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Abstract

We introduce a multi-armed bandit model where the reward is a sum of multiple
random variables, and each action only alters the distributions of some of them.
After each action, the agent observes the realizations of all the variables. This
model is motivated by marketing campaigns and recommender systems, where the
variables represent outcomes on individual customers, such as clicks. We propose
UCB-style algorithms that estimate the uplifts of the actions over a baseline. We
study multiple variants of the problem, including when the baseline and affected
variables are unknown, and prove sublinear regret bounds for all of these. We
also provide lower bounds that justify the necessity of our modeling assumptions.
Experiments on synthetic and real-world datasets show the benefit of methods that
estimate the uplifts over policies that do not use this structure.

1 Introduction

Multi-armed bandit (MAB) is an important framework for sequential decision making under un-
certainty [8, 24, 26]. In this problem, a learner repeatedly takes action and receives their rewards,
while the outcomes of the other actions are unobserved. The goal of the learner is to maximize
their cumulative reward over time by balancing exploration (select actions with uncertain reward
estimates) and exploitation (select actions with high reward estimates). MAB has applications in
online advertisement, recommender systems, portfolio management, and dynamic channel selection
in wireless networks [7].

One prominent question in the MAB literature is how the dependencies between the actions can
be exploited to improve statistical efficiency. Popular examples include linear bandits [13] and
combinatorial bandits [10]. In this work, we study a different structured bandit problem with the
following three features: (i) the reward is the sum of the payoffs of a fixed set of variables; (ii) these
payoffs are observed; and (iii) each action only affects a small subset of the variables. This structure
arises in many applications, as discussed below.

(a) Online Marketing. An ecommerce platform can opt among several marketing strategies
(actions) to encourage customers to make more purchases on their website. As different customers
can be sensitive to a different marketing strategy, regarding each of them as a variable, it is natural to
expect that each action would likely affect only a subset of the variables. The payoff associated to a
customer can be for example the revenue generated by that customer; then the reward is just the total
revenue received by the platform.
(b) Product Discount. Consider a company that uses discount strategies to increase their sales. It is
common to design discount strategies that only apply to a small subset of products. In this case, we
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Algorithm UCB UPUCB (b) UPUCB UPUCB-nAff UPUCB-iLift

Affected variables known No Yes Yes No No
Baseline payoffs known No Yes No No No

Regret Bound
Km 2

�
KL 2

�
KL 2

�
K clip(� =� up; L; m )2

�

Table 1: Summary of our regret bounds for uplifting bandits. Constant and logarithmic factors are ignored
throughout. For simplicity, we assume here all actions affect exactlyL of them variables and all the suboptimal
actions have the same suboptimality gap� . K and� up are respectively the number of actions and a lower
bound on individual uplift (� up is formally introduced in Appendix E). The operatorclip restricts the value of
its �rst variable to the range de�ned by its second and third variables,clip( x; �; � ) = max( �; min( �; x )) .

can view the sales of each product as a variable and each discount strategy as an action, and assume
that each action only has a signi�cant impact on the sales of those products discounted by this action.

(c) Movie Recommendation. Consider a bandit model for movie recommendation where actions
correspond to different recommendation algorithms, and the variables are all the movies in the catalog.
For each user, de�ne a set of binary payoffs that indicate whether the user watches a movie in the
catalog, and the reward is the number of movies from the catalog that this user watches. Since a
recommendation (action) for this user contains (promotes) only a subset of movies, it is reasonable to
assume that only their associated payoffs are affected by that action.

Our Contributions. To begin with, we formalize anuplifting bandit model that captures the
aforementioned structure, with the termuplift borrowed from the �eld ofuplift modeling[20, 33]
to indicate that the actions' effects are incremental over a certain baseline. The model is stochastic,
that is, the payoffs of the variables follow an unknown distribution that depends on the chosen action.
We study this problem under various assumptions on the learners' prior knowledge about (1) the
baseline payoff of each variable and (2) the set of affected variables of each action. Our �rst result
(Section 3) shows that when both (1) and (2) are known, a simple modi�cation of the upper con�dence
bound (UCB) algorithm [3] (Algorithm UPUCB(b)) for estimating the uplifts has a much lower
regret than its standard implementation. Roughly speaking, whenm is the number of variables andL
is the number of variables affected by each action, we get aO(L 2) regret bound instead ofO(m2).
This results in a major reduction forL � m, and is a distinguishing feature of all our results.

Going one step further, we design algorithms that have minimax optimal regret bounds without
assuming that either (1) or (2) is known. When (1) the baseline payoffs are unknown and (2) the
affected variables are known, we compute differences ofUCBs to estimate the uplifts (AlgorithmUP-
UCB). In contrast to standardUCB methods, these differences arenot optimistic, in the sense they
are not high-probability upper bounds on the estimated quantity. This construction re�ects the fact
that the feedback for any single action also provides information about the baseline. When (2) the
affected variables are also unknown, we identify them on the �y to maintain suitable estimates of
the uplifts. We study two approaches, which differ in what they know about the affected variables.
Algorithm UPUCB-nAff (Section 6) knows an upper bound on number of affected variables, whereas
Algorithm UPUCB-iLift (Appendix E) knows a lower bound on individual uplift. Our regret bounds
are summarized in Table 1. These results are further complemented with lower bounds that justify the
need for our modeling assumptions (Section 4). To demonstrate the generality of our setup and how
our algorithmic ideas extend beyond vanilla multi-armed bandits, we discuss contextual extensions of
our model in Section 7. The experiments in Section 8 con�rm the bene�t of our approach.

Related Work. The goals of both uplifting modeling andMAB is to help selecting the optimal action.
The former achieves it by modelling the incremental effect of an action on an individual's behavior.
Despite this apparent connection between the two concepts, few papers explicitly link them together.
We believe that this is because uplifting can be solved by classic bandit algorithms with a rede�ned
reward. This approach was taken in [6, 34].

Instead, our paper focuses on bandit problems in which estimating the uplifts improves the statistical
ef�ciency of the algorithms, and this is made possible thanks to the `sparsity' of the actions' effects.
Prior to our work, sparsity assumptions in bandits primarily concerned the sparsity of the parameter
vectors in linear bandits [2, 5, 21]. A notable exception is Kwon et al.[23] who studied a variant of
theMAB where the sparsity is re�ected by the fact that the number of arms with positive reward
is small. Our work is orthogonal to all of these in that we look at a different form of sparsity. As
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we will see in Section 7, while sparsity in parameter can be a cause of sparsity in action effect, the
improvement of regret is established with a different mechanism.

The additive structure of the reward and observability of individual payoffs also suggest some
similarity between our model and that of combinatorial semi-bandits [11, 22, 31]. There, the learner
selects at each round a subset of ground items and the reward is generally de�ned as the sum of the
payoffs of the selected items. However, this seeming similarity comes with an important conceptual
difference: the set of items, or variables, for which we observe the outcomes are selected in semi-
bandits, while for us they are �xed and inherent to the reward generation mechanism. As an example,
in Application(c), combinatorial bandit models optimize the number of movies that are watched
among the recommended ones, while we also consider movies that are not recommended. In fact, as
argued by Wang et al.[37], a recommendation is only effective if the user actually watches the movie
and would not watch it without the recommendation. We refer the readers to Appendix B for more
technical details and also a comparison with the causal bandit model.

Organization. We introduce our uplifting bandit model along with its various variations in Section 2.
Over Sections 3, 5, 6, we provide regret bounds for these variations, with a lower bound presented
in Section 4. We discuss contextual extensions in Section 7 and experimental results in Section 8.

2 Problem Description

We start by formally introducing our uplifting bandit model. We illustrate it in Fig. 1 and summarize
our notation in Appendix A. Contextual extensions of this model are discussed in Section 7.

A (K; m )-uplifting bandit is a stochastic bandit withK actions andm underlying variables. Each
actiona 2 A := f 1; :::; K g is associated with a distributionPa onRm . At each roundt, the learner
chooses an actionat 2 A and receives rewardr t =

P
i 2V yt (i ) whereV := f 1; :::; mg is the set of

all variables andyt = ( yt (i )) i 2V � P a t is the payoff vector.2 Our model is distinguished by two
assumptions that we describe below.

(I) Limited Number of Affected Variables. Let Va � V be the subset of variables affected by
actiona andP0 be the baseline distribution that the variables' payoffs follow when no action is
taken. By de�nitionPa andP0 have the same marginal distribution onVa := V n Va , the variables
unaffected by actiona.3 While the above condition is always satis�ed withVa = V, we are interested
in the case ofL a := card( Va) � m, meaning only a few variables are affected bya. We de�ne
L as a uniform bound onL a , so thatmaxa2A L a � L . For convenience of notation, we write
[T] := f 1; :::; Tg andA 0 = A [f 0g, where0 is used for all the quantities related to the baseline.

(II) Observability of Individual Payoff. In addition to the rewardr t , we assume that the learner
observes all the payoffs(yt (i )) i 2V after an action is taken in roundt.

Uplift and Noise. Let ya = ( ya(i )) i 2V be a random variable with distributionPa . We de�ne
� a(i ) = E[ya(i )] and � a(i ) = ya(i ) � � a(i ) respectively as the expected value and the noise
component ofya(i ). We use� a (resp.� 0) to denote the vector of(� a(i )) i 2V (resp.(� 0(i )) i 2V ), and
refer to� 0 as the baseline payoffs. Theindividualuplift associated to a pair(a; i ) 2 A � V is de�ned
as� a

up(i ) = � a(i ) � � 0(i ). An individual uplift can bepositiveor negative. We obtain the (total)
uplift of an action by summing its individual uplifts over all the variables affected by that action

r a
up =

X

i 2V a

� a
up(i ) =

X

i 2V a

(� a(i ) � � 0(i )) : (1)

Let r a =
P

i 2V � a(i ) be the expected reward of an action or of pure observation. We also have
r a

up = r a � r 0 since� a(i ) = � 0(i ) as long asi =2 V a .

A real-value random variableX is said to be� -sub-Gaussian if for all
 2 R, it holdsE[exp(
X )] �
exp(� 2
 2=2). Throughout the paper, we assume that� a(i ) is 1-sub-Gaussian for alla 2 A 0 and
i 2 V . Note that we do not assume that(ya(i )) i 2V are independent, i.e., the elements in the noise
vector(� a(i )) i 2V may be correlated, for the following two reasons:

2The termsrewardandpayoff distinguishr t and(yt (i )) i 2V .
3If the actions in fact have small impact on the variables inVa , our model is misspeci�ed and incurs additional

linear regret whose size is proportional to the impact of the actions onVa . An interesting question is how we
can design algorithms that self-adapt to the degree of misspeci�cation.
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Figure 1: Illustration of the up-
lifting bandit model. This exam-
ple hasK = 3 actions,m = 5
variables and each action affects
L a = 2 variables. Dash lines indi-
cate the variables' payoffs follow
the baseline distributionP 0 by de-
fault.

(a) UPUCB: After suboptimal ac-
tion at is taken, the con�dence
intervals of (� a (i )) i 2V a t and
(� 0(i )) i 2V a ? nV a t shrink (from
purple to pink). Hence the uplifting
index ofat decreases while that of
a? increases (from dash to solid).

(b) UPUCB-nAff (b): To compute
the uplifting index of an action, we
identify a set of variables whose
associated con�dence intervals do
not contain the baseline payoff and
pad it with the variables with the
largest UCBs on uplifts.

Figure 2: Explanation aboutUPUCB andUPUCB-nAff (b) using model
from Fig. 1. The �ve vertical bars correspond to the �ve actions while the
y axis corresponds to the value of the payoff.

• The independence assumption is not always realistic. In our �rst example, it excludes any potential
correlation between two customers' purchases.

• While a learner can exploit their knowledge on the noise covariance matrix to reduce the regret, as
for example shown by Degenne and Perchet[14], incorporating such knowledge complicates the
algorithm design and analysis. However, we believe this is an interesting future direction to pursue.

Regret. The learner's performance is characterized by their regret. To de�ne it, we denote by
a? 2 arg maxa2A r a an action with the largest expected reward and byr ? = r a?

= max a2A r a the
largest expected reward. The regret of the learner afterT rounds is then given by

RegT = r ?T �
TX

t =1

r a t =
X

a2A

TX

t =1

1f at = ag� a ; (2)

where� a = r ? � r a is the suboptimality gap of actiona. In words, we compare the learner's cumu-
lative (expected) reward against the best we can achieve by taking an optimal action at each round. In
the following, we also write� = min a2A ;� a > 0 � a for the minimum non-zero suboptimality gap
and refer to it as the suboptimality gap of the problem.

UCB for Uplifting Bandits. TheUCB algorithm [4], at each round, constructs anupper con�dence
bound(UCB) on the expected reward of each action and chooses the action with the highestUCB.
When applied to our model, we get a regret ofO(Km 2 logT=�) , as the noise in the reward is
m-sub-Gaussian (recall that we do not assume independence of the payoffs). However, this approach
completely ignores the structure of our problem. As we show in Section 3, we can achieve much
smaller regret by focusing on the uplifts.

Problem Variations. In the following sections, we study several variants of the above basic problem
that differ in the prior knowledge about(Pa)a2A 0 that the learner possesses.

(a) Knowledge of Baseline Payoffs.We consider two scenarios based on whether the learner knows
the baseline payoffs� 0 := ( � 0(i )) i 2V or not.

(b) Knowledge of Affected Variables. We again consider two scenarios based on whether the
learner knows the affected variables associated with each action(Va)a2A or not.

3 Case of Known Baseline and Known Affected Variables

We start with the simplest setting where both the affected variables and the baseline payoffs are known.
To address this problem, we make the crucial observation that for any two actions, the difference in
their rewards equals to that of their uplifts. As an important consequence, uplift maximization has
the same optimal action as total reward maximization, and we can replace rewards by uplifts in the
de�nition of the regret(2). Formally, we writer ?

up = r a?

up = max a2A r a
up for the largest uplift; then

RegT = r ?
upT �

P T
t =1 r a t

up. By making this transformation, we gain in statistical ef�ciency because
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r a
up = E[

P
i 2V a (ya(i ) � � 0(i ))] can now be estimated much more ef�ciently under our notion of

sparsity. Since both� 0 and(Va)a2A are known, we can directly construct aUCB on r a
up. For this,

we de�ne for all roundst 2 [T], actionsa 2 A , and variablesi 2 V the quantities

N a
t =

tX

s=1

1f as = ag; ca
t =

s
2 log(1=� 0)

N a
t

; �̂ a
t (i ) =

tX

s=1

ys(i ) 1f as = ag
max(1; N a

t )
; (3)

where� 0 > 0 is a tunable parameter. In words,N a
t , �̂ a

t (i ), andca
t represent respectively the number

of times that actiona is taken, the empirical estimate of� a(i ), and the associated radius of con�dence
interval calculated at the end of roundt. The UCB for actiona 2 A and variablei 2 V a at roundt is
Ua

t (i ) = �̂ a
t � 1(i ) + ca

t � 1. We further de�ne� a
t =

P
i 2V a (Ua

t (i ) � � 0(i )) as theuplifting index, and
refer toUPUCB(b) as the algorithm that takes an action with the largest uplifting index� a

t at each
roundt (Algorithm 3, Appendix A). Here, the suf�x (b) indicates that the method operates with the
knowledge of the baseline payoffs.

SinceUPUCB(b) is nothing but a standard UCB with transformed rewardsr 0
t =

P
i 2V a t (yt (i ) �

� 0(i )) , andE[r 0
t ] = r a t

up de�nes exactly the same regret as the original reward, a standard analysis for
UCB yields the following result.

