] is equal to E4[M?]. The denominator of R(h) is

2 h
BAlE ] = Elper(An)? = (57 ) = [[wina?

R(h) _ E[M}] E[Ml%fl] E[M(22Ug(hfl)J+1)] EA[Eq[(Xouem-1)?]]
E[MuJ2 E[Mp—1]? """ E[M 05011 41)]2 Ea[Eo[Xaus-1]]2
4h(h 4+ 1) 4(2[1g(h—1)] + 1)(2ng(h—1)J +2) EA[Eq [(Xast-1)) )2]]
4h? 4(2Ue(h—1)] 4 1)2 EA[Eo[Xoust1) ]2
h+1
T ole(- D] 41

R(QUg(h—l)J) 0O

Before venturing into showing the dependence of R(h) on R(h) we establish a few
important lemmas. The following lemma estimates a bound of higher moment
of the binomial distribution. A lot of similar results have appeared in literature
(see [10] for more details).



Lemma 3. For n > 0 we have

2

w3 (D) =o((3)")

Jj=0

2
Proof. The term (”J ) 72" has its maximum value around j = ”72 + n. The idea
is to split the summation into three parts around this point and to bound each
part. O

In the following lemma we try to establish a relationship which is similar to the
one established in Lemma 1. Note that Lemma 1 holds for the random graph
model G(n,m), but we are interested in the more commonly used G(n, p) model.

Lemma 4. Let A, be a matriz from the set A(n). Then for some constant c

independent of n
E[(per(4,))?] <ec
E[per(4,)]*

Proof. We can split the numerator by conditioning it on the number of 1’s (M)
in the matrix as

2 2 Tl2 7’L2

Pr{M < “JE[(per(A,))*[M < <]+ Pr{M > “E[(per(4,))*|M > 7]
By Chernoff’s Bound, we have Pr[M < %] < exp(‘l—’g). So for the numerator
we have

n? n? 9 n? 9 n?
Pr[M < Z] < Pr[M > Z] and E[(per(4,))*|M < Z] < El[(per(4,))*|M > I]
The second inequality follows as adding more 1’s can’t reduce the value of the
permanent. This implies

TL2

4

]

=)

N

Elper(4,)%] < 2Pr[M >

JE[(per(An))"[M

v

77.2

=2 ) El(per(A,))*|M = j]Pr[M = j]

< 2E[(per(A,))?|M >

INES

Substituting for the probability of having j 1’s and using Lemma 1 for the value
of E[(per(A,))?], we obtain

Bl(per(4,))] _ (22"") &N o oo 02 s () (1"
Eper(A,) — (n))? j_%(m) (g "ep (=7 + 1400 ”(j) (2)



2n
However from Lemma 3, we know that Z;io j2n ("]2) = O((”;) 27°). Substi-

tuting this result we finish the proof of the Lemma 4. ad

We are now prepared to establish the dependence of R(h) on R(h). As mentioned
earlier R(h) and R(h) vary only at the branching points.

Theorem 3. Let R(h) and R(h) be the functions defined as above. Then

R(h) < A1(<h) + (K;Kl)c if h is a branching point
~ | R(h) otherwise

‘ E[per(4)?]
where ¢ is an upper bound on Ealper(A)?
Proof. At all levels other than the branching levels, we have K = 1 implying
R(h)=R(h). However, at the branching levels we have:

_ BARXG) _ BBl
) = AL [P~ e, [ 5, KO

Furthermore since the outcomes of the successive trials X }(Li) are independent

and identically distributed
K A~ A~
1 o (2 _ Bo[X7] + (K — 1)Eq[Xp]?

R(h) = EalBq[X7]] | (K~ DEA[E,[Xn]?] _ R(h) | (K — 1)Ea(per(As)’]
KE A[E,[ X)) KEA[E,[X3]]2 K KEa[per(An)]?

Using Lemma 4 we complete the proof. a

Substituting K = 3, we get R(h) = at the branching points. In

the following two Theorems we show that both R(h) and R(h) are bound by a
constant implying that the critical ratio is O(w) from Lemma 2.

Theorem 4. Let R(h) and R(h) be the functions defined as above. Then for all
h <n and for ¢ from Theorem 8

R(W)+20(1)
3

2¢ h = branching point
and R(h) < { 2¢(h+1) I

2Ue(h—1)] 41

- 2¢(h+1)

P L
R(h) < ollg(h=1)] 4+ 1 otherwise
Proof. We use induction over h. We know that ¢ > 1. For h = 1, R(l) =2<
2¢ and R(1) = 2 < 2¢. Assuming the statement is true for h, we prove it for
h + 1. There are two cases:
Case 1: h+ 1 is a branching point. From Theorem 2 we get

. h+2 2¢c(h +2)

__hH2 o ougmyy o 26 +2)
Rh+1) = ormr 1 R < Smemr 11



(where R(2U8("]) < 2¢ is by induction hypothesis). From Theorem 3, we also
get R(h+1) < 2ec.
Case 2: h+ 1 is not a branching point.

h+2 2¢(h +2)

P _ [1g(h)] =
R(h+1) = R(2 )2L1g(h)j 41 2le] L1

From Theorem 3, R(h + 1) = R(h + 1). 0

Theorem 5. Let w = w(n) be any function satisfying w — oo as n — oo. Then
for almost all (0-1) matrices A, we have,

EU[XIQLX] _ O(L«))

Eo[Xa]2
Proof. The factor of W’M is less than 2. Hence, both R(h) and R(h) are
O(1) (Theorem 4). Using Lemma 2, we bound the critical factor by O(w). O

Each run of the estimator presented here can be performed using O(n?) opera-
tions, and the number of times we need to repeat the experiment to obtain an
fpras is O(w). Thus, we obtain a total running time of O(n?w) for almost all
(0-1) matrices.

