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Abstract

We introduce a multi-armed bandit model where the reward is a sum of multiple
random variables, and each action only alters the distributions of some of them.
After each action, the agent observes the realizations of all the variables. This
model is motivated by marketing campaigns and recommender systems, where the
variables represent outcomes on individual customers, such as clicks. We propose
UCB-style algorithms that estimate the uplifts of the actions over a baseline. We
study multiple variants of the problem, including when the baseline and affected
variables are unknown, and prove sublinear regret bounds for all of these. We
also provide lower bounds that justify the necessity of our modeling assumptions.
Experiments on synthetic and real-world datasets show the benefit of methods that
estimate the uplifts over policies that do not use this structure.

1 Introduction

Multi-armed bandit (MAB) is an important framework for sequential decision making under un-
certainty [8, 24, 26]. In this problem, a learner repeatedly takes action and receives their rewards,
while the outcomes of the other actions are unobserved. The goal of the learner is to maximize
their cumulative reward over time by balancing exploration (select actions with uncertain reward
estimates) and exploitation (select actions with high reward estimates). MAB has applications in
online advertisement, recommender systems, portfolio management, and dynamic channel selection
in wireless networks [7].

One prominent question in the MAB literature is how the dependencies between the actions can
be exploited to improve statistical efficiency. Popular examples include linear bandits [13] and
combinatorial bandits [10]. In this work, we study a different structured bandit problem with the
following three features: (i) the reward is the sum of the payoffs of a fixed set of variables; (ii) these
payoffs are observed; and (iii) each action only affects a small subset of the variables. This structure
arises in many applications, as discussed below.

(a) Online Marketing. An ecommerce platform can opt among several marketing strategies
(actions) to encourage customers to make more purchases on their website. As different customers
can be sensitive to a different marketing strategy, regarding each of them as a variable, it is natural to
expect that each action would likely affect only a subset of the variables. The payoff associated to a
customer can be for example the revenue generated by that customer; then the reward is just the total
revenue received by the platform.

(b) Product Discount. Consider a company that uses discount strategies to increase their sales. It is
common to design discount strategies that only apply to a small subset of products. In this case, we
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Algorithm | UCB | UPUCB(b) UPUCB | UPUCB-nAff | UPUCB-iLift

Affected variables known No Yes Yes No No
Baseline payoffs known| No Yes No No No
2 2 2 H — . 2
Regret Bound Nl KL KL Kclip( = y;Lim)

Table 1: Summary of our regret bounds for uplifting bandits. Constant and logarithmic factors are ignored
throughout. For simplicity, we assume here all actions affect exactfithem variables and all the suboptimal
actions have the same suboptimality gapK and , are respectively the number of actions and a lower
bound on individual uplift ( y is formally introduced in Appendix E). The operatdip restricts the value of

its rst variable to the range de ned by its second and third variatgés(x; ; ) =max( ; min( ;x)).

can view the sales of each product as a variable and each discount strategy as an action, and assume
that each action only has a signi cant impact on the sales of those products discounted by this action.

(c) Movie Recommendation. Consider a bandit model for movie recommendation where actions
correspond to different recommendation algorithms, and the variables are all the movies in the catalog.
For each user, de ne a set of binary payoffs that indicate whether the user watches a movie in the
catalog, and the reward is the number of movies from the catalog that this user watches. Since a
recommendation (action) for this user contains (promotes) only a subset of movies, it is reasonable to
assume that only their associated payoffs are affected by that action.

Our Contributions. To begin with, we formalize amiplifting bandit model that captures the
aforementioned structure, with the teomplift borrowed from the eld ofuplift modeling[20, 33

to indicate that the actions' effects are incremental over a certain baseline. The model is stochastic,
that is, the payoffs of the variables follow an unknown distribution that depends on the chosen action.
We study this problem under various assumptions on the learners' prior knowledge Bbtu (
baseline payoff of each variable ar®) (the set of affected variables of each action. Our rst result
(Section 3) shows that when both) @nd @) are known, a simple modi cation of the upper con dence
bound UCB) algorithm B] (Algorithm UPUCB (b)) for estimating the uplifts has a much lower
regret than its standard implementation. Roughly speaking, whirthe number of variables and

is the number of variables affected by each action, we @xil) regret bound instead @(m?).

This results in a major reduction far ~ m, and is a distinguishing feature of all our results.

Going one step further, we design algorithms that have minimax optimal regret bounds without
assuming that eithedj or (2) is known. When 1) the baseline payoffs are unknown a2 the
affected variables are known, we compute differencdg®@Bs to estimate the uplifts (Algorithrdp-

UCB). In contrast to standatdCB methods, these differences a@t optimistic, in the sense they

are not high-probability upper bounds on the estimated quantity. This construction re ects the fact
that the feedback for any single action also provides information about the baseline. @jitba (
affected variables are also unknown, we identify them on the y to maintain suitable estimates of
the uplifts. We study two approaches, which differ in what they know about the affected variables.
Algorithm UpUCB-nAff (Section 6) knows an upper bound on number of affected variables, whereas
Algorithm UpUCB-iLift (Appendix E) knows a lower bound on individual uplift. Our regret bounds

are summarized in Table 1. These results are further complemented with lower bounds that justify the
need for our modeling assumptions (Section 4). To demonstrate the generality of our setup and how
our algorithmic ideas extend beyond vanilla multi-armed bandits, we discuss contextual extensions of
our model in Section 7. The experiments in Section 8 con rm the bene t of our approach.

Related Work. The goals of both uplifting modeling aiMdAB is to help selecting the optimal action.

The former achieves it by modelling the incremental effect of an action on an individual's behavior.
Despite this apparent connection between the two concepts, few papers explicitly link them together.
We believe that this is because uplifting can be solved by classic bandit algorithms with a rede ned
reward. This approach was taken in [6, 34].

Instead, our paper focuses on bandit problems in which estimating the uplifts improves the statistical
ef ciency of the algorithms, and this is made possible thanks to the “sparsity' of the actions' effects.
Prior to our work, sparsity assumptions in bandits primarily concerned the sparsity of the parameter
vectors in linear bandit®[ 5, 21]. A notable exception is Kwon et g23] who studied a variant of

the MAB where the sparsity is re ected by the fact that the number of arms with positive reward
is small. Our work is orthogonal to all of these in that we look at a different form of sparsity. As



we will see in Section 7, while sparsity in parameter can be a cause of sparsity in action effect, the
improvement of regret is established with a different mechanism.

The additive structure of the reward and observability of individual payoffs also suggest some
similarity between our model and that of combinatorial semi-bantlits42, 31]. There, the learner
selects at each round a subset of ground items and the reward is generally de ned as the sum of the
payoffs of the selected items. However, this seeming similarity comes with an important conceptual
difference: the set of items, or variables, for which we observe the outcomes are selected in semi-
bandits, while for us they are xed and inherent to the reward generation mechanism. As an example,
in Application (c), combinatorial bandit models optimize the number of movies that are watched
among the recommended ones, while we also consider movies that are not recommended. In fact, as
argued by Wang et a]37], a recommendation is only effective if the user actually watches the movie
and would not watch it without the recommendation. We refer the readers to Appendix B for more
technical details and also a comparison with the causal bandit model.