Proposition 1. Let � 0 = �=(2KT ). Then the regret ofUPUCB(b) (Algorithm 3, Appendix A), with
probability at least1 � � , satis�es

RegT �
X

a2A :� a > 0

�
8(L a)2 log(2KT=� )

� a + � a
�

: (4)

As expected, the regret bound does not depend onm and scales withL 2. This is because the
transformed reward of actiona is only L a-sub-Gaussian. The improvement is signi�cant when
L � m. However, this also comes at a price, as both the baseline payoffs and affected variables need
to be known. We address these shortcomings in Sections 5 and 6. On a side note, we remark that
observing the aggregated payoff

P
i 2V a t yt (i ) is suf�cient for UPUCB(b), but this will not be the

case for the other algorithms presented in our paper.

Estimating Baseline Payoffs from Observational Data.In practice, the baseline payoffs� 0 can
be estimated from observational data, which gives con�dence intervals that� 0(i ) lie in with high
probability. The uplifting indices can then be constructed by subtracting the lower con�dence bounds
of � 0(i ) from Ua

t (i ). If the number of samples isn, the widths of the con�dence intervals are in
O(1=

p
n). Identi�cation of a� is possible only when the sum of these widths overL variables is at

most� , which requiresn = 
( L 2=� 2). Otherwise, these errors persist at each iteration andn must
be in the order ofT to ensureO(

p
T) regret.

Gap-Free Bounds.In Proposition 1, we state a high-probability instance-dependent regret bound,
and we will continue to do so for all the regret upper bounds that we present for the non-contextual
variants. This type of result can be directly transformed to bound onE[RegT ] by taking� = 1=T.
Following the routine of separating� a into two groups depending on their scale, most of our proofs
can be modi�ed to obtain a gap-free bound, which is usually in the order ofO(L

p
KT log(T)) . We

will not state these results to avoid unnecessary repetitions.

4 Lower Bounds

In this section, we shortly discuss the necessity of our modeling assumptions for obtaining the
improved regret bounds of Proposition 1. The complete discussion appears in Appendix D.

Intuitively, the regret can be improved both because the noise in the effect of an action is small,
and because the observation of this effect does not heavily deteriorate with noise. These two points
correspond respectively to assumptions(I) and(II) . Moreover, the knowledge on(Va)a2A allows
the learner to distinguish between problems with different structures. Without such distinction, there
is no chance that the learner can leverage the underlying structure. Therefore, the aforementioned
three points are crucial for obtaining(4). Below, we establish this formally for algorithms that are
consistent[24] over the class of1-sub-Gaussian uplifting bandits, which means the induced regret of
the algorithm on any uplifting bandit with1-sub-Gaussian noise satis�esRegt = o(tp) for all p > 0.
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Proposition 2. Let � be a consistent algorithm over the class of1-sub-Gaussian uplifting bandits
that at most uses the knowledge ofP0, (Va)a2A , and the fact that the noise is1-sub-Gaussian. Let
K; m > 0 and sequence(L a ; � a)1� a� K 2 ([m] � R+ )K satisfy� 1 = 0 . Assume either of the
following holds.

(a) L a = m for all a 2 A , so that in the bandits considered below all actions affect all variables.

(b) Only the reward is observed.

(c) The algorithm� does not make use of any prior knowledge about the arms' expected payoffs
(� a)a2A (in particular, the knowledge of(Va) i 2V is not used by� ).

Then, there exists a1-sub-Gaussian(K; m )-uplifting bandit whose suboptimality gaps and numbers
of affected variables are respectively(� a)a2A and(L a)a2A , such that the regret induced by� on it
satis�es: lim inf T ! + 1

E[Reg T ]
log T �

P
a2A :� a > 0

2m 2

� a .

Proposition 2 states an instance-dependent lower-bound for a learner that may be equipped with full
knowledge of the baseline distribution.4 Its proof is presented in Appendix D. At this point, what
remains unclear is whether similar improvement of the regret is still possible when the baseline is
unknown or when the learner only has access to more restricted knowledge than(Va)a2A . We give
af�rmative answers to these two questions in the next two sections.

5 Case of Unknown Baseline

In this section, we consider the situation where the learner knows the sets of affected variables
(Va)a2A , but not the baseline payoffs. Since the actual uplift at each round is never observed, the
uplifts of the actions can hardly be estimated directly in this case. Instead, we follow a two-model
approach. Leveraging the fact thatPa andP0 have the same marginal distribution onVa , we can
estimate the baseline payoffs by aggregating information from the feedback of different actions. This
leads to

N 0
t (i ) =

tX

s=1

1f i =2 V as g; c0
t (i ) =

s
2 log(1=� 0)

N 0
t (i )

; �̂ 0
t (i ) =

P t
s=1 ys(i ) 1f i =2 V as g

max(1; N 0
t (i ))

: (5)

Compared to(3), we notice that bothN 0
t andc0

t are functions ofi . This is because for each taken
actiona, we only increase the countersN 0

t (i ) for thosei =2 V a , which causes a non-uniform increase
of (N 0

t (i )) i 2V . Then, by looking at all the rounds that variablei is not in�uenced by the chosen
action, we manage to compute�̂ 0

t (i ), an estimate of� 0(i ). To proceed, we de�ne the following UCB
indices for all the pairs(a; i ) 2 A 0 � V

Ua
t (i ) =

8
<

:

0 if a = 0 andi 2
T

a2A Va ;
�̂ a

t � 1(i ) + ca
t � 1 if a 2 A andi 2 V a ;

�̂ 0
t � 1(i ) + c0

t � 1(i ) otherwise.
(6)

The second and the third lines of(6) contain the usual de�nition of UCBs using the empirical
estimates and the radii of the con�dence intervals de�ned in(3) and(5). In the special case that a
variable is affected by all the actions, it is impossible to estimateU0(i ) but it is enough to compare
Ua(i ) directly againstUa0

(i ) for any two actionsa; a0 2 A , so we just setU0
t (i ) to 0 in this case.

We outline the proposed method,UPUCB, in Algorithm 1. The uplifting indices are given by
� a

t =
P

i 2V a (Ua
t (i ) � U0

t (i )) . It may be counter-intuitive to compare the differences between two
UCBs. Indeed,� a

t is no longer an optimistic estimate of the uplifting effectr a
up, but it captures the

essential trade-off between learning actiona's payoffs and learning the baseline� 0. To provide some
intuition, we give an informal justi�cation ofUPUCB in Fig. 2a: If a suboptimal actiona is taken
in roundt, the estimates of allUa

t (i ) move closer to the actual mean from above. As a result,� a
t

decreases, since allUa
t (i ) for i 2 V a do. Thus actiona is less likely to be taken next. Moreover,� a?

t
increases, sinceU0

t (i ) decrease for anyi affected bya? but nota. Thusa? is more likely to be taken
next. The effectiveness of UPUCB is con�rmed by the following theorem.

4Of course, the problem only becomes more challenging if the learner does not know the baseline distribution.
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Algorithm 1 UPUCB

1: Input: Error probability� 0, the sets of variables each action affectsfV a : a 2 Ag
2: Initialization: Take each action once
3: for t = K + 1 ; : : : ; T do
4: Compute the UCB indices following (6)
5: Fora 2 A , set� a

t  
P

i 2V a (Ua
t (i ) � U0

t (i ))
6: Select actionat 2 arg maxa2A � a

t

Theorem 1. Let � 0 = �=(4KLT ). Then the regret ofUPUCB (Algorithm 1) with probability at least
1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
8(L a + L a?

)2 log(4KLT=� )
� a + � a

�
: (7)

Idea of proof.The full proof of Theorem 1 is presented in Appendix C.2, and proceeds as following.

1. With concentration of measure, we show that with probability1 � � , it holdsj�̂ a
t (i ) � � a(i )j � ca

t
andj�̂ 0

t (i ) � � 0(i )j � c0
t (i ) for all relevant estimates. It is thus suf�cient to show that(7) holds when

these inequalities are satis�ed.

2. A suboptimal actiona can only be taken if its uplifting index is larger than that ofa?, i.e., ifP
i 2V a (Ua

t (i ) � U0
t (i )) �

P
i 2V a ? (Ua?

t (i ) � U0
t (i )) . Rearranging, we get

X

i 2V a

Ua
t (i ) +

X

i 2V a ? nV a

U0
t (i ) �

X

i 2V a ?

Ua?

t (i ) +
X

i 2V a nV a ?

U0
t (i ): (8)

Using the inequalities mentioned in the previous point and� a = r a?

up � r a
up, bounding the two sides

of (8), we deduce� a � 2L aca
t � 1 +

P
i 2V a ? nV a 2c0

t � 1(i ).

3. Note that for alli 2 V a?
n Va , whenever actiona is taken, the count ofN 0

s (i ) also increases by1.
We have thusN 0

t � 1(i ) � N a
t � 1 and accordinglyc0

t � 1(i ) � ca
t � 1. We then get� a � 2(L a + L a?

)ca
t � 1.

This allows us to bound the number of times that actiona is taken and conclude.

As in Proposition 1, the regret of Theorem 1 is inO(KL 2 logT=�) . In fact, all decisions inUPUCB
are made on uncertain estimates of at mostL variables; thus the statistical ef�ciency scales withL
and notm. A detailed comparison with Proposition 1 reveals that the difference is in the order of
K (L a?

)2 logT=� ; this is only signi�cant when the optimal actions affect many more variables then
the suboptimal ones. Hence, the price of not knowing the baseline payoffs is generally quite small.

6 Case of Unknown Affected Variables

Now we study the more challenging setting where the affected variables(Va)a2A are unknown to
the learner. Proposition 2 states that improvement is impossible if the learner does not have any
prior knowledge to exploit the structure. To circumvent this negative result, we study two weak
assumptions motivated by practice: learner has access to (i) an upper bound on the number of affected
variables or (ii ) a lower bound on individual uplift. Due to space constraints, we only present the �rst
setting here and defer the discussion of the other to Appendix E.

For the rest of this section, we assume that we know an upper bound on the number of affected
variablesL (i.e.,L � maxa2A L a). We design algorithms withO(KL 2 logT=�) regret bounds that
takesL as input. We consider the cases of known and unknown baseline payoffs.

Known Baseline Payoffs. To illustrate our ideas, we start by assuming that the baseline payoffs
are known. We propose an optimistic algorithm that maintains aUCB on the total uplift with an
overestimate in the order ofL . Let N a

t , ca
t , and�̂ a

t (i ) be de�ned as in(3). The UCB, uplifting indices,
and the con�dence intervals for each (action, variable) pair(a; i ) 2 A � V are

Ua
t (i ) = �̂ a

t � 1(i ) + ca
t � 1; � a

t (i ) = Ua
t (i ) � � 0(i ); Ca

t (i ) = [ �̂ a
t � 1(i ) � ca

t � 1; �̂ a
t � 1(i ) + ca

t � 1]: (9)

In the rest of the paper, we refer to� a
t (i ) as theindividual uplifting indexof the pair(a; i ). It is
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Algorithm 2 UPUCB-nAff

1: Input: Error probability� 0, Upper boundL on the number of variables that each action affects
2: Initialization: Take each action once
3: for t = K + 1 ; : : : ; T do
4: Choosebt 2 arg maxa2A N a

t � 1 and compute UCBs and con�dence intervals using (9)
5: for a 2 A do
6: SetbVa

t  f i 2 V : Ca
t (i ) \ C bt

t (i ) = ;g
7: For i 2 V , compute� a

t (i )  Ua
t (i ) � Ubt

t (i )
8: SetL a

t  max(0; 2L � card(bVa
t )) andL a

t  arg maxL�Vn bV a
t ; card( L ) � L a

t

P
i 2L � a

t (i )
9: Compute uplifting index� a

t  
P

i 2 bV a
t [ L a

t
� a

t (i )
10: Select actionat 2 arg maxa2A � a

t

an overestimate of the individual uplift� a
up(i ). As for Ca

t (i ), it is the con�dence interval that� a(i )
lies in with high probability. Our algorithm,UPUCB-nAff (b) with nAff for number of affected,
leverages two important procedures to compute an optimistic estimate of the upliftr a

up: identi�cation
of affected variables, and padding with variables with the highest individual uplifting indices.

To begin,UPUCB-nAff (b) constructs the set ofidenti�ed variablesbVa
t = f i 2 V : � 0(i ) =2 Ca

t (i )g
which is contained inVa with high probability. In fact, by concentration of measure, with high
probability � a(i ) 2 Ca

t (i ), in which case� 0(i ) =2 Ca
t (i ) indicatesi 2 V a . However,bVa

t is not
guaranteed to capture all the affected variables, so we also need to provide an upper bound forP

i 2V a nbV a
t

� a
up(i ), the uplift contributed by the unidenti�ed affected variables. Since the individual

uplifting index� a
t (i ) is in fact aUCB on the individual uplift� a

up(i ) here andcard(Va) � L , we can

simply choose theL � card(bVa
t ) variables inV n bVa

t with the largest� a
t (i ). Let us refer to this set as

L a
t . We then get a properUCB on the uplift of actiona by computing� a

t =
P

i 2 bV a
t [ L a

t
� a

t (i ). This
process is summarized in Algorithm 4 in Appendix A and illustrated in Fig. 2b.

Unknown Baseline Payoffs. Now we focus on the most challenging setting, where also the baseline
payoffs are unknown. In this case, neither the sets of identi�ed variables nor the uplifting indices
of UPUCB-nAff (b) can be de�ned. We also cannot estimate the baseline payoffs using(5) since
the sets of affected variables are unknown. To overcome these challenges, we note that for any two
actionsa; a0 2 A , � a and� a0

only differ onVa [ V a0
, andcard(Va [ V a0

) � 2L . Therefore,� a and
� a0

differ in at most2L variables, and we recover a similar problem structure by taking the payoffs
of any action as the baseline.

Combining this idea with the elements that we have introduced previously, we obtainUPUCB-nAff
(Algorithm 2). In each round,UPUCB-nAff starts by picking a most frequently taken actionbt (Line
4) whose payoffs are treated as the baseline in that round. Then, in Line 6,UPUCB-nAff chooses
variables that are guaranteed to be either inVa or Vbt . This generalizes the identi�cation step of
UPUCB-nAff (b). The individual uplifting indices� a

t (i ) = Ua
t (i ) � Ubt

t (i ) are computed in Line 7.
The differences ofUCBs are inspired by a similar construction inUPUCB. Line 8 constitutes the
padding step, during which variables with the highest uplifting indices are selected, and �nally in
Line 9 we combine the above to get the uplifting index of the action. To see whyUPUCB-nAff is
similar toUPUCB-nAff (b), suppose that one action has been taken frequently. Then the baseline
payoffs are precisely estimated and do not change much between consecutive rounds.

Regret. Both UPUCB-nAff (b) andUPUCB-nAff chooseO(L) variables for estimating the uplift
of an action, and the decisions are based on these estimates. Therefore, the statistical ef�ciencies
of these algorithms only scale withL and notm. This in turn translates into an improvement of the
regret, as demonstrated by the theorem below.

Theorem 2. Let � 0 = �=(2KmT ). Then the regret ofUPUCB-nAff (Algorithm 2) (resp.UPUCB-
nAff (b), Algorithm 4), with probability at least1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
�L 2 log(2KmT=� )

� a + � a
�

; (10)

where� = 512 (resp.32) in the above inequality.
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Idea of proof.The full proof of Theorem 2 is presented in Appendix C.3. We outline below the main
steps to prove the result for UPUCB-nAff (b).

1. With concentration of measure, with probability1 � � it holds� a(i ) 2 Ca
t (i ). Then, as explained

in the text,bVa
t � V a and� a

t is an upper bound onr a
up; especially� a?

t � r a?

up .