7 Arbitrary Probabilities

Till now we have been dealing with the interesting random graph model G(n, %)
In this section we investigate the performance of the proposed estimator for the
case G(n,p) for arbitrary edge probability p. We propose three different choices
of the branching point parameter s (Figure 4) to RAP depending on p. We
always branch by a factor of 2 at powers of s (branching point) rounded up to
the next integer. One can pretend the powers of s are integers because

1. With rounding up, one gets a result that is not worse (compared to rounding
down).

2. The extra cost (of rounding up compared to rounding down) is negligible. It
can trivially be bound by a factor of 2.

As before, together the complexity of performing the stochastic experiment, and
E[x?]
E[x]2
summarized in Figure 4.

the ratio of

will determine the efficiency of the algorithm. Results are

7.1 Probability p > %

Here, the major contribution to the complexity is from the work we do at the
top of the computation tree, handling the first n/2 rows costs O(n?). In the
remaining part, the time spent between two consecutive branching levels decrease
as geometric series, giving us total running time of O(n?). Also as in Section 6,
we can show that R(n) = O(1).



7.2 Probability p = 3

Here we do O(n?) work between any two branching points, since we have O(lgn)
such branching levels, the complexity of a single run of the experiment is O(n?Ign).

Theorem 6. Let h = s* and b/ = s*t1 be two consecutive branching points. Let
2 be the branching factor. Then

1_
iy < RS
2

where ¢ is the constant from Theorem 3
Proof. In this probability space where each entry is chosen to be 1 with proba-
bility p

E[M? —

My _ 1+ 1-p
E[M})? hp

Hence, between h and &’ the ratio R grows by

sk+1 Sk+1 sk+1

H <1+1j;pp>:exp In H <1+1_;p> < exp Z 1;]9

j=sk+1 j=sk+4+1 Jp j=sk+1 Jp

1 st d
“ e (Tp / §> _ G-

As in Theorem 2, we can show for this probability space R(h') = s(%fl)R(h).
By using these values in Theorem 3 we complete the proof. a

From Theorem 6, we can see that for p = 1/3 the R(h) increases by § between
two consecutive branching points. Since there are O(lgn) such branching points,
R(n) = O(lgn).

7.3 Probability p < %

Here the major contribution to the complexity of the experiment is from the work
lgn

we do at the leaves which is of order O(21:+) :O(nlg%). Again by application of

Theorem 6, we can show R(n) is O (n%_l_lgs).

8 Permanent of Matrices with Arbitrary Entries

Let S = {e1,ea,...,en} be a large set, with element e; having weight w;. One
could again use the idea (Figure 5) of randomized selection to obtain an estimate
of the weight W = "  w; of S. The estimator can easily be shown to be
unbiased. This idea can be used to extend our algorithm to deal with an arbitrary
matrix A with non-negative entries. When working with some row r containing
some vector v of entries. Choose entry a,; with probability p,(j) and output
ar;/pv(j), where one reasonable choice of probabilities is p, (5) = (3, ari) tar;



Probability| B.P. Selector s Single Run|Critical Ratio Total Running Time
p > 1 [Vi<s<20m|0m?)  |ow®n) O(n’w(n))

p =1 |2 O(n?1gn) [O(g(nw(n))  |O(n? 1g%(n)w(n))

p <1 20 <s<v3omEE)  |omF T Brwm)|oms  w(n))

Fig. 4. Performance of the Estimator for different Probabilities

Algorithm to estimate the weight W of S: Assume > p; <1

Let ¢i = Z;’:I Dj

Select y uniformly at random from [0,1). If ¢;1 < y < ¢; then pick e; and
output X = %, else (¢n < y < 1) don’t pick anything and output X = 0.

Fig. 5. Estimator of the weight of S

9 Estimating the size of Tree

One of the chief difficulties involved with the backtracking technique for combi-
natorial problems has been the inability to predict efficiency of the algorithm.
Knuth [9] was the first to present a reasonable estimator for this problem and
it was later enhanced by Purdom [12]. Knuth’s idea is to estimate the size of a
backtrack tree by repeatedly following random paths from the root. We could
also apply our method to construct an unbiased estimator for determining the
size of backtrack trees.

We conjecture that for certain classes of trees our estimator performs better
than Knuth’s estimator. One example where we perform better is a random
tree model where for every node at depth d we toss h — d coins to generate at
most h — d children. This results in height bounded random tree with degree
of nodes strictly decreasing as we go down. One could easily see that such a
restricted random tree model is essentially what we encounter with permanents,
and in previous sections we have shown that our estimator outperforms Knuth’s
estimator (Knuth’s estimator works similar to Rasmussen’s estimator).

10 Concluding Remarks

We have presented a very simple, randomized algorithm for approximating the
permanent. We have also shown that for almost all matrices the estimator runs
in time almost linear in the number of entries. This is the fastest known algo-
rithm for approximating permanents of random (0-1) matrices. To do better than
O(n?), one could think of an estimator that inspects only a fraction of elements
in a given row. Indeed, such unbiased estimators can easily be constructed by
estimating the number of ones in a row by sampling. However, on the flip side,
such a sublinear estimator may have a much higher variance.

We envisage such a scheme to be part of larger general framework which can be



used to solve similar combinatorial problems. We already know that a similar
schema gives a good algorithm for finding a Min-Cut [15]. Also in the mean time
the same schema has been successfully extended to count matchings in general
graphs by the authors.
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