Organization. We introduce our uplifting bandit model along with its various variations in Section 2.
Over Sections 3, 5, 6, we provide regret bounds for these variations, with a lower bound presented
in Section 4. We discuss contextual extensions in Section 7 and experimental results in Section 8.

2 Problem Description

We start by formally introducing our uplifting bandit model. We illustrate it in Fig. 1 and summarize
our notation in Appendix A. Contextual extensions of this model are discussed in Section 7.

A (K; m)-uplifting bandit is a stochastic bandit wikh actions andn underlying variables. Each
actiona 2 A = f1;:::;; K gis associated with a digéributidd® on R™ . At each round, the learner
chooses an actioa 2 A and receives rewand =, (i) whereV = f1;::;mgis the set of
all variables ang; = (y:(i))i2v P 2 is the payoff vectof. Our model is distinguished by two
assumptions that we describe below.

(D Limited Number of Affected Variables. LetV2® V be the subset of variables affected by
actiona andP? be the baseline distribution that the variables' payoffs follow when no action is
taken. By de nitionP2 andP° have the same marginal distribution @A := V n V2, the variables
unaffected by action.> While the above condition is always satis ed wkif = V, we are interested

in the case oL.2 = card(V?)  m, meaning only a few variables are affectedeoyWe de ne

L as a uniform bound oh?, so thatmaxgsa L2 L. For convenience of notation, we write
[T]:=f1,:;;TgandAy = A[f 0g, where0 is used for all the quantities related to the baseline.

(II) Observability of Individual Payoff. In addition to the reward;, we assume that the learner
observes all the payoffy:(i))iov after an action is taken in round

Uplift and Noise. Lety? = (y2(i))iov be a random variable with distributid®®. We de ne
a(i) = E[y2(i)] and a(i) = y2(i) a(i) respectively as the expected value and the noise
component of/2(i). We use 2 (resp. °) to denote the vector df 2(i))i2v (resp.( °(i))i2v ), and
referto © as the baseline payoffs. Tiedividual uplift associated to a pa{a;i) 2 A V is de ned
as oo(i) = 2(i) 9(i). An individual uplift can bepositiveor negative We obtain the (total)
uplift of an action by summing its individual uplifts over all the variables affected by that action
X X
Mip = ap(i) = (20 °a): 1)
p i2va i2va
Letr® = ,,, ?2(i) be the expected reward of an action or of pure observation. We also have
ré,=r2 r%since 2(i)= O(i) aslong as 2 V2.
A real-value random variabl¢ is said to be -sub-Gaussian if for all 2 R, it holdsE[exp( X )]
exp( 2 2=2). Throughout the paper, we assume tti) is 1-sub-Gaussian for ali 2 A ¢ and
i 2 V. Note that we do not assume tt{gt (i))ioy are independent, i.e., the elements in the noise
vector( 2(i))i2y may be correlated, for the following two reasons:

2The termgeward andpayoff distinguishr, and(y: (i))i2v .

3If the actions in fact have small impact on the variableégdn our model is misspeci ed and incurs additional
linear regret whose size is proportional to the impact of the action&or\n interesting question is how we
can design algorithms that self-adapt to the degree of misspeci cation.



(a) UPUCB: After suboptimal ac- (b) UPUCB-nAff(b): To compute
tion a; is taken, the con dence the uplifting index of an action, we
intervals of ( 2(i))ivar and identify a set of variables whose
( °())iav a?nvar  Shrink (from associated con dence intervals do
purple to pink). Hence the uplifting not contain the baseline payoff and
variables and each action affect;’:',ld_ex ofa; decreases while thgt of pad it with the varia_bles with the
L2 = 2 variables. Dash lines indi-2 ncreases (from dash to solid). largest UCBs on uplifts.

cate the variables' payoffs follow Figure 2: Explanation about/PUCB andUpPUCB-nAff (b) using model
the baseline distributioR ° by de- from Fig. 1. The ve vertical bars correspond to the ve actions while the
fault. y axis corresponds to the value of the payoff.

Figure 1: lllustration of the up-
lifting bandit model. This exam-
ple hasKk = 3 actions,m =5

» The independence assumption is not always realistic. In our rst example, it excludes any potential
correlation between two customers' purchases.

» While a learner can exploit their knowledge on the noise covariance matrix to reduce the regret, as
for example shown by Degenne and Perdhét, incorporating such knowledge complicates the
algorithm design and analysis. However, we believe this is an interesting future direction to pursue.

Regret. The learner's performance is characterized by their regret. To de ne it, we denote by
a’ 2 argmax,,, r? an action with the largest expected reward and by r2 = maxapa r2 the
largest expected reward. The regret of the learner @fteunds is then given by

R — ? % at — X )J — a.
egr =r’T re = 1fa; = ag % (2)
t=1 az2A t=1

where 2= r? r2isthe suboptimality gap of actica In words, we compare the learner's cumu-
lative (expected) reward against the best we can achieve by taking an optimal action at each round. In
the following, we also write = min 424 : a>o 2 for the minimum non-zero suboptimality gap

and refer to it as the suboptimality gap of the problem.

UCB for Uplifting Bandits. TheUCB algorithm H], at each round, constructs apper con dence
bound(UCB) on the expected reward of each action and chooses the action with the higliest

When applied to our model, we get a regret@fKm ?logT=) , as the noise in the reward is
m-sub-Gaussian (recall that we do not assume independence of the payoffs). However, this approach
completely ignores the structure of our problem. As we show in Section 3, we can achieve much
smaller regret by focusing on the uplifts.

Problem Variations. In the following sections, we study several variants of the above basic problem
that differ in the prior knowledge abo(P?) 24 , that the learner possesses.

(&) Knowledge of Baseline PayoffsWe consider two scenarios based on whether the learner knows
the baseline payoffs® := ( °(i))i»v or not.

(b) Knowledge of Affected Variables. We again consider two scenarios based on whether the
learner knows the affected variables associated with each d8fQg,a or not.

3 Case of Known Baseline and Known Affected Variables

We start with the simplest setting where both the affected variables and the baseline payoffs are known.
To address this problem, we make the crucial observation that for any two actions, the difference in
their rewards equals to that of their uplifts. As an important consequence, uplift maximization has
the same optimal action as total reward maximization, and we can replace rewards by uplifts in the

de nition of the regret(2). Formally, we writevrfjp = I, = MaXaza I, for the largest uplift; then

Regr = ru?pT thl ras- By making this transformation, we gain in statistical ef ciency because

4



P
rip = E[ java(Y2(V) 9(i))] can now be estimated much more ef ciently under our notion of
sparsity. Since both® and(V®)a2a are known, we can directly construct£B onrj,. For this,

we de ne for all roundd 2 [T], actionsa 2 A, and variables 2 V the quantities
S

2log(1= 9
NG

ys(i) 1fas = ag.