2. For i =2 bVa
t , by de�nition � 0(i ) 2 Ca

t , from which we deduce0 � � a
t (i ) � 2ca

t � 1. With bVa
t � V a

andL a
t � V n bVa

t we can then write

� a
t =

X

i 2 bV a
t [ L a

t

� a
t (i ) �

X

i 2V a

� a
t (i ) +

X

i 2L a
t

� a
t (i ) � r a

up + 4Lca
t � 1:

We have also usedcard(Va) � L , card(L a
t ) � L , and� a

t (i ) � � a(i ) + 2 ca
t � 1.

3. Whenever a suboptimal actiona is taken, we have� a
t � � a?

t . Combined with the two previous
point we then deduced� a � 4Lca

t � 1. Subsequently, we bound the number of times that each
suboptimal actiona is taken to conclude.

The proof of Theorem 2 is notable for two reasons. First, tracking of the identi�ed variables guarantees
that the uplifting index� a

t does not overestimate the upliftr a
up too much. TakeUPUCB-nAff (b)

as an example. An alternative to constructing aUCB on r a
up is to choose theL variables with the

highest individual uplifting indices� a
t (i ). However, this would result in a severe overestimate when a

negative individual uplift is present. Second, to prove(10) for UPUCB-nAff, we use that the widths
of con�dence intervals of the chosenbt are always smaller than those of the taken action. This is
ensured by takingbt as the most frequent action (Line 4 in Algorithm 2).

7 Contextual Extensions

In this section, we brie�y discuss potential contextual extensions of our model; a detailed case study
is presented in Appendix F. As in contextual bandits, context is a side information that helps the
learner to make a more informed decision, which results in a higher reward. To incorporate context,
one possibility is to associate each variable with a feature vectorx t (i ) 2 Rd. The subscriptt indicates
that the context can change from one round to another. We also associate each action with a function
f a so that the expected payoff of actiona acting on a variable with featurex t (i ) is f a(x t (i )) . The
expected reward of choosinga at roundt is thenr a(x t ) =

P
i 2V f a(x t (i )) . The optimal action

in roundt is a?
t = arg maxa2A r a(x t ) and the regret of a learner that takes the actions(at )t 2 [T ] is

given byRegT =
P T

t =1

P
i 2V (f a?

t (x t (i )) � f a t (x t (i ))) .

The key structure in our model (Section 2) is that there exists a baseline payoff vector� 0 such that
for any given actiona, � a(i ) = � 0(i ) holds for mosti 2 V . Given context, this translates into the
existence of a baseline functionf 0 such that for any givena andt, f a(x t (i )) = f 0(x t (i )) holds for
mosti 2 V . The uplift of actiona is de�ned asr a

up(x t ) =
P

i 2V f a(x t (i )) � f 0(x t (i )) .

For concreteness, let us consider a model with linear payoffs. Then, each action is associated with
an unknown parameter� a and the expected payoff is the scalar product of� a and the feature of the
variable, i.e.,f a(x t (i )) = h� a ; x t (i )i . We also assume the aforementioned equality to hold for the
baseline functionf 0 and we useVa

t = f i 2 V : h� a ; x t (i )i 6= h� 0; x t (i )ig for the variables affected
by actiona at roundt. One suf�cient condition forVa

t to be small is sparsity in both the parameter
difference� a

up = � a � � 0 and the context vectorx t (i ). In fact,h� a ; x t (i )i = h� 0; x t (i )i as long as
the supports of� a

up andx t (i ) are disjoint. We assumecard(Va
t ) is uniformly bounded byL below.

Clearly, our algorithms can be directly applied as long as we can construct aUCB on h� a ; x t (i )i .
This can for example be done using the construction of linear UCB [1]. In this way, the decision
of the learner is again based on the uncertain estimates of at mostO(L) variables, and we expect
similar improvements as in our earlier theorems. As an example, when both� 0 andVa

t are known,
UPUCB (b) adapted to this situation constructsUCB for

P
i 2V a

t
h� a

up; x t (i )i , and it is straightforward

to show that the regret of such algorithm can be as small asO(Ld
p

KT ). In contrast, if the learner
works directly with the total reward, the regret is inO(md

p
KT ).5

5We present gap-free bounds here and thus we getL versusm in the place ofL 2 versusm2 . As in previous
sections, these bounds apply to a potentially dependent noise.
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8 Numerical Experiments

(a) Gaussian uplifting

(b) Bernoulli uplifting

Figure 3: Experimental results on a synthetic
and real-world dataset. All the curves are
averaged over100runs and the shaded areas
represent the standard errors.

In this section, we present numerical experiments to
demonstrate the bene�t of estimating uplifts in our model.
We compare our methods introduced in Sections 3, 5 and 6
against UCB and Thompson sampling with Gaussian prior
and Gaussian noise that only use the observed rewards
(r t )t 2 [T ]. To ensure a fair comparison, we tune all the
considered algorithms and report results for the parame-
ters that yield the best average performance. The detailed
procedure, and additional experimental details and results,
are provided in Appendices G and H. The experiments
for the contextual extension in Section 7 are presented in
Appendix F.3.

Gaussian Uplifting Bandit. We �rst study our algo-
rithms in a Gaussian uplifting bandit withK = 10 actions,
m = 100 variables, andL a = 10 for all a 2 A meaning
that each action affects10 variables.6 The expected pay-
offs are contained in[0; 1], and the covariance matrix of
the noise is taken the same for all the actions. The subop-
timality gap of the created problem is around0:2, and the
variance of the total noise

P
i 2V � a(i ) is around80.

Bernoulli Uplifting Bandit with Criteo Uplift. We use
the Criteo Uplift Prediction Dataset [15] with `visit' as
the outcome variable to build a Bernoulli uplifting bandit,
where the payoff of each variable has a Bernoulli distribu-
tion. This dataset is designed for uplift modeling, and has outcomes for both treated and untreated
individuals. Thus it is suitable for our simulations. To build the model, we sample105 examples from
the dataset, and use K-means to partition these samples into20 clusters of various sizes. The105

examples are taken as our variables. We consider20actions that correspond to treating individuals of
each cluster, and construct independent Bernoulli payoffs using the visit rates of the treated/untreated
individuals of the clusters following a procedure detailed in Appendix G.2. Here,L = 12654 and�
is around30.

Results. Fig. 3 con�rms that we can effectively achieve much smaller regret by restricting our
attention to the uplift. Moreover, when the sets of affected are known, the loss of not knowing the
baseline payoffs seems to be minimal. On the other hand, not knowing the affected variables has
a more severe effect in the second experiment. In fact, the design ofUPUCB-nAff and UPUCB-
nAff (b) heavily rely on the additive structure of the uplifting index, and can thus hardly bene�t from
the payoff independence which allow the other four algorithms to achieve smaller regret in this case.

9 Concluding Remarks

This paper studies multi-armed bandit problems where the rewards are sums of observable variables.
When each action only affects a limited number of these variables, much smaller regret can be
achieved, and we developed algorithms with such guarantees under different forms of knowledge that
the learner possesses.

While we study here aUCB-style algorithm, we believe that understanding how similar improvement
can be achieved by other types of algorithms such as Thompson sampling and information directed
sampling is an important question. Moreover, further extending our work to cope with non-stationary
or even adversarial bandits is another promising direction to pursue. As for the former, a direct
combination with existing techniques [19] can readily make our algorithms bypass the stationarity
assumption that we make throughout the paper.

6By Gaussian uplifting bandit we mean that the noise vectors(� a )a2A are Gaussian.
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A Notation Table and Missing Pseudo Codes

Notation Explanation

Bandits

K Number of actions
a An action
a? An optimal action,a? 2 arg maxa2A r a

A The set of actions,A = f 1; :::; K g
t Round index
T Number of rounds / Time horizon
[T] The set of all the rounds,[T] = f 1; :::; Tg
r t Reward received at roundt
r a Expected reward of actiona
r ? Largest expected reward,r ? = r a?

= max a2A r a

� a Suboptimality gap of actiona, � a = r ? � r a

�
Minimum non-zero suboptimality gap
� = min a2A ;� a > 0 � a

Uplifting Bandits

m Number of underlying variables
i A variable
V The set of variables,V = f 1; :::; mg
L a Number of variables affected by actiona

L
Upper bound on number of affected variables
L � maxa2A L a

Va The set of variables affected by actiona

0
A convenient notation to represent all quantities related to
the baseline

A 0 A notation to include both the actions and the baseline
r 0 Baseline reward
r a

up Expected uplift of actiona, r a
up = r a � r 0

r ?
up Largest expected uplift,r ?

up = r a?

up = max a2A r a
up

yt Payoffs observed at roundt, yt = ( yt (i )) i 2V

� a Expected payoffs of actiona, � a = ( � a(i )) i 2V

� 0 Baseline payoffs,� 0 = ( � 0(i )) i 2V

� a
up Expected individual uplifts of actiona, � a

up = ( � a
up(i )) i 2V

Pa The distribution of the payoffs associated to actiona
P0 Baseline distribution of the payoffs

� up
Lower bound on individual uplift
8a 2 A ; i 2 V a , j� a(i ) � � 0(i )j � � up

UCB

N a
t Number of times actiona is taken in the �rstt rounds

�̂ a
t Empirical estimates of expected payoffs

ca
t Widths of con�dence intervals

Ca
t Con�dence intervals

Ua
t Upper con�dence bounds

� a
t Uplifting index of actiona

� a
t Individual uplifting indices

� 0 Error probability provided as input for UCB-type algorithms

Table 2: Main notations used in the paper.
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Algorithm 3 UPUCB (b)

1: Input: Error probability� 0, Baseline payoffs� 0, Sets of affected variablesfV a : a 2 Ag
2: Initialization: Take each action once
3: for t = K + 1 ; : : : ; T do
4: Compute the statistics following (3)
5: Fora 2 A , compute uplifting index� a

t  
P

i 2V a (�̂ a
t � 1(i ) + ca

t � 1 � � 0(i ))
6: Select actionat 2 arg maxa2A � a

t

Algorithm 4 UPUCB-nAff (b)

1: Input: Error probability� 0, Baseline payoffs� 0, Upper boundL on the number of affected
variables

2: Initialization: Take each action once
3: for t = K + 1 ; : : : ; T do
4: for a 2 A do
5: Compute UCBs, uplifting indices, and con�dence intervals following (9)
6: SetbVa

t  f i 2 V : � 0(i ) =2 Ca
t (i )g

7: SetL a
t  max(0; L � card(bVa

t ))
8: SetL a

t  arg max
L�Vn bV a

t
card( L )= L a

t

X

i 2L

� a
t (i )

9: Compute uplifting index� a
t  

P
i 2 bV a

t [ L a
t

� a
t (i )

10: Select actionat 2 arg maxa2A � a
t

B Additional Related Work

In this section we complement our related work section by providing comparison to causal bandits
and more detailed discussion on how our work �ts into and differs from the semi-bandit framework.

Causal Bandits. The term causal bandits captures the general idea that in a bandit model the
generation of reward may be governed by some causal mechanism while the actions correspond to
interventions on the underlying causal graph. This idea was �rst formalized in [25] and subsequently
explored in a series of work [27, 28, 30] that cover multiples variants of the problem, including both
the minimization of simple and cumulative regrets. Our problem �ts into the causal bandit framework
by regarding Fig. 1 as a simple causal graph where the variables consist of all the direct causes of the
reward and the actions correspond to atomic interventions on the action nodes. The observability
of these direct causes are also key assumptions in many of the aforementioned works. Moreover, in
the unknown affected case our causal graph is in fact only partially unknown. This is an intriguing
problem in causal bandits as argued by [29]. While we have shown improvement of the algorithms
for this speci�c model, a interesting question is whether similar improvement can still be shown
in more general causal bandit models under the assumption that each actions only affects a limited
number of variables of the causal graph.

Combinatorial Bandits. The conceptual differences between our model and the semi-bandit ones
[11, 22, 31] have been discussed in Section 1. The following paragraph thus treats this subject from a
more technical viewpoint.

To begin, we provide a way to reduce our model to that of semi-bandits when the sets of affected
variables are known. For this, we consider a semi-bandit problem whose ground set contains the
following m +

P
a2A L a items

• For each variablei 2 V , we have an iteme0;i with mean� 0(i ). This item models the reward of
variablei when it is unaffected by the taken action.

• For each actiona 2 A andi 2 V a , we have an itemea;i with mean� a(i ). This item models the
reward of variablei when affected by actiona.

Then, when actiona is taken, we observe the stochastic reward ofea;i for i 2 V a , and that ofe0;i for
i =2 V a . The total reward is the sum of the observed individual rewards.
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In terms of algorithm, let us consider theUPUCB algorithm described in Algorithm 1, which is
based on selecting the action with the largest uplift index� a

t =
P

i 2V a (Ua
t (i ) � U0

t (i )) . We notice
that the quantityUa

t =
P

i 2V Ua
t (i ) = � a

t +
P

i 2V U0
t (i ) is indeed an upper con�dence bound on

the reward of actiona andUPUCB is equivalent to choosing the action with the largestUa
t in each

round. This observation effectively reducesUPUCB to CombUCB [11, 22] on the transformed
model. Nonetheless, the UPUCB formulation has several advantages:

1. It captures the fact that we really care about is the uplifting effect and the variables affected by
each action.

2. The uplifting interpretation facilitates algorithm design in more involved situations as we have
shown in Sections 6 and 7.

3. While the general analysis of CombUCB yields a regret inO((m2 + mKL ) log T=�) , we have
shown in Theorem 1 that the regret ofUPUCB is in O(KL 2 logT=�) . Our analysis presented in
Appendix C.2 also greatly bene�ts from the UPUCB formulation of the algorithm.

Finally, it is worth noticing that one of the most important contribution of our work is to consider the
situations where the sets of affected variables are unknown. In the transformed model, this means
that we do not know the composition of each action. We are not aware of any works that address this
situation in the combinatorial bandit literature.

C Proofs for Upper Bound Results

In this section, we provide proofs of the regret bounds from Sections 5 and 6. Our proofs have the
following structure.

1. Leveraging Lemmas 2 and 3 presented in Appendix C.1, we de�ne a high-probability eventE on
which all the expected payoffs belong to their con�dence intervals.

2. Using the fact that the uplifting index of the taken action is larger than that of any optimal action
by design, we show that on eventE a suboptimal action can only be taken when its associated
width of con�dence interval is suf�ciently large.

3. The previous point allows us to bound the number of times that a suboptimal action is taken by
~O(L 2=(� a)2) onE.

4. We conclude with the following regret decomposition (which was already stated in (2)).

RegT =
X

a2A

N a
t � a : (11)

C.1 Concentration Bounds

To prove the regret upper bounds, we will make use of concentration bounds that apply to quantities
de�ned in (3) and(5). Underlying all these results is the following fundamental concentration
inequality for� -sub-Gaussian random variables [36]

P(jX j � 
 ) � 2 exp(� 
 2=(2� 2)) for all 
 > 0: (12)

However, the estimates in(3) and(5) aggregate observed values in a way that depend on the decisions
that have been made. Therefore, concentration bounds for the sum of independent variables, which
can be directly derived from(12), are not suf�cient for our purposes. The standard trick to circumvent
this issue in bandit literature is to combine Doob's optional skipping (Doob16, Chap. 3, Chung and
Zhong12, Chap. 9) with concentration inequality for martingale difference sequence. The following
lemma adapted from [35, Lem. A.1] is proved exactly using this technique.
Lemma 1. Let (F t )t 2 N be a �ltration and let (� t ; X t )t 2 N be a sequence off 0; 1g � R- valued
random variables such that� t is F t � 1-measurable, andX t is F t -measurable and conditionally
� -sub-Gaussian, i.e.,E[exp(
X t ) j F t � 1] � exp(
 2� 2=2) for all 
 2 R. Let N > 0 and let
� = min f t � 1 :

P t
s=1 � s = N g, where we take� = + 1 when

P + 1
s=1 � s < N . Then, for any

� 2 (0; 1),

P

 �
�
�
�
�

�X

t =1

� t X t

�
�
�
�
�

� �
p

2N log(2=� )

!

� �: (13)
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Proof. The proof of [35, Lem. A.1] essentially applies. We just need to replace the use of Hoeffding-
Azuma inequality by the use of concentration inequality for conditionally sub-Gaussian martingale
difference sequences, which is itself derived from(12) and the fact that the sum of conditionally
sub-Gaussian martingale differences is sub-Gaussian.

In the following,(F t )t will represent the natural �ltration associated to(yt ; at +1 )t such thatat is
F t � 1-measurable, andyt is F t -measurable. Applying Lemma 1 to properly de�ned(� t ; X t )t along
with the use of a union bound gives the following concentration results that are key to our analyses.

Lemma 2. Leta 2 A , i 2 V , and let� a
t (i ) be de�ned as in(3). Then for any� 2 (0; 1), it holds

P

 

9 t 2 T; j�̂ a
t (i ) � � a(i )j �

s
2 log(2=� )

N a
t

!

� T �:

Proof. For N 2 [T], we de�ne the random variables

� N = min

(

t � 1 :
tX

s=1

1f as = ag = N

)

and Sa
N (i ) =

� NX

s=1

ys(i ) 1f as = ag:

We then de�ne the failure events

E(i ) =

(

9 t 2 [T]; j�̂ a
t (i ) � � a(i )j �

s
2 log(2=� )

N a
t

)

;

eE(i ) =

(

9 N 2 [T];

�
�
�
�
�
Sa

N (i ) � � a(i )

 
� NX

s=1

1f as = ag

! �
�
�
�
�

�
p

2N log(2=� ):

)

It holds E(i ) � eE(i ). In fact, if E(i ) happens thenj�̂ a
t (i ) � � a(i )j �

p
2 log(2=� )=Na

t (i ) for
somet and this is only possible whenN a

t (i ) � 1. With the de�nition N a
t (i ) =

P t
s=1 1f as = ag,

we further see thatN a
t (i ) � t � T and � N a

t
� t < + 1 . The latter means that we indeed

have
P � N a

t
s=1 1f as = ag = N a

t . Thus multiplyingj�̂ a
t (i ) � � a(i )j �

p
2 log(2=� )=Na

t (i ) by
N = N a

t 2 [T] gives exactly
�
�
�
�
�
Sa

N (i ) � � a(i )

 
� NX

s=1

1f as = ag

! �
�
�
�
�

�
p

2N log(2=� );

which shows thateE(i ) happens as well. It is thus suf�cient to prove thatP( eE(i )) � T � .

For N 2 [T], we apply Lemma 1 to� t  1f at = ag andX t  � a
t (i ) = ya

t (i ) � � a t (i ). Since
� a t (i ) 1f at = ag = � a(i ) 1f at = ag, we recover the exact inequality that appears in the de�nition
of eE(i ). We conclude with a union bound takingN ranging from1 to T.

Lemma 3. Let i 2 V , and let� 0
t (i ) be de�ned as in(5). Then for any� 2 (0; 1), it holds

P

 

9 t 2 T; j�̂ 0
t (i ) � � 0(i )j �

s
2 log(2=� )

N 0
t (i )

!

� T �:

Proof. Lemma 3 is proved in the same way as Lemma 2. In particular, we apply Lemma 1 to
� t  1f i =2 V a t g andX t  � 0

t (i ).

C.2 Unknown Baseline

Theorem 1. Let � 0 = �=(4KLT ). Then the regret ofUPUCB (Algorithm 1) with probability at least
1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
8(L a + L a?

)2 log(4KLT=� )
� a + � a

�
: (7)
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Proof. We �rst notice that while there arem variables, not all of them are involved in estimating the
uplifts. Therefore, we only need to focus on the set of relevant variablesV0 =

S
a2A Va . Clearly,

card(V0) � KL . With this in mind, we de�ne the events

E1 = f8 t 2 [T]; 8a 2 A ; 8i 2 V a ; j�̂ a
t (i ) � � a(i )j � ca

t g;

E2 = f8 t 2 [T]; 8i 2 V 0; j�̂ 0
t (i ) � � 0(i )j � c0

t (i )g:

Lemma 2 and Lemma 3 in Appendix C.1 along with union bounds overa andi guarantee

P(E1 [ E 2) � 1 �

 
X

a2A

L a + card( V0)

!

T(2� 0) � 1 � 4KLT � 0 = 1 � �:

It is thus suf�cient to show that (7) holds onE1 [ E 2.

In the remainder of the proof, we consider an arbitrary realization ofE1 [ E 2 and prove that(7) indeed
holds for this realization. From(11) it is clear that we just need to boundN a

T =
P T

t =1 1f at = ag
from above for all suboptimal actiona 2 A with � a > 0. This is done by providing a lower bound
on ca

t for anyt such thatat = a. To proceed, suppose that a suboptimal actiona is taken for the last
time at roundt 2 f K + 1 ; :::; Tg.7 This implies� a

t � � a?

t andN a
T = N a

t � 1 + 1 . By the de�nition of
the uplifting indices, we get

X

i 2V a

(Ua
t (i ) � U0

t (i )) �
X

i 2V a ?

(Ua?

t (i ) � U0
t (i )) :

Rearranging and dropping
P

i 2V a \ V a ? U0
t (i ) from both sides, we get

X

i 2V a

Ua
t (i ) +

X

i 2V a ? nV a

U0
t (i ) �

X

i 2V a ?

Ua?

t (i ) +
X

i 2V a nV a ?

U0
t (i ): (14)

This is similar to the type of inequality that de�nes standard UCB. In fact, the left and the right hand
sides of(14)are respectively upper con�dence bounds on

P
i 2V a [ V a ? � a(i ) and upper con�dence

bounds on
P

i 2V a [ V a ? � a?
(i ). We next bound these two quantities respectively from above and

from below. Since bothE1 andE2 hold, we have the following inequalities for the UCB indices

8s 2 [T]; 8a 2 A ; 8i 2 V a ; � a(i ) + 2 ca
s� 1 � Ua

s (i ) � � a(i );

8s 2 [T]; 8i 2 V 0n
\

a2A

Va ; � 0(i ) + 2 c0
s� 1(i ) � U0

s (i ) � � 0(i ):

Combining the above, we obtain
X

i 2V a

(� a(i ) + 2 ca
t � 1) +

X

i 2V a ? nV a

(� 0(i ) + 2 c0
t � 1(i )) �

X

i 2V a ?

� a?
(i ) +

X

i 2V a nV a ?

� 0(i ):

Adding
P

i 2V a \ V a ? � 0(i ) to both sides and rearranging leads to
X

i 2V a ?

� a?
(i ) �

X

i 2V a

� a(i ) +
X

i 2V a

� 0(i ) �
X

i 2V a ?

� 0(i ) �
X

i 2V a

2ca
t � 1 +

X

i 2V a ? nV a

2c0
t � 1(i ):

From this we can derive an inequality between the suboptimal gap� a and the the widths of the
con�dence intervals as follows

� a = r a?

up � r a
up

=
X

i 2V a ?

(� a?
(i ) � � 0(i )) �

X

i 2V a

(� a(i ) � � 0(i ))

=
X

i 2V a ?

� a?
(i ) �

X

i 2V a

� a(i ) +
X

i 2V a

� 0(i ) �
X

i 2V a ?

� 0(i )

� 2L aca
t � 1 +

X

i 2V a ? nV a

2c0
t � 1(i ): (15)

7If the action is not taken anymore after the �rstT runs. We haveN a
T = 1 so the upper bound that we show

later trivially holds.
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We next argue that for alli 2 V a?
n Va we haveN 0

t � 1(i ) � N a
t � 1 and hencec0

t � 1(i ) � ca
t � 1. In fact,

if i =2 V a , then whenever actiona is taken, the count ofN 0
s (i ) also increases by1. Formally,

N 0
t � 1(i ) =

t � 1X

s=1

1f i =2 V as g �
t � 1X

s=1

1f as = ag1f i =2 V as g =
t � 1X

s=1

1f as = ag = N a
t � 1:

Therefore, we further deduce� a � 2(L a + L a?
)ca

t � 1. Equivalently,

N a
t � 1 �

8(L a + L a?
)2 log(1=� 0)

(� a)2 :

We conclude that actiona is taken at mostb8(L a + L a?
)2 log(1=� 0)=(� a)2c + 1 times during the

execution of the algorithm. Plugging this into (11) gives exactly (7).

C.3 Unknown Affected Variables

Below we prove Theorem 2 separately for UPUCB-nAff (b) and UPUCB-nAff.

Proposition 3 (Regret ofUPUCB-nAff (b)). Let � 0 = �=(2KmT ). If the learner knows and an
upper boundL on maximum number of variables an action affects and the baseline payoffs, then
UPUCB-nAff (b) (Algorithm 4), with probability at least1 � � , has regret bounded by:

RegT �
X

a2A :� a > 0

�
32L 2 log(2KmT=� )

� a + � a
�

: (16)

Proof. Let us consider the event

E = f8 t 2 [T]; 8a 2 A ; 8i 2 V ; j�̂ a
t (i ) � � a(i )j < c a

t g; (17)

By Lemma 3 and a union bound we get immediatelyP(E) � 1 � KmT (2� 0) = 1 � � . In the
following, we assume thatE occurs and prove (16).

First, by the de�nition ofbVa
t we have clearlybVa

t � V a . In fact, if i =2 V a then� 0(i ) = � a(i ) 2 Ca
t (i ).

The inclusionbVa
t � V a along with the conditioncard(Va) � L imply card(Va n bVa

t ) � L �
card(bVa

t ); in particular,L � card(bVa
t ) � 0 and thusL a

t = L � card(bVa
t ).

Next, for anyi 2 V n bVa
t , it holds � 0(i ) 2 Ca

t (i ). This implies� 0(i ) � Ua
t (i ), and accordingly

� a
t (i ) � 0. We can then write

X

i 2V a nbV a
t

� a
t (i ) � max

L�Vn bV a
t

card( L )=card( Vn bV a
t )

X

i 2L

� a
t (i ) � max

L�Vn bV a
t

card( L )= L � card( bV a
t )

X

i 2L

� a
t (i ) =

X

i 2L a
t

� a
t (i ):

SinceUa
t (i ) � � a(i ) onE, we have� a

t (i ) � � a
up(i ); subsequently

r a
up =

X

i 2V a

� a
up(i ) =

X

i 2 bV a
t

� a
up(i ) +

X

i 2V a nbV a
t

� a
up(i ) �

X

i 2 bV a
t

� a
t (i ) +

X

i 2L a
t

� a
t (i ) = � a

t :

This shows that� a
t is effectively an upper bound ofr a

up. With this in mind, we are ready to bound the
number of times that a suboptimal action is taken.

Let a 2 A with � a > 0 and assume that it is taken at roundt 2 f K + 1 ; :::; Tg, which means that
� a

t � � a?

t . We have shown that� a?

t � r a?

up . It remains to provide an upper bound for� a
t that involves

r a
up. For this, we again usebVa

t � V a and the fact that� a
t (i ) � 0 for all i 2 V n bVa

t to decompose

� a
t =

X

i 2 bV a
t [ L a

t

� a
t (i ) �

X

i 2V a [ L a
t

� a
t (i ) =

X

i 2V a

� a
t (i ) +

X

i 2L a
t nV a

� a
t (i ): (18)

The summation of the individual uplifting indices overi 2 V a is naturally related tor a
up. Since

� a(i ) � �̂ a
t � 1(i ) � ca

t � 1, for all i 2 V it holds

� a
t (i ) = Ua

t (i ) � � a(i ) � � a(i ) � � 0(i ) + 2 ca
t � 1 = � a

up(i ) + 2 ca
t � 1:
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In consequence,
X

i 2V a

� a
t (i ) �

X

i 2V a

(� a
up(i ) + 2 ca

t � 1) � r a
up + 2Lca

t � 1: (19)

What we need to show next is that the de�nition ofbVa
t guarantees� a

t (i ) to be small wheneveri =2 bVa
t .

In fact, if i 2 V n bVa
t , we have� 0(i ) 2 Ca

t (i ), and in particular� 0(i ) � �̂ a
t � 1(i ) � ca

t � 1, implying
that

� a
t (i ) = Ua

t (i ) � � 0(i ) � (�̂ a
t � 1(i ) + ca

t � 1) � (�̂ a
t � 1(i ) � ca

t � 1) = 2 ca
t � 1:

By de�nition, L a
t � V n bVa

t , and hence
X

i 2L a
t nV a

� a
t (i ) �

X

i 2L a
t nV a

2ca
t � 1 � 2Lca

t � 1: (20)

Putting (18), (19), and (20) together, we get

� a
t �

X

i 2V a

� a
t (i ) +

X

i 2L a
t nV a

� a
t (i ) � r a

up + 4Lca
t � 1:

With � a
t � � a?

t � r a?

up we deduce

r a?

up � r a
up + 4Lca

t � 1:

Therefore,� a = r a?

up � r a
up � 4Lca

t � 1, and equivalently

N a
t � 1 �

32L 2 log(1=� 0)
(� a)2 :

Following the argument in the proof of Theorem 1, this translates into an upper bound onN a
T and we

conclude by invoking the decomposition of (11).

We notice that it is quite straightforward to adaptUPUCB-nAff (b) and its analysis to the setting
where the learner knows an action-dependent upper boundL a � L a . The only change in(16) is that
L is replaced byL a . Thus we recover(4) up to a multiplicative constant whenL a = �( L a). We
complete this section with the proof of the regret bound forUPUCB-nAff. It combines ideas from
the proofs of Theorem 1 and Proposition 3.

Proposition 4 (Regret ofUPUCB-nAff) . Let � 0 = �=(2KmT ). Then the regret ofUPUCB-nAff
(Algorithm 2), with probability at least1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
512L 2 log(2KmT=� )

� a + � a
�

; (21)

Proof. We again place ourselves in the eventE de�ned in (17), and prove(21)under this condition.
Recall thatbt 2 arg maxa2A N a

t � 1 is an action that is taken most frequently during the �rstt � 1
rounds and the associated estimates serve as baselines at roundt. We de�ne eVa

t = Va [ V bt as the
set of variables that are affected by either actiona or bt . Clearly,card(eVa

t ) � 2L .

We �rst show thatbVa
t � eVa

t wheneverE occurs. Leti 2 V n eVa
t . UnderE we have both� 0(i ) =

� a(i ) 2 Ca
t (i ) and� 0(i ) = � bt (i ) 2 Cb

t (i ). Therefore,Ca
t (i ) \ C bt

t (i ) 6= ? ; subsequentlyi =2 bVa
t .

The contrapositive of the above gives exactlybVa
t � eVa

t .

We shall now boundN a
T for any suboptimal actiona, from which the proof concludes by applying

(11). Let a 2 A satisfying� a > 0. If it is taken at roundt 2 f K + 1 ; :::; Tg, we have� a
t � � a?

t .
This can be written as

X

i 2 bV a
t

� a
t (i ) +

X

i 2L a
t

� a
t (i ) �

X

i 2 bV a ?
t

� a?

t (i ) +
X

i 2L a ?
t

� a?

t (i ): (22)
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Decomposition of Suboptimality Gap using the New Baseline.Similar to before, we will use
(22) to relate the widths of the con�dence intervals to the suboptimality gap� a . For this, we notice
that the suboptimality gap ofa can be rewritten as

� a =
X

i 2V

� a?
(i ) �

X

i 2V

� a(i )

=
X

i 2V

(� a?
(i ) � � bt (i )) �

X

i 2V

(� a(i ) � � bt (i ))

=
X

i 2 eV a ?
t

(� a?
(i ) � � bt (i )) �

X

i 2 eV a
t

(� a(i ) � � bt (i )) (23)

The last equality is true because� a?
(i ) = � 0(i ) outsideeVa?

t , and the same holds when we replacea?

by a. Therefore, our goal is to lower bound the right-hand side of(22) by an expression that containsP
i 2 eV a ?

t
(� a?