Xt
_ _ . oAA
N2= 1fag=ag ¢ = max(L;N&)

s=1

~3(i) =
s=1

®3)

where %> 0is a tunable parameter. In word$2, ~2(i), andc? represent respectively the number
of times that actiom is taken, the empirical estimate of (i), and the associated radius of con dence
interval calculated at the end of rouhdThe UCBJor actiora 2 A and variablé 2 V2 at roundt is
Ug@I)="¢ ((i)+ & . Wefurtherdene @ = 5, . (U2(i) 9(i)) as theuplifting index and
refer toUPUCB (b) as the algorithm that takes an action with the largest uplifting infleat each
roundt (Algorithm 3, Appendix A). Here, the suf x (b) indicates that the method operates with the
knowledge of the baseline payoffs.

P
SinceUPUCRB (b) is nothing but a standard UCB with transformed rewafds iy ar (Ye (i)
0(i)), andE[r{] = ra, de nes exactly the same regret as the original reward, a standard analysis for
UCB vyields the following result.

Proposition 1. Let °= =(2KT ). Then the regret ofJPUCB (b) (Algorithm 3, Appendix A), with
probability at leastl. ~ , satis es

X a _
Regr 8(L )Zloga(ZKT— )+ a . @

a2A : a>0

As expected, the regret bound does not dependhaand scales with.?. This is because the
transformed reward of actioa is only L2-sub-Gaussian. The improvement is signi cant when

L m. However, this also comes at a price, as both the baseline payoffs and affected variables need
to be known. We address thege shortcomings in Sections 5 and 6. On a side note, we remark that
observing the aggregated payoff;,,, ., y:(i) is suf cient for UPUCB (b), but this will not be the

case for the other algorithms presented in our paper.

Estimating Baseline Payoffs from Observational Dataln practice, the baseline payoff§ can

be estimated from observational data, which gives con dence intervals ¥igtlie in with high
probability. The uplifting indices can then be constructed by subtracting the lower con dence bounds
of Og) from U2(i). If the number of samples s, the widths of the con dence intervals are in
O(1="n). Identi cation of a is possible only when the sum of these widths dvemriables is at

most , which requires1 = ( L2= 2). Otherwise, these errors persist at each iteratiornamaist

be in the order of to ensureD (" T) regret.

Gap-Free Bounds.In Proposition 1, we state a high-probability instance-dependent regret bound,
and we will continue to do so for all the regret upper bounds that we present for the non-contextual
variants. This type of result can be directly transformed to bound[Beg; ] by taking = 1=T.
Following the routine of separating? into two groups depending on their scale, most of our proofs
can be modi ed to obtain a gap-free bound, which is usually in the ord&(af KT log(T)). We

will not state these results to avoid unnecessary repetitions.

4 Lower Bounds

In this section, we shortly discuss the necessity of our modeling assumptions for obtaining the
improved regret bounds of Proposition 1. The complete discussion appears in Appendix D.

Intuitively, the regret can be improved both because the noise in the effect of an action is small,
and because the observation of this effect does not heavily deteriorate with noise. These two points
correspond respectively to assumptignsand(ll) . Moreover, the knowledge aiv?),,4 allows

the learner to distinguish between problems with different structures. Without such distinction, there
is no chance that the learner can leverage the underlying structure. Therefore, the aforementioned
three points are crucial for obtainirfg). Below, we establish this formally for algorithms that are
consistenf24] over the class of-sub-Gaussian uplifting bandits, which means the induced regret of
the algorithm on any uplifting bandit wittrsub-Gaussian noise satis &eg = o(tP) forallp > 0.



Proposition 2. Let be a consistent algorithm over the classleSub-Gaussian uplifting bandits
that at most uses the knowledgePd¥, (V) 124 , and the fact that the noise issub-Gaussian. Let
K;m > Oand sequencf.?; 2); a k 2 ((Im] R:)K satisfy ! =0. Assume either of the
following holds.

(@) L2 = mforall a2 A, so that in the bandits considered below all actions affect all variables.
(b) Only the reward is observed.

(c) The algorithm does not make use of any prior knowledge about the arms' expected payoffs
( ®az2a (in particular, the knowledge dvV?);,y is not used by ).

Then, there exists &sub-GaussiaifK; m )-uplifting bandit whose suboptimality gaps and numbers
of affected variables are respecti[gfély ) az2a and(L?)a2a , such that the regret induced byon it

. . . 2
satis es:liminfr, +1 Seogel o 20

Proposition 2 states an instance-dependent lower-bound for a learner that may be equipped with full
knowledge of the baseline distributiérits proof is presented in Appendix D. At this point, what
remains unclear is whether similar improvement of the regret is still possible when the baseline is
unknown or when the learner only has access to more restricted knowledg&/®ag . We give

af rmative answers to these two questions in the next two sections.

5 Case of Unknown Baseline

In this section, we consider the situation where the learner knows the sets of affected variables
(V®)a2a , but not the baseline payoffs. Since the actual uplift at each round is never observed, the
uplifts of the actions can hardly be estimated directly in this case. Instead, we follow a two-model
approach. Leveraging the fact tiat andP? have the same marginal distribution @A, we can
estimate the baseline payoffs by aggregating information from the feedback of different actions. This
leads to

S

Xt —
NO()=  1fi2Veg &)= ”ﬁﬁ;%
s=1

Compared tq3), we notice that botiN? andc? are functions of. This is because for each taken
actiona, we only increase the countes’(i) for thosei 2 V2, which causes a non-uniform increase
of (N2(i))i2v - Then, by looking at all the rounds that variabls not in uenced by the chosen
action, we manage to computé(i), an estimate of °(i). To proceed, we de ne the following UCB
indices for all the pair§a;i) 2Ao V
8 . AT

<0 ifa=0andi2 _,, V¥
UR(@i) = "a i)+ &, ifa2 A andi 2V#?, (6)

"D (i)+ & (i) otherwise.

P . .
o1 Ys(i)1fi 2Vag

Ol ERI0)

®)

The second and the third lines (&) contain the usual de nition of UCBs using the empirical
estimates and the radii of the con dence intervals de ne{@)and(5). In the special case that a
variable is affected by all the actions, it is impossible to estiratg) but it is enough to compare

Ua(i) directly againstJao(i) for any two actions; a°2 A, so we just set)’(i) to 0 in this case.

We ogtline the proposed methodpUCB, in Algorithm 1. The uplifting indices are given by
&= . (UA(I) U2(i)). It may be counter-intuitive to compare the differences between two
UCBs. Indeed, { is no longer an optimistic estimate of the uplifting effefs, but it captures the
essential trade-off between learning actampayoffs and learning the baselin€. To provide some
intuition, we give an informal justi cation ofJPUCB in Fig. 2a: If a suboptimal actioais taken
in roundt, the estimates of alU2(i) move closer to the actual mean from above. As a res@lt,
decreases, since & (i) fori 2 V2 do. Thus actiora is less likely to be taken next. Moreovef,
increases, sincg’(i) decrease for anyaffected bya® but nota. Thusa’ is more likely to be taken
next. The effectiveness of R CB is con rmed by the following theorem.

40f course, the problem only becomes more challenging if the learner does not know the baseline distribution.



Algorithm 1 UPUCB

1: Input: Error probability ° the sets of variables each action affefsts : a 2 Ag
. Initialization: Take each action once

2

3

4. Compute the UCB igdices following (6)

5. Fora2A,set? v a (UR3) V()
6: Select actiora; 2 argmax,,a ¢

Theorem 1. Let °= =(4KLT ). Then the regret ofJPUCB (Algorithm 1) with probability at least
1 ,satises:

X a a’\2 —
Reg: 8(La+ L?) I:g(4KLT )+ a . 7
a2A: >0

Idea of proof. The full proof of Theorem 1 is presented in Appendix C.2, and proceeds as following.

1. With concentration of measure, we show that with probabdlity , it holdsj~2(i)  2(i)] ¢
andj~?(i)  °(i)j  cP(i) for all relevant estimates. It is thus suf cient to show tiiatholds when
these inequalities are satis ed.

. A suboptimal actiora Gsin only be taken if its uplifting index is larger than thatadf i.e., if

iy a (U2(1) Uto(i)) i2Va?(U{"?(i) Uto(i)). Rearranging, we get
X X ’ X
Ue@) + U2 (i) Ue (i) + UP(i): (8)
i2va i2va’nya i2va’ j2v apva?

Using the inequalities mentioned |9 the previous point add= rf}; rio» bounding the two sides
of (8), wededuce @  2L2CR 1+ |,y a7nva 260 4().

3. Note that for alli 2 V& n V2, whenever actioa is taken, the count dfld(i) also increa§es by.
We have thutN? (i) N2 ; andaccordinglg? ,(i) ¢ ;. Wethenget @ 2(L3+L%)& ;.
This allows us to bound the number of times that actios taken and conclude. O

As in Proposition 1, the regret of Theorem 1 iSKL ?logT=) . In fact, all decisions ityPUCB

are made on uncertain estimates of at nhogariables; thus the statistical ef ciency scales wlith

and notm. A detailed comparison with Proposition 1 reveals that the difference is in the order of
K (L2)2logT= ;thisis only signi cant when the optimal actions affect many more variables then
the suboptimal ones. Hence, the price of not knowing the baseline payoffs is generally quite small.

6 Case of Unknown Affected Variables

Now we study the more challenging setting where the affected vari@fgs,» are unknown to

the learner. Proposition 2 states that improvement is impossible if the learner does not have any
prior knowledge to exploit the structure. To circumvent this negative result, we study two weak
assumptions motivated by practice: learner has accegsaio ipper bound on the number of affected
variables orif) a lower bound on individual uplift. Due to space constraints, we only present the rst
setting here and defer the discussion of the other to Appendix E.

For the rest of this section, we assume that we know an upper bound on the number of affected
variables. (i.e.,L  maxaoa L?). We design algorithms wit® (KL ?logT=) regret bounds that
takesL as input. We consider the cases of known and unknown baseline payoffs.

Known Baseline Payoffs. To illustrate our ideas, we start by assuming that the baseline payoffs
are known. We propose an optimistic algorithm that maintaibkC8 on the total uplift with an
overestimate in the order &f. LetN?2, ¢, and”2(i) be de ned as in(3). The UCB, uplifting indices,

and the con dence intervals for each (action, variable) faii) 2 A V are

U =~E 1)+ o 5 f0)= VA0 %) QM= 1) & " 1D+ o 11 9)

In the rest of the paper, we refer t(i) as theindividual uplifting indexof the pair(a;i). Itis



Algorithm 2 UrPUCB-nAff

1: Input: Error probability ° Upper bound. on the number of variables that each action affects
2: Initialization: Take each action once

Choosdy 2 argmax,,» N& ; and compute UCBs and con dence intervals using (9)
fora2 A do
Setba f i2V :CQ(>)\CX()= g
Fori 2V, compute 2(i)  U2(i) U2 (i) P
SetL2  max(0; 2L card(*?g)) andLy  argmax_y, pa. cag(Ly e 2 o(0)
Compute uplifting index 2 202 [L @ a(i)
10:  Select actiora; 2 argmax,,, 2

© o NoaR

an overestimate of the individual upliff,(i). As for G(i), it is the con dence interval that®(i)
lies in with high probability. Our algorithmlJpUCB-nAff (b) with nAff for number of affected,
leverages two important procedures to compute an optimistic estimate of the §iplittenti cation
of affected variables, and padding with variables with the highest individual uplifting indices.

To begin,UPUCB-nAff (b) constructs the set aflenti ed variables*?ta =fi2Vv: °%i)2Ca()g

which is contained iV with high probability. In fact, by concentration of measure, with high

probability 2(i) 2 C&(i), in which case °(i) 2 C2(i) indicatesi 2 V2. However,t?ta is not

puaranteed to capture all the affected variables, so we also need to provide an upper bound for
i2v anba ap(i), the uplift contributed by the unidenti ed affected variables. Since the individual

uplifting index (i) is in fact aUCB on the individual uplift 5,(i) here anctard(V?) L, we can
simply choose thé card(b{j‘) variables inv nV{" with the largest {(i). Lt us refer to this set as
L2. We then get a prop&JCB on the uplift of actiora by computing & = 202 [L ¢ a(i). This
process is summarized in Algorithm 4 in Appendix A and illustrated in Fig. 2b.

Unknown Baseline Payoffs. Now we focus on the most challenging setting, where also the baseline
payoffs are unknown. In this case, neither the sets of identi ed variables nor the uplifting indices
of UPUCB-nAff(b) can be de ned. We also cannot estimate the baseline payoffs (Bjisgnce
the sets of affected variables are unknown. To overcome these challenges, we note that for any two
actionsa;a®2 A, 2and @ only differ onv2 [V a’, andcard(V2 [V ao) 2L. Therefore, # and

2’ differ in at most2L variables, and we recover a similar problem structure by taking the payoffs
of any action as the baseline.

Combining this idea with the elements that we have introduced previously, we alxbi@ B-nAff
(Algorithm 2). In each roundJPUCB-nAff starts by picking a most frequently taken actiar(Line

4) whose payoffs are treated as the baseline in that round. Then, in Lifd B; B-nAff chooses
variables that are guaranteed to be eithevdror V. This generalizes the identi cation step of
UPUCB-nAff (b). The individual uplifting indices 2(i) = U2(i) Utbt (i) are computed in Line 7.