(i ) � � bt (i )) and upper bound the left-hand side of(22)by an expression that contains
P

i 2 eV a
t
(� a(i ) � � bt (i )) .

Lower Bound on RHS of (22). Since
P

i 2L a ?
t

� a?

t (i ) is the maximum padding, we can lower

bound the right-hand side of the inequality by
P

i 2 eV a ?
t

� a?

t (i ). Formally, withbVa?

t � eVa?

t we have

card(eVa?

t n bVa?

t ) � 2L � card(bVa?

t ) andL a?

t = 2L � card(bVa?

t ). Thus, by de�nition ofL a?

t ,
X

i 2L a ?
t

� a?

t (i ) = max
L�V a nbV a

t

card( L ) � 2L � card( bV a ?
t )

X

i 2L

� a?

t (i ) �
X

i 2 eV a ?
t nbV a ?

t

� a?

t (i ):

To further provide a lower bound on
P

i 2 eV a ?
t

� a?

t (i ), we recall that� a?

t (i ) = Ua?

t (i ) � Ubt
t (i ), so

with Ua?

t (i ) � � a?
(i ), Ubt

t (i ) � � bt (i ) + 2 cbt
t � 1, andcard(eVa?

t ) � 2L , we get
X

i 2 bV a ?
t

� a?

t (i ) +
X

i 2L a ?
t

� a?

t (i ) �
X

i 2 eV a ?
t

� a?

t (i )

�
X

i 2 eV a ?
t

(� a?
(i ) � � bt (i ) � 2cbt

t � 1)

�
X

i 2 eV a ?
t

(� a?
(i ) � � bt (i )) � 4Lcbt

t � 1: (24)

Upper Bound on LHS of (22). To make the term
P

i 2 eV a
t
(� a(i ) � � bt (i )) appear, we �rst relate it

to the sum of the uplifting indices usingUa
t (i ) � � a(i ) + 2 ca

t � 1.
X

i 2 eV a
t

� a
t (i ) �

X

i 2 eV a
t

(� a(i ) + 2 ca
t � 1 � � bt (i )) �

X

i 2 eV a
t

(� a(i ) � � bt (i )) + 4 Lca
t � 1: (25)

The last inequality usescard(eVa
t ) � 2L . Next, to relate

P
i 2 eV a

t
� a

t (i ) to the left-hand side of(22),

we want to show (i)
P

i 2L a
t

� a
t (i ) is small, and (ii ) We can add additional terms fromeVa

t n bVa
t to

the left-hand side of(22). These two points correspond respectively to inequalities(20)and(18) in
the proof of Proposition 3. Again, this can be done by looking at the de�nition ofbVa

t . In fact, if
i 2 V n bVa

t , then by de�nitionCa
t (i ) \ C bt

t (i ) 6= ? , implying that

�̂ bt
t � 1(i ) + cbt

t � 1 � �̂ a
t � 1(i ) � ca

t � 1;

�̂ a
t � 1(i ) + ca

t � 1 � �̂ bt
t � 1(i ) � cbt

t � 1:

The above two inequalities respectively translate into

Ua
t (i ) � Ubt

t (i ) � 2ca
t � 1;

Ua
t (i ) � Ubt

t (i ) � � 2cbt
t � 1;
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In other words, for anyi 2 V n bVa
t we have� 2cbt

t � 1 � � a
t (i ) � 2ca

t � 1. Subsequently,

X

i 2L a
t

� a
t (i ) �

X

i 2L a
t

2ca
t � 1; (26)

X

i 2 eV a
t nbV a

t

� 2cbt
t � 1 �

X

i 2 eV a
t nbV a

t

� a
t (i ): (27)

Therefore
X

i 2 bV a
t

� a
t (i ) +

X

i 2L a
t

� a
t (i ) �

X

i 2 bV a
t

� a
t (i ) +

X

i 2L a
t

2ca
t � 1 +

X

i 2 eV a
t nbV a

t

(� a
t (i ) + 2 cbt

t � 1)

=
X

i 2 eV a
t

� a
t (i ) +

X

i 2L a
t

2ca
t � 1 +

X

i 2 eV a
t nbV a

t

2cbt
t � 1

�
X

i 2 eV a
t

� a
t (i ) + 4 Lca

t � 1 + 4Lcbt
t � 1: (28)

The �rst inequality makes use of(26)and(27), and in particular the last term on the right-hand side
is non-negative thanks to(27). The equality in the second line is true becausebVa

t � eVa
t . Finally, for

the last inequality we use the fact thatcard(L a
t ) � 2L andcard(eVa

t ) � 2L . Along with (28)we get
an upper bound on

P
i 2 bV a

t
� a

t (i ) +
P

i 2L a
t

� a
t (i ) that involves

P
i 2 eV a

t
(� a(i ) � � bt (i )) .

Conclusion. Combining (22), (24), (25), and (28), we obtain
X

i 2 eV a
t

(� a(i ) � � bt (i )) + 8 Lca
t � 1 + 4Lcbt

t � 1 �
X

i 2 eV a ?
t

(� a?
(i ) � � bt (i )) � 4Lcbt

t � 1:

By the choice ofbt we haveca
t � 1 � cbt

t � 1. With (23), it follows that16Lca
t � 1 � � a and thus

N a
t � 1 �

512L 2 log(1=� 0)
(� a)2 :

Repeating the argument in the proof of Theorem 1 (i.e., chooset to be the last time that actiona is
taken if it is taken more than once and apply decomposition (11)) gives the desired result.

Theorem 2. Let � 0 = �=(2KmT ). Then the regret ofUPUCB-nAff (Algorithm 2) (resp.UPUCB-
nAff (b), Algorithm 4), with probability at least1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
�L 2 log(2KmT=� )

� a + � a
�

; (10)

where� = 512 (resp.32) in the above inequality.

Proof. The proof follows by combining Propositions 3 and 4.

D Lower Bounds

In this section, we prove Proposition 2 that justi�es our key modeling assumptions. In particular, these
lower bounds show that there would be a higher regret in absence of any of the following: (i) Limited
number of affected variables, (ii ) Side information about variables beyond just reward, and (iii ) Some
prior knowledge on how the variables are affected. Moreover, we also derive matching lower bounds
for Proposition 1. We discuss these results in Appendix D.1. Subsequently, we introduce a general
information-theoretic lower bounds for bandit problems with similar design in Appendix D.2, based
on which we prove the lower bounds in Appendix D.3.
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D.1 Lower Bounds for Uplifting Bandits– Statements and Discussion

To begin, we restate Proposition 2 from Section 4 and introduce associated notations. For sake of
conciseness, in the following we say that an uplifting bandit has parameters(K; m; (� a ; L a)a2A ) if
the number of actions, the number of variables, the suboptimality gaps, and the number of affected
variables of this instance are respectivelyK , m, (� a)a2A , and(L a)a2A . We focus on instance-
dependent lower-bounds and assume that the learner has full knowledge of the baseline distribution.
We also recall that our lower bounds are derived for the algorithms that areconsistent[24] over
the class of1-sub-Gaussian uplifting bandits, meaning the induced regret of the algorithm on any
uplifting bandit with1-sub-Gaussian noise satis�esRegt = o(tp) for all p > 0.
Proposition 2. Let � be a consistent algorithm over the class of1-sub-Gaussian uplifting bandits
that at most uses knowledge ofP0, (Va)a2A , and the fact that the noise is1-sub-Gaussian. Let
K; m > 0 and sequence(L a ; � a)1� a� K 2 ([m] � R+ )K satisfy� 1 = 0 . Assume either of the
following holds.

(a) L a = m for all a 2 A , so that in the bandits considered below all actions affect all variables.

(b) Only the reward is observed.

(c) The algorithm� does not make use of any prior knowledge about the arms' expected payoffs
(� a)a2A (in particular, the knowledge of(Va) i 2V is not used by� ).

Then, there exists a1-sub-Gaussian uplifting bandit with parameters(K; m; (� a ; L a)a2A ) such that
the regret induced by� on it satis�es:

lim inf
T ! + 1

E[RegT ]
logT

�
X

a2A :� a > 0

2m2

� a :

The conditions (a) and (b) echo assumptions(I) and(II) . Note that, however, the condition (b) does
not imply the necessity of observing all the payoffs. For example, observing the aggregated payoffP

i 2V a t yt (i ) is suf�cient for computing the uplifting indices ofUPUCB(b). Having observation of
the entire payoff vector(yt (i )) i 2V is particularly helpful for the case of unknown affected variables,
as under this condition we can identify the affected variables relatively easily.

Let us now provide some more intuition on the meaning of (c). For this, consider two bandits
with exactly the same baseline and noise distributions and very close expected payoffs of the arms.
Then, with �nite observations, they provide very similar feedback which prevents the learner from
distinguishing between the two problems. However, the two bandits may have completely different
structures, and in particular, one of them may have all variables affected by all actions since slight
perturbation to the baseline would mean that a variable is affected. Therefore, the lower bound from
(a) applies to this instance. Now, provided that the learner is doomed to treat the two instances equally,
the lower bound applies to the other instance as well. Of course, one can argue that it is unnatural that
the regrets of two similar problems differ signi�cantly even when the learner is provided some prior
knowledge. We believe this is the drawback of the asymptotic analysis that we look at here, since
these differences may indeed be small within a reasonable number of runs. This is exactly related to
the problem of misspeci�ed model that we mentioned in Footnote 3.

The next proposition re�nes the lower-bound of Proposition 2 to show the optimality of Proposition 1.

Proposition 5. Let � be a consistent algorithm over the class of1-sub-Gaussian uplifting bandits
that at most uses knowledge ofP0, (Va)a2A , and the fact that the noise is1-sub-Gaussian. Then,
for any K; m > 0 and sequence(L a ; � a)1� a� K 2 ([m] � R+ )K with � 1 = 0 , there exists a
1-sub-Gaussian uplifting bandit(K; m; (� a ; L a)a2A ) such that the regret induced by� on it satis�es

lim inf
T ! + 1

E[RegT ]
logT

�
X

a2A :� a > 0

2(L a)2

� a : (29)

Proposition 5 essentially posits that the regret must scale with the magnitudes of the noises, and
the stated lower bound(29)matches an expected version of(4) up to a constant factor. One way to
argue this lower bound holds is by reducing a carefully designed uplifting bandits with parameters
(K; m; (� a ; L a)a2A ) to aK -arms bandit with the corresponding noise scales. We will take a different
approach below which allows us prove all the lower bounds following the same schema.
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Remark1. Our lower bounds are derived with respect to the worst correlation structure of the noise.
It is also possible to obtain lower bounds that depend on the covariance of the noise. For example, if
the variables(ya(i )) i 2V are independent, the lower bound in (29) only scales linearly withL a .

D.2 A General Information-theoretic Lower Bound

To prove Proposition 2 and Proposition 5, we establish here a general lemma for deriving instance-
dependent lower-bounds for bandit problems with underlying variables, side observations, and prior
knowledge on the distribution of the variables. In particular, uplifting bandit can be viewed as a
special case of this model.

Let y = ( y(1); : : : ; y(m)) be a random vector ofm variables that entirely determines the reward
so that we can writer = ' (y) for some deterministic reward function' : Rm ! R. Let Pa be
the distribution of actiona on the underlying variables andP0 be the baseline distribution on these
variables. At each round after taking an action, the learner observes a vector inRd that is itself a
function of the variables, written aso(y) whereo: Rm ! Rd is the observation function. The decision
of which action to take can then only be based on the interaction history(a1; o(y1); : : : ; at � 1; o(yt � 1))
and some prior knowledge of the learner about the distributions of the variables�( P0; : : : ; PK ).8

A class of action distributions is de�ned asB = M 0 � � � � � M K where eachM a is a set of
distributions onRm . We say thatB is indistinguishable under� if for all P� = ( Pa)a2A 0 ; Q� =
(Qa)a2A 0 2 B we have�( P0; : : : ; PK ) = �( Q0; : : : ; QK ). A bandit problem with underlying
variables, side observations, and prior knowledge on the variable distribution is thus de�ned by the
quadruple(B; '; o; �) . A policy � is said to beconsistentover(B; ' ) if for all p > 0 and all instance
of (B; ' ), the regret of� on the instance satis�esRegt = o(tp). A policy � is compatible with
observationo and prior knowledge� if it can be implemented by a learner that observeso(y) and
has prior knowledge�( P0; : : : ; PK ).

By abuse of notation, for any distributionsP on Rm we will write ' (P) = Ey �P (' (y)) as the
expected reward when the variables follow distributionP whenever this quantity is de�ned. We
also writePo as the pushforward ofP alongo. Let M be a set of distributions such that' (P) is
well-de�ned for anyP 2 M . Let r ? 2 R andP 2 M such that' (P) < r ?. The following quantity
is crucial to the analysis

dinf (P; M ; r ?; '; o ) = inf
Q2M

f DKL (Po; Qo) : ' (Q) > r ?g;

whereDKL (Po; Qo) denotes the KL divergence ofPo from Qo. Intuitively, it quantities how dif�cult
it is to learn that the expected reward' (P) is smaller thanr ? (smaller the value ofdinf the more
dif�cult it is). The next lemma is a straightforward adaptation of [9, Th. 1]/[26, Th. 16.2] to our
model. It provides a lower bound on the asymptotic regret
Lemma 4. LetB = M 0 � � � � � M K be a class of action distributions and' be the reward function.
Let � be a consistent algorithm over(B; ' ) that is compatible with prior knowledge function� and
observation functiono. Then, ifB is indistinguishable under� , for all P� 2 B, it holds that

lim inf
T ! + 1

E[RegT ]
logT

�
X

a2A :� a > 0

� a

dinf (Pa ; M a ; r ?; '; o )
: (30)

Proof. The proof follow closely the one presented in [26]. The key observation is that the same proof
still carries out if we have a random vector and our reward and observation depends on this random
vector. In particular, letQ(�; P� ) andQ(�; Q� ) be the probability measure on the actions and the
observations induced by the interaction of the policy with the bandit instances(P� ; ' ) and(Q� ; ' )
for P� ; Q� 2 B. The assumption that� is compatible witho and� and thatB is indistinguishable
under� allows us to writeq�; P � (a1; o1; : : : ; aT ; oT ) =

Q T
t =1 � B

t (at ja1; o1; : : : ; at � 1; ot � 1)pa t
o (ot ),

whereo1; : : : ; oT are the observations of the learner,q�; P � andpa t
o are respectively the probability

density functions ofQ(�; P� ) andPa
o , and� B

t = � t; �( P � ) = � t; �( Q � ) is a probability kernel that
can be chosen using prior knowledge.9 We have a similar decomposition forq�; Q � . Then, following

8For our purpose, we can regard this as a partition of the set of all bandit instances that the learner may
encounter.

9Many technical details are omitted here. We refer the interested readers to [26] for a rigorous treatment of
such proof.
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the proof of [26, Lem. 15.1] we get immediately

DKL (Q(�; P� ); Q(�; Q� )) =
X

a2A

E�; P [N a
T ]DKL (Pa

o ; Qa
o):

In the above,E�; P means that the expectation is taken with respect toQ(�; P� ). The proof can be
completed in the same way as done for [26, Th. 16.2].

D.3 Lower Bounds for Uplifting Bandits– Proof

The following proposition embraces both Proposition 2 and Proposition 5.