The differences obJCBs are inspired by a similar constructionlitPUCB. Line 8 constitutes the
padding step, during which variables with the highest uplifting indices are selected, and nally in
Line 9 we combine the above to get the uplifting index of the action. To sedJwyCB-nAff is

similar to UrPUCB-nAff (b), suppose that one action has been taken frequently. Then the baseline
payoffs are precisely estimated and do not change much between consecutive rounds.

Regret. Both UPUCB-nAff (b) and UPUCB-nAff chooseO(L) variables for estimating the uplift

of an action, and the decisions are based on these estimates. Therefore, the statistical ef ciencies
of these algorithms only scale withand notm. This in turn translates into an improvement of the
regret, as demonstrated by the theorem below.

Theorem 2. Let °= =(2KmT ). Then the regret ofJPUCB-nAff (Algorithm 2) (respUPUCB-
nAff (b), Algorithm 4), with probability at least | satis es:

X L 2log(2KmT=) , ,

a 1

Regr (10)

a2zA: 23>0

where =512 (resp.32) in the above inequality.



Idea of proof. The full proof of Theorem 2 is presented in Appendix C.3. We outline below the main
steps to prove the result forf’l CB-nAff (b).

1. With concentration of measure, with probability it holds 2(i) 2 C2(i). Then, as explained

in the text,$2 v 2 and 2 is an upper bound orf,,; especially ta? rﬁg.
2. Fori 2 92, by de nition (i) 2 C2, from which we deduc®  2(i) 2c@ ,. With92 v 2

andL2 Vn V2 we ca)r(1 then write X
= c() i)+ () ripraLed o

iZVf‘[L a i2va i2L 2

We have also usechrd(V?) L,card(L?) L,and 2(i) aiy+2c ;.

3. Whenever a suboptimal actiens taken, we have? ta?. Combined with the two previous
point we then deduced?® 4Lc? ,. Subsequently, we bound the number of times that each
suboptimal actiora is taken to conclude. O

The proof of Theorem 2 is notable for two reasons. First, tracking of the identi ed variables guarantees
that the uplifting index & does not overestimate the uplift, too much. TakeJPUCB-nAff (b)

as an example. An alternative to constructind@B onr{ is to choose thé variables with the
highest individual uplifting indices2(i). However, this would result in a severe overestimate when a
negative individual uplift is present. Second, to pr¢¥8) for UpUCB-nAff, we use that the widths

of con dence intervals of the chosdm are always smaller than those of the taken action. This is
ensured by takinty as the most frequent action (Line 4 in Algorithm 2).

7 Contextual Extensions

In this section, we brie y discuss potential contextual extensions of our model; a detailed case study
is presented in Appendix F. As in contextual bandits, context is a side information that helps the
learner to make a more informed decision, which results in a higher reward. To incorporate context,
one possibility is to associate each variable with a feature vag(oy 2 RY. The subscript indicates

that the context can change from one round to another. We also associate each action with a function
f @ so that the expected payoff of actiaracting on a varialge with featuse (i) is f 2(x;(i)). The

expected reward of choosirggat roundt is thenr®(x;) = = ;,, T #(X¢(i)). The optimal action
in roundt is a7 = arg m?;(aZA r&(x¢) and the regret of a learner that takes the act{@pg, rj is
givenbyRegr = [ oy (FR(xe(i) T2 (xe(i)).

The key structure in our model (Section 2) is that there exists a baseline payoff vestach that
for any given actiora, 2(i) = 9(i) holds for mosi 2 V. Given context, this translates into the
existence of a baseline functiéf such that for any givgm andt, f 4(x(i)) = f O(x¢(i)) holds for
mosti 2 V. The uplift of actionais de ned asrj,(xt) = 5y f2(xe(i)) f O(x¢(i)).

For concreteness, let us consider a model with linear payoffs. Then, each action is associated with
an unknown paramete? and the expected payoff is the scalar productioand the feature of the
variable, i.e.f 2(x¢(i)) = h #;x(i)i. We also assume the aforementioned equality to hold for the
baseline functiori © and we us&/& = fi 2V : h 2;x.(i)i & h %, x(i)ig for the variables affected

by actiona at roundt. One suf cient condition folVZ to be small is sparsity in both the parameter
difference 3, = * 0 and the context vectot (i). In fact,h 2;x.(i)i = h %;x(i)i as long as

the supports of, andx(i) are disjoint. We assumeard(V{) is uniformly bounded by below.

Clearly, our algorithms can be directly applied as long as we can constt@€Banh 2; x;(i)i.
This can for example be done using the construction of linear ULB1 this way, the decision
of the learner is again based on the uncertain estimates of atOib3tvariables, and we expect
similar improvements as in our earlier theorems. Apan example, when (bathjvta are known,
UPUCB (b) adapted to this situation construtt€B for i2v h 2 :x¢(i)i, and it is straightforward

to show that the regret of such algorithm can be as srjéi(asi KT). In contrast, if the learner
works directly with the total reward, the regret isQ@{md’ KT ).

SWe present gap-free bounds here and thus wé getrsusm in the place oL 2 versusm?. As in previous
sections, these bounds apply to a potentially dependent noise.



8 Numerical Experiments

In this section, we present numerical experiments to
demonstrate the bene t of estimating uplifts in our model.
We compare our methods introduced in Sections 3, 5 and 6
against UCB and Thompson sampling with Gaussian prior
and Gaussian noise that only use the observed rewards
(re)t2(r;- To ensure a fair comparison, we tune all the
considered algorithms and report results for the parame-
ters that yield the best average performance. The detailed
procedure, and additional experimental details and results,
are provided in Appendices G and H. The experiments
for the contextual extension in Section 7 are presented in
Appendix F.3.

(a) Gaussian uplifting

Gaussian Uplifting Bandit. We rst study our algo-

rithms in a Gaussian uplifting bandit with = 10 actions,

m = 100 variables, and.? = 10 for alla 2 A meaning

that each action affect variables® The expected pay-

offs are contained if0; 1], and the covariance matrix of

the noise is taken the same for all the actions. The subop-

timality gap of the creatggd problem is aroudi@, and the (b) Bernoulli uplifting

variance of the total noise | a(i) is aroundsO. . . .
v (1) Figure 3: Experimental results on a synthetic

Bernoulli Uplifting Bandit with Criteo Uplift. We use and real-world dataset. All the curves are

the Criteo Uplift Prediction Datasel$] with “visit' as averaged ovet0Oruns and the shaded areas

the outcome variable to build a Bernoulli uplifting banditepresent the standard errors.

where the payoff of each variable has a Bernoulli distribu-

tion. This dataset is designed for uplift modeling, and has outcomes for both treated and untreated
individuals. Thus it is suitable for our simulations. To build the model, we sad{plexamples from

the dataset, and use K-means to partition these sample®dtasters of various sizes. THEP
examples are taken as our variables. We cong@iections that correspond to treating individuals of
each cluster, and construct independent Bernoulli payoffs using the visit rates of the treated/untreated
individuals of the clusters following a procedure detailed in Appendix G.2. Here12654 and

is around30.