Proposition 6. Let � be a consistent algorithm over the class of1-sub-Gaussian uplifting bandits
that at most uses knowledge ofP0, (Va)a2A , and the fact that the noise is1-sub-Gaussian. Then,
for any K; m > 0 and sequence(L a ; � a)1� a� K 2 ([m] � R+ )K with � 1 = 0 , there exists a
1-sub-Gaussian uplifting bandit(K; m; (� a ; L a)a2A ) such that the regret induced by� on it satis�es

lim inf
T ! + 1

E[RegT ]
logT

�
X

a2A :� a > 0

2(L a)2

� a : (31)

Moreover, if� can be implemented under either of the following conditions

(a) Only the reward is observed.

(b) The learner does not have any prior knowledge about the arms' expected payoffs.

Then, there exists a1-sub-Gaussian uplifting bandit with parameters(K; m; (� a ; L a)a2A ) where
the regret of� is

lim inf
T ! + 1

E[RegT ]
logT

�
X

a2A :� a > 0

2m2

� a : (32)

Proof. Let r ? = 1 + max a2A � a > 0. Throughout the proofs, the lower bound will be shown for
problem instances with� 0(i ) � 0 and the following mean values fora 2 A

� a(i ) =

8
<

:

r ? � � a

L a if 1 � i � L a ;

0 if L a + 1 � i � m:
(33)

By construction, we have� a(i ) 6= � 0(i ) if and only if 1 � i � L a and thus the number of mean-
affected variables ofa is exactlyL a . Clearly,1 is an optimal action and the suboptimality gap of
actiona is � a .

Next, we will need to de�ne the classes of action distributionsB1; B2; B3 that we will use for proving
(31), (a)-(32), and (b)-(32). To begin, we want these classes to be indistinguishable under a certain
prior knowledge function, and since we allow the learner to know the baseline distribution,M 0 must
be a singleton. As forM a , it will take the formM a = fN (�; � a) : � 2 Uag for some mean vector
setUa � Rm and covariance matrix� a 2 [0; 1]m � m to be speci�ed. This implies that every noise
variable� a(i ) is 1-sub-Gaussian and thus� is consistent in each of these classes. Moreover, the
classes will also be de�ned in such a way that when the mean values are taken as in(33), P0 andPa

indeed have the same marginal distribution on all but the �rstL a variables.

The Importance of Limited Number of Affected Variables. To prove(31), we let the unique
element ofM 0 be the Dirac measure that assigns full weight to the point(0; : : : ; 0). For anya 2 A ,
we de�neUa = ( R n f 0g)L a

� f 0gm � L a
and block matrix� a such that� a(i; j ) = 1f max(i; j ) �

L ag. In other words, the random variableya can be written in the following form

ya(i ) =
�

� a(i ) + � a if 1 � i � L a ;
0 if L a + 1 � i � m;

where� a is Gaussian with zero mean and unit variance. Notice that the same noise applies to all
the affected variables. By construction, everyPa 2 M a has exactly the �rstL a variables affected,
i.e.,Va = f 1; : : : ; L ag. ThusB1 de�ned in this way is indistinguishable under prior knowledge on
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baseline distributionP0 and the sets of affected variables(Va)a2A . To conclude, we would like to
apply Lemma 4. For this, we observe that for anyPa ; Qa 2 M a with means� a and� a , it holds10

DKL (Pa ; Qa) =

8
<

:

~� 2

2
if � a(i ) � � a(i ) = ~� for all i 2 f 1; :::; L ag;

+ 1 otherwise:
(34)

With this we see immediately that forPa with mean values (33), we have
dinf (Pa ; M a ; r ?; (+) ; Id) = � a=(2(L a)2), where (+) and Id are respectively the sum and
the identity function that gives the reward and the observations of the learner. Plugging this into(30)
gives exactly (31).

The importance of Side Observation.To constructB2, we draw the same noise for all the variables.
In terms of covariance matrix, this means all the entries of� is equal to1. The baseline distribution is
P0 = N (0; �) and for everya, we set� a = � and choose againUa = ( Rnf 0g)L a

�f 0gm � L a
. This

time, only the reward, that is, the sum of the variables, is observed, and the distribution of the reward at
actiona is N (r ? � � a ; m2). For any two real numbers
; 
 0, one hasDKL (N (
; m 2); N (
 0; m2)) =
(
 � 
 0)2=(2m2). Thereforedinf (Pa ; M a ; r ?; (+) ; (+)) = � a=(2m2) for Pa with mean values
(33). Notice thatB2 is also indistinguishable under prior knowledge on the baseline distribution and
on the sets of affected variables(Va)a2A , and thus Lemma 4 can be applied, leading to (32).

The Importance of Some Prior Knowledge on How the Variables are Affected.The classB3 is
de�ned almost in the same way asB2 except for the fact that we now setUa = Rm for everya 2 A .
Our condition (b) postulates thatB3 is indistinguishable under the prior knowledge of the learner.
Similar to (34), for anyPa ; Qa 2 M a with means� a and� a , we now have

DKL (Pa ; Qa) =

8
<

:

~� 2

2
if � a(i ) � � a(i ) = ~� for all i 2 f 1; :::; mg;

+ 1 otherwise:
In particular, if� a is de�ned as in(33) and� a(i ) = � a(i ) + (� a + ")=m for all i for some" 2 R,
we haveDKL (Pa ; Qa) = (� a + ")2=(2m2). We deduce immediatelydinf (Pa ; M a ; r ?; (+) ; Id) =
� a=(2m2). Invoking Lemma 4 completes the proof.

E Case of Unknown Affected Variables: Scenario 2

In this second part of Section 6, we assume a lower bound on individual uplift is known. This means
the learner has access to� up > 0 satisfying that for alla 2 A andi 2 V a , j� a(i ) � � 0(i )j � � up.
This gives us an indicator on how many times we need to take each action in order to identify all the
affected variables. Similar assumption were made by Lu et al.[29] to identify which node in the
causal graph affects the reward variable.

Again in this scenario, we derive regret bounds for both when the baseline payoffs are known or
not to the learner. Our algorithms combine UCB, successive elimination [17], and the idea that the
affected variables can be identi�ed after an action is taken suf�ciently many times. Our regret bounds
feature the ratio� a=� up, suggesting that this knowledge is helpful when� up is relatively large.

Hereinafter, for anyx; �; � 2 R with � � � , we useclip(x; �; � ) to denote the clipping function
that restrictsx to the interval[�; � ], i.e.,clip(x; �; � ) = max( �; min( �; x )) .

E.1 Known Baseline Payoffs

As we have seen in Section 6, if the baseline payoffs� 0 are known, we can directly check whether
� 0(i ) is in the con�dence interval. Moreover, with the knowledgej� a(i ) � � 0(i )j � � up for all
i 2 V a , we deduce thatVa can be identi�ed correctly with probability1 � 2m� 0 after actiona is
takenN0 = d(8=� 2

up) log(1=� 0)e times. In fact, letya
1 ; : : : ; ya

N 0
beN0 i.i.d. realizations ofya � P a

and~� a
N 0

(i ) = (
P N 0

t =1 ya
t (i ))=N0 be the empirical mean of variablei . Applying the sub-Gaussian

concentration inequality (12) gives

P
�

j~� a
N 0

(i ) � � a(i )j �
� up

2

�
� 2 exp

 

�
N0� 2

up

8

!

� 2� 0: (35)

10This can for example be proved by applying the chain rule of KL divergence.
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Algorithm 5 UPUCB-iLift (b)

1: Input: Error probability� 0, Baseline payoffs� 0, Lower bound on individual uplift� up

2: Initialization: Take each action once; SetN0  d (8=� 2
up) log(1=� 0)eandbVa  V

3: for t = K + 1 ; : : : ; T do
4: Compute the UCB indices following (9)
5: Fora 2 A , compute uplifting index� a

t  
P

i 2 bV a (Ua
t (i ) � � 0(i ))

6: Select actionat 2 arg maxa2A � a
t

7: if N a t
t � N0 then

8: SetbVa t  f i 2 V : j�̂ a t
t (i ) � � 0(i )j > � up=2g

With a union bound we conclude that with probability at least1 � 2m� 0 it holds for all i that
j ~� a

N 0
(i ) � � a(i )j < � up=2. We distinguish between the following two situations

1. i 2 V a , thenj~� a
N 0

(i ) � � 0(i )j � j � a(i ) � � 0(i )j � j ~� a
N 0

(i ) � � a(i )j > � up �
� up

2
=

� up

2
.

2. i =2 V a , thenj~� a
N 0

(i ) � � 0(i )j = j~� a
N 0

(i ) � � a(i )j <
� up

2
.

This implies that with the choicebVa = f i 2 V : j~� a
N 0

(i ) � � 0(i )j > � up=2g, we have effectively

P( bVa = Va) � 1 � 2m� 0. One natural algorithm is to thus �rst pull each armN0 times and run
UPUCB(b) (Algorithm 3) in the remaining rounds by regardingbVa as the variables that actiona
affects. A direct computation shows that the regret of this algorithm is inO(

P
a2A :� a > 0(� a=� up +

L a)2 logT=� a).

However,N0 can be arbitrarily large when� up gets closer to0, and taking an action much fewer
times is probably suf�cient to deduce that action is not optimal (with high probability). We thus
propose to implement the above idea in a more �exible manner: We runUPUCB (b) with the uplifting
indices� a

t =
P

i 2 bV a
t
(Ua

t (i ) � � 0(i )) , where

bVa
t =

�
V if N a

t < N 0;
f i 2 V : j�̂ a t

t (i ) � � 0(i )j > � up=2g otherwise:

This algorithm is summarized in Algorithm 5 and has the following regret guarantee.

Theorem 3. Let � 0 = �=(2KmT ). Then the regret ofUPUCB-iLift (b) (Algorithm 5), with probabil-
ity at least1 � � , satis�es:

RegT �
X

a2A :� a > 0

�
8 clip(� a=� up; L a ; m)2 log(2KmT=� )

� a + � a
�

: (36)

Proof. As before, we prove(36) under the condition thatE de�ned in (17) occurs. Recall that we
have shown in the proof of Proposition 3 thatP(E) � 1 � � with our choice of� 0, so this effectively
leads to a high-probability regret bound.

In the following we assume thatE occurs and show that for any suboptimal actiona 2 A , it holds

N a
T � max

 

min

 
8 log(1=� 0)

� 2
up

;
8m2 log(1=� 0)

(� a)2

!

;
8(L a)2 log(1=� 0)

(� a)2

!

+ 1 : (37)

The inequality (36) then follows directly from (11) and a rearrangement of the terms.

We �rst claim that for anya 2 A if N a
t � N0 then bVa

t = Va . In fact, by the de�nition ofN0,
N a

t � N0 implies thatca
t < � up=2. Therefore, as argued in the text,i 2 bVa

t if and only if i 2 V a .
Since� a

t (i ) � � a
up(i ) for anya andi , this also proves that� a

t � r a
up always holds (we have either

bVa
t = V or bVa

t = Va).

Let t 2 f K + 1 ; :::; Tg be the last time that a suboptimal actiona is taken so thatN a
T = N a

t � 1 + 1 .
This indicates� a

t � � a?

t , and hence� a
t � r a?

up . We distinguish between the following two cases:
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Algorithm 6 UPUCB-iLift

1: Input: Error probability� 0, Lower bound on effect gap� up

2: Initialization: Sett  0, A 1  A , andN0  d (32=� 2
up) log(1=� 0)e

3: Phase I: Successive elimination
4: for ` = 1 ; : : : ; N0 do
5: if T � t � card(A ` ) then
6: Take each actiona 2 A ` once
7: Sett  t + card( A ` )
8: Compute the empirical estimates~r a

` for a 2 A ` and the radius of con�dence intervalc`

9: Update active setA ` +1  f a 2 A ` : ~r a
` + 2c` � maxa0 ~r a0

` g
10: else
11: TakeT � t actions fromA ` and terminate the algorithm
12: Phase II: UpUCB

13: Construct the setsbS(i ) as in (38) andbVa  f i 2 V : a =2 bS(i )g
14: for t = t + 1 ; : : : ; T do
15: Compute the UCB indices following (9),(39)
16: Fora 2 A N 0 +1 , compute uplifting index� a

t  
P

i 2 bV a (Ua
t (i ) � U0

t (i ))
17: Select actionat 2 arg maxa2A `

� a
t

1. N a
t � 1 < N 0: ThenbVa

t = V so� a
t =

P
i 2V (Ua

t (i ) � � 0) � r a
up + 2mca

t � 1, which in turn leads to
ca

t � 1 � � a=(2m), or equivalentlyN a
t � 1 � 8m2 log(1=� 0)=(� a)2.

2. N a
t � 1 � N0: ThenbVa

t = Va so� a
t =

P
i 2V a (Ua

t (i ) � � 0) � r a
up + 2L aca

t � 1, which in turn leads
to ca

t � 1 � � a=(2L a), or equivalentlyN a
t � 1 � 8(L a)2 log(1=� 0)=(� a)2.

Since we also haveN a
t � 1 < N 0 in the �rst case, the above gives

N a
t � 1 � max

�
min

�
N0 � 1;

8m2 log(1=� 0)
(� a)2

�
;

8(L a)2 log(1=� 0)
(� a)2

�
:

Plugging in the de�nition ofN0 we get immediately (37).

Theorem 3 shows that Algorithm 5 provides a smooth transition between standard UCB and the
strategy that identi�es the affected variables of all the actions. When� a=� up � m, the loss of taking
actiona is so large that UCB prevents it from being taken further even ifN a

t � N0. Otherwise, the
affected variables get identi�ed after an action is taken suf�cient number of times and the algorithm
bene�ts from this knowledge to improve the estimate of the uplift. It is also quite straightforward
to combine Algorithm 4 with Algorithm 5 when bothL and� up are known; this results in a regret
bound that replacesclip(� a=� up; L a ; m) by clip(� a=� up; L a ; L ) in (36).

E.2 Unknown Baseline Payoffs

Several additional challenges emerge when we want to adapt the aforementioned strategies to the
case where the baseline payoffs are unknown. First, without additional assumption, it is impossible
to tell whether two arbitrarily close estimates indicate the same effect of two actions on a variable.
Then, without a proper baseline to compare with, we can never exclude the possibility that all the
variables are affected by all the actions. To circumvent this issue, we make the following more
stringent assumption.

Assumption 1. The effect of any two actions on a variable differ by at least� up as long as one of them
affects this variable, i.e., for alla 2 A , i 2 V a , anda0 2 A n f ag, it holdsj� a(i ) � � a0

(i )j � � up.

In other words,� up is not only a lower bound on individual uplift, but also a lower bound on
(individual) effect gap. Second, with a UCB-style algorithm, the optimal actions may not be taken
suf�ciently many times, in which case we can only conservatively assume that they affect all the
variables. This would incur additional regret in the analysis when� 0 is unknown. Therefore, we
would like to ensure that all the (potentially optimal) actions are taken the same number of times at
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the point that the affected variables get identi�ed. This leads to a two-stage method as described in
Algorithm 6.

In the �rst stage, we perform successive elimination until the uneliminated actions are taken suf-
�ciently many times. Here~r a

` is the empirical estimate of the reward associated to actiona and
c` = m

p
2 log(1=� 0)=` is the associated radius of con�dence interval. Subsequently, for each

variablei 2 V we construct the set
bS(i ) = f a 2 A : 9 a0 2 A n f ag; Ca

t 0 +1 (i ) \ C a0

t 0 +1 (i ) 6= ? g; (38)

wheret0 is the number of iterations in the elimination phase and the con�dence intervals are de�ned
as in(9). If Assumption 1 is veri�ed, then with high probabilitya 2 bS(i ) only if i =2 V a . Therefore,
the observed results from these arms can be used to estimate the baseline payoff ofi . The identi�ed
variables for actiona 2 A are thenbVa = f i 2 V : a =2 bS(i )g.

The second stage of the algorithm reuses the idea fromUPUCB. We de�ne the UCB indices following
(9) for a 2 A and for the baseline estimate we choose amongbS(i ) the action that is taken the most
frequently whenever this set is non-empty. Otherwise we arbitrarily set it to0. That is,

U0
t (i ) =

(
0 if bS(i ) = ? ;

Ua0
t ( i )

t (i ) wherea0
t (i ) = arg max a2 bS( i ) N a

t � 1 otherwise:
(39)

The uplifting indices that guide the decision of the algorithm are de�ned by� a
t =

P
i 2 bV a

t
(Ua

t (i ) �

U0
t (i )) .

As shown below, the regret of Algorithm 6 takes roughly the same form as the one in Theorem 3, but
as in Theorem 1, the number of variables that an optimal action affects also plays a crucial role in the
regret bound.
Theorem 4. Let Assumption 1 hold and� 0 = �=(2KmT ). Then the regret ofUPUCB-iLift
(Algorithm 6), with probability at least1 � � , satis�es:

RegT �
X

a2A :� a > 0

 
8 clip(2� a=� up; L a + L a?

; 2m)2 log(2KmT=� )
� a + � a

!

: (40)

Proof. We shall again consider the eventE de�ned in (17), which holds with probability1 � � as
argued in the proof of Proposition 3. Leveraging the decomposition in(11) it is suf�cient to prove
that onE we have

N a
T � max

 

min

 
32 log(1=� 0)

� 2
up

;
32m2 log(1=� 0)

(� a)2

!

;
8(L a + L a?

)2 log(1=� 0)
(� a)2

!

+ 1 : (41)

We assumeE happens in the rest of the proof.

Let us �rst focus on the elimination phase, notice that eventE implies j~r a
` � r a j < c ` for every

a 2 A ` . In this case, the optimal actions never get eliminated. In fact, ifa? 2 A ` , then for alla 2 A `
it holds that

~r a?

` + 2c` � r a?
+ c` � r a + c` � ~r a

` ;
As a consequence, we also havea? 2 A ` +1 and we conclude by the principle of induction. With this
we further deduce that all actiona with � a � 4c` gets eliminated after it is taken at most` times. To
see this, notice that for such action we have

~r a
` + 2c` < r a + 3c` = r a?

� � a + 3c` < ~r a?

` � � a + 4c` � ~r a?

` :

Therefore, for allt in phase I of the algorithm, it is true that

N a
t � min

 &
32 log(1=� 0)

� 2
up

'

;
�

32m2 log(1=� 0)
(� a)2

� !

: (42)

This suggests that inequality (41) holds if the algorithm terminates in the elimination phase.

Otherwise, the algorithm constructsS(i )'s, bVa 's, and switches to theUPUCB phase. Let us denote
by S(i ) = f a 2 A : i =2 V ag the set of actions that do not affect variablei and letA res = A N 0 +1 be
the actions that remain after phase I. We argue that the setsbS(i ) are constructed such that whenE
occurs,
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(i) bS(i ) � S (i ).

(ii ) If there exista; a0 2 A res\ S (i ) such thata 6= a0 then we also havea; a0 2 bS(i ).

The second point is proved by observing that underE we must have� 0(i ) 2 Ca
t 0 +1 (i ) \ C a0

t 0 +1 (i )
if a; a0 2 A res\ S (i ). To show the �rst point, notice that after the elimination phase, each of the
action inA res is taken exactlyd(32=� 2

up) log(1=� 0)e times and thusca
t 0

� � up=4. By Assumption 1,
if a =2 S(i ), then for alla0 2 A res n f ag we havej� a(i ) � � a0

(i )j � � up, which along with the
de�nition of E impliesCa

t 0 +1 (i ) \ C a0

t 0 +1 (i ) = ? , and thereforea =2 bS(i ).

The rest of the proof follows closely that of Theorem 1. Suppose that a suboptimal actiona is taken
at roundt during phase II of the algorithm. This means� a

t � � a?

t (recall thata? 2 A res sinceE
happens), i.e., X

i 2 bV a

(Ua
t (i ) � U0

t (i )) �
X

i 2 bV a ?

(Ua?

t (i ) � U0
t (i )) :

Rearranging the terms we get
X

i 2 bV a

Ua
t (i ) +

X

i 2 bV a ? nbV a

U0
t (i ) �

X

i 2 bV a ?

Ua?

t (i ) +
X

i 2 bV a nbV a ?

U0
t (i ):

If i 2 bVa?
n bVa thena 2 bS(i ). In particular, bS(i ) 6= ? soa0 = a0

t (i ) = arg max ~a2 bS( i ) N ~a
t � 1 is

well-de�ned andU0
t (i ) = Ua0

t (i ). With bS(i ) � S (i ) we know that� a0
(i ) = � 0(i ) and accordingly

j� a0

t � 1(i ) � � 0(i )j � ca0

t � 1 by the fact thatE happens. This showsU0
t (i ) � � 0(i ). Moreover,

N a0

t � N a
t by the choice ofa0; hence,U0

t (i ) � � 0(i ) + 2 ca0

t � 1 � � 0(i ) + 2 ca
t � 1. The same argument

applies toi 2 bVa n bVa?
, and the UCB indices ofa anda? can be bounded from above and below as

in previous proofs. In summary, we obtain
X

i 2 bV a

(� a(i ) + 2 ca
t � 1) +

X

i 2 bV a ? nbV a

(� 0(i ) + 2 ca
t � 1) �

X

i 2 bV a ?

� a?
(i ) +

X

i 2 bV a nbV a ?

� 0(i ):

Equivalently,

2 card
�

bVa [ bVa?
�

ca
t � 1 �

X

i 2 bV a [ bV a ?

� a?
(i ) �

X

i 2 bV a [ bV a ?

� a(i ): (43)

To conclude, we claim that
bVa [ bVa?

= Va [ V a?
: (44)

Let us �rst showVa � bVa � V a [ V a?
. The �rst inclusion is a consequence ofbS(i ) � S (i ):

i 2 V a =) a =2 S(i ) =) a 62bS(i ) =) i 2 bVa :

As for the second inclusion we prove it's contrapositive:

i =2 V a [ V a?
=) a; a? 2 A res\ S (i ) =) a; a? 2 bS(i ) =) i =2 bVa

Notice that the second implication holds becausea is suboptimal and in particulara 6= a?. The
inclusionVa?

� bVa?
� V a [ V a?

can be proved in a similar way, and combining these results gives
(44). Therefore, the right-hand side of(43) is exactly� a while the left-hand side of(43) is bounded
from above by2(L a + L a?

)ca
t � 1. In consequence,

N a
t � 1 �

8(L a + L a?
)2 log(1=� 0)

(� a)2 :

Therefore, any suboptimal action that gets taken in the UPUCB phase satis�es

N a
T �

8(L a + L a?
)2 log(1=� 0)

(� a)2 + 1 :

On the other hand, if an suboptimal action is not taken in theUPUCB phase then(42)applies, so in
either case (41) is veri�ed, which concludes the proof.
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Algorithm 7 C2UPUCB: Case of single treatment

1: Input: Budget constraintL , Parameters for computing the UCBs indices
2: for t = 1 ; : : : ; T do
3: for i 2 V do
4: Compute UCB indices(Uz

t (i )) z2f 0;1g

5: Compute uplifting index� t (i ) { � t (i ) = U1
t (i ) � U0

t (i )}
6: SetVt  arg maxS�V ;card( S) � L

P
i 2S � t (i )

7: Select actionat = ( 1f i 2 Vt g) i 2V {this de�nes the set of treated customers}

Remark2. A natural candidate forU0
t (i ) is the one that uses aggregated information as in(5). The

problem of this choice is that how we aggregate the observations collected in the �rst phase are
only determined at the end of the the phase, while this choice itself depends on these observations.
Mathematically, this prevents us from de�ning a suitable martingale difference sequence for which
we establish concentration bound. An easy �x is to only aggregate observations from the second
phase, while the use of the observations from the �rst phase should be limited to those coming from
just one arm.

F Contextual Combinatorial Uplifting Bandits

To demonstrate the �exibility of our framework, we consider in this section another contextual
extension that tackles the problem of targeted campaign. Throughout the section, we refer to
the variables as individuals (customers) that we may want to treat (serve) with some treatment
(campaign). To improve the overall return on investment, it is often bene�cial to treat only a subset
of the individuals. The bandit problem thus consists of �nding the right set of individuals to treat at
each round. We formalize this model and provide a template algorithm for solving the problem in
Appendix F.1. Subsequently, we specify the algorithm for the case of linear expected payoffs and
present some associated analysis in Appendix F.2. Numerical experiments conducted with the Criteo
Uplift Prediction Dataset are presented in Appendix F.3.

F.1 Model and Algorithm Template

Let us consider a pool ofm individuals that may change from round to round, associated with
(time-dependent) contexts(x t (i )) i 2V with x t (i ) 2 Rd. At each round, the learner selects at mostL
individuals to treat. If there is only a single treatment, the action set can be written asA = f a 2
f 0; 1gm : kak0 � Lg, wherekak0 is the number of non-zero coordinates ofa. In this form, thei -th
coordinate ofa is 1 if and only if individuali receives the treatment. Similar to before, the learner
observes the payoffs of all the individuals after treatments are applied.

We also make a practicalno interferenceassumption, that the payoff of each individual only depends
on whether they are treated or not (i.e., independent of others). Then, with the notations de�ned in
Section 7, we can de�ne functionsgz for z 2 f 0; 1g so thatf a(x t (i )) = ga( i ) (x t (i )) .11 Considering
the action of not treating any individual as the baseline, the uplift of actiona in roundt is given
by r a

up(x t ) =
P

i 2V a ga( i ) (x t (i )) � g0(x t (i )) , whereVa is the set of individuals treated by action
a. For UCB-type methods, we should thus provide upper con�dence boundsUz

t (i ) for gz (x t (i )) .
Depending on whether the baseline function is known or not, we may subtractg0(x t (i )) or U0

t (i )
from U1

t (i ) to compute the uplifting indices for each individual. The algorithm then chooses theL
individuals with the highest uplifting indices. We formalize the above explanation in Algorithm 7,
and refer to the resulting algorithm as C2UPUCB, where C2 stands for “contextual combinatorial”.

The Case of Multiple Treatments. More generally, there may be a set of different treatments that
can be applied. Let us denote byZ = f 1; :::; qg this set of treatments, and writeZ0 = Z [f 0g,
where, as before,0 indicates that no treatment is applied to an individual. The underlying action set
is nowA = f a 2 (Z0)m : kak0 � Lg. Similarly, we associate each treatment with a functiongz .
The reward and the uplift of choosing actiona in roundt are given then by

r a(x t ) =
X

i 2V

ga( i ) (x t (i )) ; r a
up(x t ) =

X

i 2V a

ga( i ) (x t (i )) � g0(x t (i )) :

11Strictly speaking,f a is a function of(x t (i ); i ) here.
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Algorithm 8 C2UPUCB-M: Case of multiple treatments

1: Input: Budget constraintL , Parameters for computing the UCBs indices, Treatment setZ0
2: for t = 1 ; : : : ; T do
3: for i 2 V do
4: Compute UCB indices(Uz

t (i )) z2Z 0 for (gz (x t (i ))) z2Z 0 {use (47) for linear payoffs}
5: Compute uplifting indices(� z

t (i )) z2Z { � z
t (i ) = Uz

t (i ) � U0
t (i )}

6: Compute presumed optimal treatmentzt (i ) and uplifting index� t (i ) {use (45)}
7: SetVt  arg maxS�V ;card( S) � L

P
i 2S � t (i ) {this de�nes the set of treated customers}

8: Select actionat  (zt (i ) 1f i 2 Vt g) i 2V { at (i ) = zt (i ) if i 2 Vt ; at (i ) = 0 otherwise}

The new problem consists in �nding both the set of customers to treat and the treatments to apply to
these customers at each round. To adaptC2UPUCB to this situation, we de�ne a treatment-dependent
uplifting index� z

t (i ) = Uz
t (i ) � U0

t (i ) whereUz
t (i ) andU0

t (i ) are respectively upper con�dence
bounds onga( i ) (x t (i )) andg0(x t (i )) . Again, if g0 is known,U0

t (i ) can be simply taken asg0(x t (i )) .
Next, at each time stept, we de�ne the presumed optimal treatment for individuali and the associated
uplifting index as

zt (i ) = arg max
z2Z

� z
t (i ); � t (i ) = � zt ( i )

t (i ) = max
z2Z

� z
t (i ): (45)

The adaptedC2UPUCB algorithm then chooses theL customers with the largest uplifting index
and for each of these customers chooses their presumed optimal treatment. The resulting algorithm
(referred to as C2UPUCB-M) is summarized in Algorithm 8 .

F.2 Linear Expected Payoffs

To provide a concrete algorithm and its analysis thereof, let us assume thatgz is linear in the feature
vector with some unknown coef�cient vector� z , i.e.,gz (x t (i )) = h� z ; x t (i )i . Then, we can construct
upper con�dence bounds forgz (x t (i )) following the ideas of linear UCB [1]. To begin, for each
z 2 Z 0 andt 2 f 1; :::; Tg, we de�ne

Vz
t = f i 2 V : at (i ) = zg

as the set of customers that receive treatmentz in roundt. Fix a regularization parameter� > 0, we
further de�ne the followingd � d matrix andd-dimensional vector

V z
t = �I +

tX

s=1

X

i 2V z
s

xs(i )xs(i )> ; bz
t =

tX

s=1

X

i 2V z
s

ys(i )xs(i ): (46)

The regularized least-square estimate of� z is then given bŷ� z
t = ( V z

t ) � 1bz
t . The UCB index is of

the form
Uz

t (i ) = ĥ� z
t � 1; x t (i )i + � t kx t (i )k(V z

t � 1 ) � 1 : (47)

for some� t that is properly chosen.

Regret Guarantee. In this part, we provide regret analysis for Algorithm 8 wheni) the baseline
payoffs are unknown,ii ) the expected payoffs are linear, andiii ) the UCB indices are computed
following (47). For technical reasons, we will assume the noises� t (i ) to be mutually independent
(here� t (i ) = yt (i ) � h � z ; x t (i )i ). We comment on this assumption in Remark 3.

The theorem below establishes a high-probability regret bound forC2UPUCB-M when the above
conditions are satis�ed.

Theorem 5. Assume thatkx t (i )k � 1 for all t andi and(� t (i )) i 2V are mutually independent and
1-sub-Gaussian (conditioning on the past). LetS > 0 such thatk� zk � S for all z 2 Z 0. Then if
C2UPUCB-M (Algorithm 8) is run with the UCB indices de�ned in(47)under the parameter choices

� t =
p

�S +

s

2 log
�

q + 1
�

�
+ d log

�
1 +

mt
d�

�
;
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and� � L , it holds, with probability at least1 � � , that

RegT � 4

s

dL(q + 1) T log
�

1 +
LT
d�

�  
p

�S +

s

2 log
�

q + 1
�

�
+ d log

�
1 +

mT
d�

� !

:

(48)

Theorem 5 provides a regret bound in~O(
p

max(d; L)dqLT). We observe that the dependence onm
is only logarithmic. In fact,m plays no role in either the number of parameters to estimate (which is
(q+ 1) d) or the scale of the noise (which is inO(

p
L)). Ideally, we would like to remove completely

the dependence onm. However, we are not able to achieve this in our proof, and we leave whether
this is possible or not as an open question. Finally, due the mutual independence of noises, the regret
only scales with

p
L as long asL � d.

Remark3. The log(m) factor appears because�̂ 0
t is estimated using feedback from roughlymT

samples (see Lemma 5 below). This is also the reason why we need mutual independence of the
noises, since otherwise, this estimation may cause the regret to get

p
m larger. It can be easily veri�ed

that the dependence onm can be completely removed when the baseline payoffs are known and used
for computing the uplifting indices. In this case, we can also show if the noises are not mutually
independent, multiplying the second term of� t by

p
L still guarantees a regret in~O(dL

p
qT). What

is at stake here is Lemma 5 that we present below, as the size of the con�dence ellipsoid varies for
different underlying assumptions.