Results. Fig. 3 con rms that we can effectively achieve much smaller regret by restricting our
attention to the uplift. Moreover, when the sets of affected are known, the loss of not knowing the
baseline payoffs seems to be minimal. On the other hand, not knowing the affected variables has
a more severe effect in the second experiment. In fact, the desigrWb€B-nAff and UPUCB-

nAff (b) heavily rely on the additive structure of the uplifting index, and can thus hardly bene t from
the payoff independence which allow the other four algorithms to achieve smaller regret in this case.

9 Concluding Remarks

This paper studies multi-armed bandit problems where the rewards are sums of observable variables.
When each action only affects a limited number of these variables, much smaller regret can be
achieved, and we developed algorithms with such guarantees under different forms of knowledge that
the learner possesses.

While we study here &ICB-style algorithm, we believe that understanding how similar improvement
can be achieved by other types of algorithms such as Thompson sampling and information directed
sampling is an important question. Moreover, further extending our work to cope with non-stationary
or even adversarial bandits is another promising direction to pursue. As for the former, a direct
combination with existing technique$9] can readily make our algorithms bypass the stationarity
assumption that we make throughout the paper.

By Gaussian uplifting bandit we mean that the noise vedtdtka are Gaussian.
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A Notation Table and Missing Pseudo Codes

Notation  Explanation
K Number of actions
a An action
a’ An optimal actiona’ 2 argmax,,, r?
A The set of actionsh = f1;::;;Kg
t Round index
Bandits T Number of rounds / Time horizon
[T] The set of all the round$T] = f1;::;;Tg
re Reward received at rourtd
ré Expected reward of actica
r? Largest expected reward’ = 12’ = maxapa r@
a Suboptimality gap of action, 2 =r? r2
Minimum non-zero suboptimality gap
=min a2A; a>0 a
m Number of underlying variables
i A variable
\% The set of variables/ = f1;::;;mg
La Number of variables affected by actian
L Upper bound on number of affected variables
L maXaoa L2
va The set of variables affected by actian
0 A convenient notation to represent all quantities related to
the baseline
Uplifting Bandits A, A notation to include both the actions and the baseline
r0 Baseline reward
Moo Expected uplift of actiom, r§, = r® ro
rip Largest expected uplift,;, = rﬁ,‘; =maxaza 'y
Vi Payoffs observed at rouridy; = (yi(i))iav
a Expected payoffs of actiom, 2 =( 2(i))jav
0 Baseline payoffs, © = ( °(i))iav
oo Expected individual uplifts of actioa, §,=( {u(i))izv
pa The distribution of the payoffs associated to action
po Baseline distribution of the payoffs
Lower bound on individual uplift
up 8a2A;i2Vajai)  °i)j up
NZ Number of times actioa is taken in the rstt rounds
na Empirical estimates of expected payoffs
c? Widths of con dence intervals
UCB (05 Con dence intervals
Ua Upper con dence bounds
e Uplifting index of actiona
a Individual uplifting indices
0

Error probability provided as input for UCB-type algorithms

Table 2: Main notations used in the paper.
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Algorithm 3 UPUCB (b)

1: Input: Error probability °, Baseline payoffs °, Sets of affected variablds 2 : a 2 Ag
: Initialization: Take each action once

Fora 2 A, compute uplifting index 2 N G () B~ ()

2

3

4:  Compute the statistics following (3)
5

6: Select actiora; 2 argmaX,,a ¢

Algorithm 4 UPUCB-nAff (b)

1: Input: Error probability ° Baseline payoffs ©, Upper bound. on the number of affected
variables
2: Initialization: Take each action once

4. fora2A do

Compute UCBs, uplifting indices, and con dence intervals following (9)
Setba f i2V: °%i)2Ca(i)g

SetL?  max(0;L ycard(9?))

SetL? arg max a3)

Lvn 9 a1
card(L)= L}

P
9: Compute uplifting index 2 i29a L 2 ag)
10:  Select actiora; 2 argmax,,, &

B Additional Related Work

In this section we complement our related work section by providing comparison to causal bandits
and more detailed discussion on how our work ts into and differs from the semi-bandit framework.

Causal Bandits. The term causal bandits captures the general idea that in a bandit model the
generation of reward may be governed by some causal mechanism while the actions correspond to
interventions on the underlying causal graph. This idea was rst formalize2birehd subsequently
explored in a series of work[, 28, 30] that cover multiples variants of the problem, including both

the minimization of simple and cumulative regrets. Our problem ts into the causal bandit framework
by regarding Fig. 1 as a simple causal graph where the variables consist of all the direct causes of the
reward and the actions correspond to atomic interventions on the action nodes. The observability
of these direct causes are also key assumptions in many of the aforementioned works. Moreover, in
the unknown affected case our causal graph is in fact only partially unknown. This is an intriguing
problem in causal bandits as argued Bg][ While we have shown improvement of the algorithms

for this speci ¢ model, a interesting question is whether similar improvement can still be shown
in more general causal bandit models under the assumption that each actions only affects a limited
number of variables of the causal graph.

Combinatorial Bandits. The conceptual differences between our model and the semi-bandit ones
[11, 22, 31] have been discussed in Section 1. The following paragraph thus treats this subject from a
more technical viewpoint.

To begin, we provide a way to reduce our model to that of semi-bandits when the sets of affected
variables are lghown. For this, we consider a semi-bandit problem whose ground set contains the
followingm+ ., L?items

» For each variablé 2 V, we have an itengy; with mean °(i). This item models the reward of
variablei when it is unaffected by the taken action.

* For each actiom 2 A andi 2 V2, we have an item,;; with mean 2(i). This item models the
reward of variablé when affected by actioa.

Then, when actiom is taken, we observe the stochastic reward,gffori 2 V2, and that oy for
i 2 V2. The total reward is the sum of the observed individual rewards.
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In terms of algorithm, let us consider thrUCB algorithm gescribed in Algorithm 1, which is
based on selecting the,action with the larggst uplift ingex i,y . (UR()  UQ(i)). We notice
that the quantiy@ = = ,, U3(i)= @+ ,,, U(i) is indeed an upper con dence bound on
the reward of actiom andUPUCB is equivalent to choosing the action with the larddgtin each
round. This observation effectively reduddsUCB to CombUCB [L1, 22] on the transformed
model. Nonetheless, theAFUCB formulation has several advantages:

1. It captures the fact that we really care about is the uplifting effect and the variables affected by
each action.

2. The uplifting interpretation facilitates algorithm design in more involved situations as we have
shown in Sections 6 and 7.

3. While the general analysis of CombUCB vyields a regrédigm? + mKL )log T=) , we have
shown in Theorem 1 that the regretdPUCB is in O(KL 2log T=) . Our analysis presented in
Appendix C.2 also greatly bene ts from thePU CB formulation of the algorithm.

Finally, it is worth noticing that one of the most important contribution of our work is to consider the
situations where the sets of affected variables are unknown. In the transformed model, this means
that we do not know the composition of each action. We are not aware of any works that address this
situation in the combinatorial bandit literature.

C Proofs for Upper Bound Results

In this section, we provide proofs of the regret bounds from Sections 5 and 6. Our proofs have the
following structure.

1. Leveraging Lemmas 2 and 3 presented in Appendix C.1, we de ne a high-probabilityfeeent
which all the expected payoffs belong to their con dence intervals.

2. Using the fact that the uplifting index of the taken action is larger than that of any optimal action
by design, we show that on evdata suboptimal action can only be taken when its associated
width of con dence interval is suf ciently large.

3. The previous point allows us to bound the number of times that a suboptimal action is taken by
O(L?=( #)?)onE.

4. We conclude with the following regret decor)r(1positi0n (which was already stated in (2)).

Reg; = NE & (11)
az2A

C.1 Concentration Bounds

To prove the regret upper bounds, we will make use of concentration bounds that apply to quantities
de ned in (3) and (5). Underlying all these results is the following fundamental concentration
inequality for -sub-Gaussian random variables [36]

P(iXj ) 2exp( 22 ?))forall > 0 (12)

However, the estimates {8) and(5) aggregate observed values in a way that depend on the decisions
that have been made. Therefore, concentration bounds for the sum of independent variables, which
can be directly derived fror{lL2), are not suf cient for our purposes. The standard trick to circumvent

this issue in bandit literature is to combine Doob's optional skipping (Di§tChap. 3, Chung and
Zhong12, Chap. 9) with concentration inequality for martingale difference sequence. The following
lemma adapted from [35, Lem. A.1] is proved exactly using this technique.

Lemma 1. Let (F{)i2n be a ltration and let( ; X¢)i2n be a sequence d¢f0;1g R- valued
random variables such that is F; 1-measurable, an&; is Fi-measurable and conditionally
-sub-Gaussian, heE[exp(X ) jFi 1] exp( 2 222 for all, 2 R. LetN > Oand let
=minft 1: ., s= Ng, wherewetake =+ 1 when . <N. Then, forany

2 (01 1)! |

P 1 Xt P 2N log(2=) : (13)
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Proof. The proof of B5, Lem. A.1] essentially applies. We just need to replace the use of Hoeffding-
Azuma inequality by the use of concentration inequality for conditionally sub-Gaussian martingale
difference sequences, which is itself derived fri) and the fact that the sum of conditionally
sub-Gaussian martingale differences is sub-Gaussian. O

In the following, (F¢); will represent the natural Itration associated(in; a;+1 )1 such thaty is
F: i1-measurable, angl is F{-measurable. Applying Lemma 1 to properly de ngd; X+); along
with the use of a union bound gives the following concentration results that are key to our analyses.

Lemma2. Leta2 A,i 2V, andlet 2(i) be de ned as in3). Then for any 2 (0;1), it holds

s
P Ot2T;j"()  2(i)] 72'03(3:) T:
t
Proof. ForN 2 [T], we de ne the random variables
( Xt ) Xn
n=min t 1: 1fas=ag= N and S§ (i) = ys(i) 1fas = ag:
s=1 s=1
We then de ne the failure events
( S ——)
. ay . 2log(2=
Ei)= ota L) i o)
t
I
( “ . )
E(i)= 9N 2[T]; S§@G) 2(@) 1fas = ag 2N log(2=):
s=1

It holds E(i) E(i). In fact, if E(i) happens thei2(i) amj P 2Iog(2: )=N2(i) for
somet and this is only possible whedi2(i) 1. With the de nition N2(i) = tszl 1fas = ag,
we further see thaN2(i) t T and ye t< +1. The IatteFr) means that we indeed
have Sif 1fas = ag = N@&. Thus multiplyingj”2(i) a(i)j 2log(2= )=N@(i) by

N = N2 2 [T] gives exactly

!
X ' p
sa() 2(0)  1fas = ag 2N log(2= );

s=1
which shows thaE(i) happens as well. It is thus suf cient to prove tR{E€(i)) T .
ForN 2 [T], we apply Lemma 1 toy 1fa; = agandX; a@i) = ya(i) a:(j). Since
a(i)1fa; = ag= 2(i) 1fa; = ag, we recover the exact inequality that appears in the de nition
of E(i). We conclude with a union bound takihg ranging from1to T. O

Lemma 3. Leti 2 V, and let (i) be de ned as ir(5). Then for any 2 (0;1), it holds

s 1

2log(2=)
NP(i)

P 9t2T;j"oG) 23 T:

Proof. Lemma 3 is proved in the same way as Lemma 2. In particular, we apply Lemma 1 to
¢ 1fi 2VagandX; o). O

C.2 Unknown Baseline

Theorem 1. Let °= =(4KLT ). Then the regret ofJPUCB (Algorithm 1) with probability at least
1 ,satises:
X L2+ L?")? log(4KLT=
Reg, 8( ) a0@1( ), a . %

a2A : 2>0
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Proof. We rst notice that while there ann variables, not all of them are involyed in estimating the
uplifts. Therefore, we only need to focus on the set of relevant variales ~,,, V2. Clearly,

card(V% KL . With this in mind, we de ne the events
B =f8t2[T]; 8a2A; 8 2V jr2(3i) 2()j dg;
E=f8t2[T]; 8 2V% ") °0) <i)g

Lemma 2 and Lemma 3 in Appendix C.1 along v|vith union bounds awerdi guarantee

X !
P(EL[E2) 1 L2+card(V) TR 9 1 4KLT °=1
a2A

It is thus suf cient to show that (7) holds da [E ».

In the remainder of the proof, we consider an arbitrary realizatidf §E , and preve thaf7) indeed

holds for this realization. Frorfl1)it is clear that we just need to bouhtf = th1 1fa; = ag
from above for all suboptimal acticm2 A with 2 > 0. This is done by providing a lower bound
onc? for anyt such that, = a. To proceed, suppose that a suboptimal actigstaken for the last

time atround 2 f K +1;:::;Tg.” This implies 2 ta? andN2 = N2 ; + 1. By the de nition of
the uplifting indices, we get
X X ? . .
(UA()  U2(®0) (U2 (i) U(i):
i2va i2va?
P
Rearranging and dropping ;,,  \y a2 U2(i) from both sides, we get
X X X , X
Ug (i) + ul(i) Ut (i) + ue(i): (14)
i2va i2va’nya i2va’ i2vanva’

This is similar to the type of inequality that de nes stangard UCB. In fact, the left and the right hand
sides of(lzgare respectively upper con dence bounds on,,, . (v a? (i) and upper con dence

bounds on ,,. [v & a’ (i). We next bound these two quantities respectively from above and
from below. Since botlk; andE, hold, we have the following inequalities for the UCB indices