Analysis. To prove Theorem 5, we need to show thatUa
t (i ) as de�ned in(47) is indeed an upper

con�dence bound onh� z ; x t (i )i . This step is based on the following lemma which establishes the
con�dence ellipsoids of the estimated parameters. In fact,Ua

t (i ) de�ned in (47)can be regarded as
the largest estimated payoff that one can get from choosing a parameter from the con�dence ellipsoid.

Lemma 5. Assume thatkx t (i )k � 1 for all t andi and(� t (i )) i 2V are mutually independent and
1-sub-Gaussian (conditioning on the past). For allz 2 Z 0 and� 0 2 (0; 1), with probability at least
1 � � 0 it holds for all t that

k� z � �̂ z
t kV z

t
�

p
� k� zk +

s

2 log
�

1
� 0

�
+ log

�
det(V z

t )
� d

�

�
p

� k� zk +

s

2 log
�

1
� 0

�
+ d log

�
1 +

mt
d�

�
:

Proof. This is an immediate corollary of [1, Th. 2]. Since(� t (i )) i 2V are mutually independent, we
can apply this theorem by arranging(� t (i )) i 2V z

t
in some arbitrary order� t (i 1); : : : ; � t (i card( V z

t ) ) so
that� t (i k ) is 1-sub-Gaussian conditioning on(

S
s<t f � s(i ) : i 2 V z

s g) [f � t (i k 0)g1� k 0� k .

For the second inequality, we notice thattr( V z
t ) � d� +

P t
s=1

P
i 2V z

s
kx t (i )k2 � d� + mt . It thus

follows from the AM–GM inequality on the eigenvalues ofV z
t , det(V z

t ) � (tr( V z
t )=d)d.

The lemma below will also be useful for bounding the regret.

Lemma 6. Consider subsets of the variablesV1; : : : ; VT � V and de�ne Vt = �I +P t
s=1

P
i 2V s

xs(i )xs(i )> . If � � maxt 2 [T ] card(Vt ) and kx t (i )k � 1 for all t and i , it holds
that

TX

t =1

X

i 2V t

kx t (i )k2
V � 1

t � 1
� 2 log

�
det(VT )

� d

�
� 2d log

 

1 +
P T

t =1 card(Vt )
d�

!

:

Proof. For all t � 1, we have

Vt = Vt � 1 +
X

i 2V t

x t (i )x t (i )
> = V 1=2

t � 1

 

I +
X

i 2V t

V � 1=2
t � 1 x t (i )x t (i )

> V � 1=2
t � 1

!

V 1=2
t � 1
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Thus, withwt (i ) = V � 1=2
t � 1 x t (i ), we get

det(Vt ) = det( Vt � 1) det

 

I +
X

i 2V t

wt (i )wt (i )
>

!

: (49)

Regardingf wt (i )gi 2V t as column vectors, we denote by their horizontal concatenation asW 2
Rd� m t , wheremt = card( Vt ). We haveWW > =

P
i 2V t

wt (i )wt (i )
> . Let the eigenvalues of

WW > be denoted by� 1; : : : ; � d, then clearlydet(I + WW > ) =
Q d

k=1 (1 + � k ). On the other
hand,

P d
k=1 � k = tr( WW > ) = tr( W > W ) =

P
i 2V t

kwt (i )k2. From the non-negativity of the
eigenvalues ofWW > , we obtain

det(I + WW > ) =
dY

k=1

(1 + � k ) � 1 +
dX

k=1

� k = 1 +
X

i 2V t

kwt (i )k2 = 1 +
X

i 2V t

kx t (i )k2
V � 1

t � 1
: (50)

Applying (49) and (50) recursively leads to

det(VT ) � det(�I )
TY

t =1

 

1 +
X

i 2V t

kx t (i )k2
V � 1

t � 1

!

= � d
TY

t =1

 

1 +
X

i 2V t

kx t (i )k2
V � 1

t � 1

!

: (51)

We now turn back to bound
P

i 2V t
kx t (i )k2

V � 1
t � 1

. Since� � maxt 2 [T ] card(Vt ) andkx t (i )k � 1, we

have
X

i 2V t

kx t (i )k2
V � 1

t � 1
= min

 

1;
X

i 2V t

kx t (i )k2
V � 1

t � 1

!

� 2 log

 

1 +
X

i 2V t

kx t (i )k2
V � 1

t � 1

!

: (52)

Combining(51)and(52)we get the �rst inequality. The second inequality is proved as in Lemma 5.

We are now ready to prove Theorem 5. The �rst part of the proof reuses the trick that we have seen
several times before, notably in the proof of Theorem 1. We rearrange the UCB indices and show
that the suboptimality gaps can be bounded from above by the sum of the radii of certain con�dence
intervals. The details will be omitted. Next, we apply Lemma 6 to bound the sum of these upper
bounds and conclude.

Proof of Theorem 5.For anyz 2 Z 0, choosing� 0 = �=(q + 1) in Lemma 5 gives

P
�

f9 t; k� z � �̂ z
t k2

V z
t

> � t

�
�

�
q + 1

:

With a union bound we thus deduce that with probability at least1� � , the inequalityk� z � �̂ z
t k2

V z
t

� � t

holds for allt andz. This also implies that for allt andz, we have

jh� z ; x t (i )i � h �̂ z
t � 1; x t (i )ij � � t kx t (i )k(V z

t � 1 ) � 1 (53)

In the following, we will prove(48) under the condition that(53) holds, which happens with
probability at least1 � � as we just showed.

Let t � 1 and a?
t 2 arg maxa2A

P
i 2V h� a( i ) ; x t (i )i be an optimal action of this round. The

algorithm choosesat that maximizes� a
t =

P
i 2V a (Ua

t (i ) � U0
t (i )) , and thus

X

i 2V a t

(Ua t ( i )
t (i ) � U0

t (i )) �
X

i 2V a ?
t

(Ua?
t ( i )

t (i ) � U0
t (i )) : (54)

On the other hand, inequality (53) can be rewritten as

Uz
t (i ) � 2� t kx t (i )k(V z

t � 1 ) � 1 � h � z ; x t (i )i � Uz
t (i ): (55)

Combining (54) and (55) and rearranging, we get
X

i 2V

h� a?
t ( i ) � � a t ( i ) ; x t (i )i =

X

i 2V a t [ V a ?
t

h� a?
t ( i ) � � a t ( i ) ; x t (i )i �

X

i 2V a t [ V a ?
t

2� t kx t (i )k(V a t ( i )
t � 1 ) � 1 :
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Summing the above fromt = 1 to T and applying the Cauchy–Schwarz inequality, we obtain
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Since� � L , by Lemma 6, for allz 2 Z it holds that

TX

t =1

X

i 2V z
t

kx t (i )k2
(V z

t � 1 ) � 1 � 2d log
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Similarly, let us de�neeV 0
t = �I +

P t
s=1

P
i 2V a ?

t nV a t
xs(i )xs(i )> . Using eV 0

t 4 V 0
t and invoking

Lemma 6 withVt  V a?
t n Va t gives

TX

t =1

X
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t nV a t

kx t (i )k2
(V 0

t � 1 ) � 1 �
TX
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�
:

Putting the above three inequalities together, we get exactly (48).

F.3 Experiments for Targeted Campaign with Criteo Uplift Dataset

In this section, we provide experiments for the contextual combinatorial uplifting model using the
Criteo Uplift dataset. At each round,100individuals are sampled from the dataset and the problem
consists in choosing10 of them to treat so that the number of visits over the100 individuals is
maximized. Here, we compare our methods based onC2UPUCB (Algorithm 7) with approaches
based on greedy and"-greedy (see [26] for a description) that are more appropriate baselines in this
setup. Again, our results are averaged over100independent runs and the shaded areas of the plots
represent the standard errors.

Algorithms. In all the considered algorithms, the learner learns a logistic model based on the
feedback they have received from the individuals they select to treat.12 If the baseline model is
unknown, the learner also learns a baseline logistic model based on the feedback received from
the individuals they do not treat. In the following, we will denote respectively byĝ1

t andĝ0
t the

conditional probability functions of the two �tted models using data up to and including roundt.
When the baseline model is known, we denote byg0 its conditional probability function. The methods
that we look into in this experiment mainly differ in how they select individuals in each roundt, as
we detail below. As before, we use the suf�x (bl) to indicate modi�cation of the respective algorithm
to the case where the baseline payoffs are known.

• Greedy (bl): The learner chooses the10 individuals with the largest estimated upliftsĝ1
t � 1(x) �

g0(x).

• " -greedy (bl): The learner reserves a exploration budgetbwhereb is sampled fromB (10; " ) the
binomial distribution with parameters10 and". 10� b individuals are chosen greedily as in the
greedy strategy while the remainingb individuals are randomly sampled from those that have not
been selected.

• " -greedy: For the greedy selection part in" -greedy, the estimated uplifts are computed byĝ1
t � 1(x)�

ĝ0
t � 1(x).

12Logistic models were also considered in the original Criteo dataset paper [15] to compute uplifts.
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(a) Logistic models only used to generate counterfactual outcomes.

(b) Logistic models used to generate all the outcomes.

Figure 4: Results on the targeted campaign experiment. For the top row the logistic models are only used to
generate counterfactual outcomes, and in the bottom row all the outcomes are generated using the predicted
conditional probabilities of the logistic models. We plot regret computed using the predicted uplifts and the
realized rewards, and the predicted uplift averaged over all the treated individuals.

• C2UPUCB (bl): For each individuali we de�ne their uplifting index� a
t (i ) = ĝ1

t � 1(x) +
� kx t (i )k(V 1

t � 1 ) � 1 � g0(x) whereV 1
t � 1 is de�ned following (46) with � = 1 and� is a explo-

ration parameter to be tuned. The algorithm consists in choosing the10 individuals with the largest
uplifting indices.

• C2UPUCB: It works in the same way as C2UPUCB with baseline knowledge but the uplifting
index is now de�ned by� a

t (i ) = ĝ1
t � 1(x) + � kx t (i )k(V 1

t � 1 ) � 1 � ĝ0
t � 1(x) � � kx t (i )k(V 0

t � 1 ) � 1 ; that
is, it is computed as the difference between two upper con�dence bounds.

• C2UCB: It works in the same way asC2UPUCB but the baseline is ignored, so� a
t (i ) = ĝ1

t � 1(x) +
� kx t (i )k(V 1

t � 1 ) � 1 . The linear variant of this algorithm was introduced in [32] for contextual
combinatorial bandits.

Note that as the reward comes from a logistic model, we use a logistic regression for the bandit
model based on the idea of GLM-UCB [18]. For the results, we select the optimal parameters from
" 2 f 0:05; 0:1; 0:2; 0:3g and� 2 f 0:5; 1; 2; 3g. More details on the tuning of the parameters are
provided in Appendix G.1, and the chosen optimal parameters are reported in Table 3.

Data Preprocessing. For this experiment, we normalize the data so that the features are contained
in the range[0; 1]. Moreover, we also subsample the dataset to increase the visit rate to0:25. In fact,
we found the logistic models to perform very poorly on the original dataset (with a f1-score around
0:4) due to its small visit rate at0:04.

Feedback. We consider two ways to use the �tted logistic models

1. The logistic models are only used to generate the counterfactual outcomes. That is, the feedback
of an individual is sampled from the Bernoulli distribution with mean predicted by either of the
models only if the learner decides to treat the individual while the individual is not treated in the
dataset or vice-versa.

2. The logistic models are used to generate all the outcomes.

Results. In Fig. 4 (Right), we plot the uplift averaged over all the individuals that have been treated
up to a time horizon by an algorithm. Higher this value is better it is because it means we are selecting
the individuals for which the treatment is the most effective. For comparison, we also indicate the
average uplift of random selection and an oracle strategy that always chooses the10 individuals
with the highest uplifts. BothC2UPUCB and"-greedy beat greedy and random selection, which
demonstrates the bene�t of considering a bandit model for this problem."-greedy turns out to be
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Table 3: Parameter values used for the reported experimental results. TS stands for Thompson sampling. Please
refer to the text for a explanation on what is the parameter that we tune for each of the algorithms.

Non-contextual UCB UPUCB (b) UPUCB UPUCB-nAff (b) UPUCB-nAff TS

Gaussian 2 5 3 5 3 8� 10� 2

Bernoulli 7 � 10� 7 8 � 10� 5 8 � 10� 5 5 � 10� 7 2 � 10� 6 2 � 10� 7

Appendix H.4 0:6 0:5 0:4 1 0:9 7� 10� 2

Contextual C2UCB C2UPUCB (b) C2UPUCB "-greedy (b) " -greedy

Logistic for counterfactual 2 2 2 0.2 0.1
Logistic for all 2 2 2 0.2 0.2

quite competitive, butC2UPUCB still has a slight advantage no matter whether the baseline is known
or unknown.

For further comparison, we also plot the regret in terms of both the predicted uplifts (Left) and the
rewards that the learner actually receives (Middle) in Fig. 4.13 For the two regrets, we de�ne the
optimal action as the one that selects the10 individuals with the highest predicted uplifts. Then,
if the logistic models correctly predict the expected rewards, the regret in terms of the predicted
uplifts should be the expectation of the regret in terms of the realized rewards, and thus we should
get similar curves after averaging over100runs. This is indeed the case in Fig. 4b. Nonetheless,
when the outcomes also come from true data, selecting the samples with higher predicted uplifts
does not necessarily result in higher rewards, which explains the discrepancy between Fig. 4a (Left)
and Fig. 4a (Middle).C2UPUCB and"-greedy perform quite similarly here when we look at the
realized rewards. Since the ground truth outcomes cannot be perfectly predict by logistic models,
we also observe linear regret of all the algorithms in Fig. 4a (Left), while in Fig. 4b (Left), both
C2UPUCB-M and C2UPUCB achieves sublinear regret and performs much better than"-greedy.

In all the cases, Greedy and C2UCB perform poorly. This points out the importance of exploration
(which is taken into account by bandit algorithms) and uplift modeling in this problem. Finally, to
explain the surprising fact that an algorithm might perform better without knowledge of the baseline,
we look into the data and �nd out that samples with higher baselines often have higher uplifts.
Therefore, when the learner is provided with the baselines of the samples, they may avoid choosing
these samples at the beginning, which results a slower exploration and a worse performance.

G Additional Experimental Details

In this section, we present missing experimental details from Section 8. The code implementation of
the proposed methods is attached in supplementary material. All our experiments are run on amazon
m4.xlarge EC2 instances. The Criteo Uplift Prediction Dataset that we use for our experiments has
the `CC0: Public Domain' license.

G.1 Choice of Algorithm Parameters

As mentioned in the main text, we report the results for the parameters that yield the best average
performance. Precisely, we conduct100independent runs for each experimental setup, and in each
run, we �x the random seed and test all the candidate algorithms with their parameters chosen from
a prede�ned set. The performance of a speci�c parameter choice is then evaluated by the sum of
the mean and one standard deviation of the regrets of the �nal run. In fact, when the algorithm puts
too much weight on exploitation, we may get lower mean regret while the standard deviation gets
extremely large because the algorithm fails more frequently.

Below we explain in detail what are the parameters that we tune in the non-contextual experiments.
The optimal parameters that we have found are summarized in Table 3.

UCB and UPUCBs. For all UCB-type methods, we tune the exploration parameter� = 1=� 0, which
plays a crucial role in determining the widths of the con�dence intervals– see(3) and(5). Sinceca

t

13We use occasionally the term predicted uplift here to remind that they are computed using logistic models
�tted on the dataset and we do not have access to any type ofground-truthuplift.
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