8s2[T]; 8a2A; ?i 2VE Aiy+2cd ;  U&®i) a(iy;
8s2 [T]; 8 2V°n va Oy+2c¢2 (i) Ui o(i):
a2A
Combining the above, we obtain
X ar; a X 0y; 0 i X a’ X 0/;
(*()+2q )+ ( ") +2c¢ (i) (i) + (i):
i2va i2va’nva i2va’? i2vanya’
P
Adding  oyayy a? 9(i) to both sides and rearranging leads to
X . X _ X o X o X X o
() a(i) + () () 2 4+ 2c; 4(i):
i2va’ i2va i2va i2va’ i2va i2va’nva

From this we can derive an inequality between the suboptimal gapnd the the widths of the
con dence intervals as follows

a — ra' rgp
= (2@ °a) | (GO 0)
X x o e  x
= 2 (i) a0+ °(i) °(i)
i2va’ i2va i2va i2va’
L% 4 + 2 1(0): (15)

i2va’nya

"If the action is not taken anymore after the fBtruns. We havé\2 = 1 so the upper bound that we show
later trivially holds.
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We next argue that for all2 V@' n V@ we haveN? ;(i) N&, and hence? ,(i) ¢ ,.Infact,
if i 2 V2, then whenever actioais taken, the count dfl 2(i) also increases by. Formally,
X1 X1 X1
NC ()= 1fi 2Vasg 1fas = aglfi 2Veg=  1fas= ag= N@ :

s=1 s=1 s=1

Therefore, we further deduce® 2(L2 + Lf"?)cf1 1- Equivalently,

8(La + L2")2log(1= 9

Nta 1 ( a)Z
We conclude that actioais taken at mosh8(L2 + L2")2log(1= 9=( 2)2c+ 1 times during the
execution of the algorithm. Plugging this into (11) gives exactly (7). O

C.3 Unknown Affected Variables

Below we prove Theorem 2 separately foPCB-nAff (b) and UPUCB-nAff.

Proposition 3 (Regret ofUPUCB-nAff(b)). Let °= =(2KmT ). If the learner knows and an
upper bound. on maximum number of variables an action affects and the baseline payoffs, then
UPUCB-nAff (b) (Algorithm 4), with probability at least  , has regret bounded by:

X 2 =
Regr 32L Iog(2:<mT ) . a (16)
a2zA: 23>0
Proof. Let us consider the event
E=1f8t2[T]; 8a2A; 8 2V; (i) 3(i)j < clg; a7
By Lemma 3 and a union bound we get immediate(ff) 1 KmT (2 9 =1 . Inthe

following, we assume that occurs and prove (16).

First, by the de nition of92 we have clearlfp2 Vv 2. Infact, ifi 2 V2 then (i) = 2(i) 2 C3(i).
The incIusion*?ta V 2 along with the conditiorcard(V?#) L imply card(V2 n Vta) L
card(¥?); in particularL  card¥?) Oandthud 2 =L card(P2).

Next, for anyi 2 V n V2, it holds °(i) 2 C2(i). This implies °(i)  U(i), and accordingly
&(i) 0. We can then write
X

X
(i) _max, ¢() _max. c(i)= (i)
i a a n i n i i a
i2v nV[ card( L):card(tanf‘) 2 card(L)=L c;rd( b2 2 2k
SinceUA(i) a(i) onE, we have 2(i) ap(i); subsequently
a X a (i X a (i X a (i X afr; X afr; a
rup: up(l): up(|)+ up(l) t(|)+ t(l): t :
i2va i29a i2v anpa i292 i2L ¢

This shows that? is effectively an upper bound ofj,. With this in mind, we are ready to bound the
number of times that a suboptimal action is taken.

Leta?2 A with 2> Oand assume trlat itis taken at roun2if K + 1;:::; Tg, which means that
& & .Wehave shownthaf®  rf,. Itremains to provide an upper bound f@t that involves
rip- For this, we again usB? V @andthe factthat?(i) Oforalli 2V n¥2 to decompose

a X afr; X af(; X afr; X arfiy-

t = ¢ (i) t(i)= c(i)+ (1) (18)

iZVta[L a i2vajL 2 i2va i2L &nva

The summation of the individual uplifting indices ovieR V@ is naturally related tog,. Since
a@iy g .() ¢ 4, foralli 2V itholds

fi)= U0 A () C()+2q = ) +2q o
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In consequence, X
t( w()+2¢ 1) rip+2le 4 (19)

i2va i2va

What we need to show next is that the de nition?ﬁ guarantees?(i) to be small whenever2 V{".

In fact, ifi 2 V n 92, we have °(i) 2 Ca(i), and in particular °(i) 72 ,(i) ¢ ,, implying
that

fi)=U3() %) (Pa+r g ) () @ =24 ¢
By de nition, L2 V n 92, and hence

X
2(i) 2¢ ,  2Lef (20)
i2L anva i2L anva

Putting (18), (19), and (20) together, we get
X X
‘ c(i)+ c(i)  rgpraled o
i2va i2L &nva
With 2 ta? rﬁg we deduce

ra’

a a .
up rup+4Lct 1

d .
Therefore, 2 =rd, ri, 4Lcf 1, and equivalently

a 32L2log(1= 9
()2
Following the argument in the proof of Theorem 1, this translates into an upper boutd and we
conclude by invoking the decomposition of (11). O

We notice that it is quite straightforward to addpeUCB-nAff (b) and its analysis to the setting
where the learner knows an action-dependent upper bbénd L2. The only change if16) is that

L is replaced by 2. Thus we recovefd4) up to a multiplicative constant whdré = ( L?). We
complete this section with the proof of the regret bounddel) CB-nAff. It combines ideas from
the proofs of Theorem 1 and Proposition 3.

Proposition 4 (Regret ofUPUCB-nAff). Let °= =(2KmT ). Then the regret ofJPUCB-nAff
(Algorithm 2), with probability at least  , satis es:

X 512 2log(2KmT=)

a 1

Regr (21)

a2A : a>0

Proof. We again place ourselves in the evérde ned in (17), and proveg21) under this condition.
Recall thath 2 argmax,,, N& ; is an action that is taken most frequently during the trst 1

rounds and the associated estimates serve as baselines at.raémde ne 92 = V2 [V  as the
set of variables that are affected by either actiar by. Clearly,card(¥%2) 2L.

We rst show thath? €2 whenevelE occurs. Lefi 2 V n¥2. UnderE we have both (i) =
a(j) 2 ca(i) and °(i) = (i) 2 C(i). Therefore(i)\CP (i) 6 ?; subsequently 2 2.
The contrapositive of the above gives exallfy 2.

We shall now boundN# for any suboptimal actios, from which the proof concludes by applying
(11). Leta 2 A satisfying 2 > 0. Ifitis taken atround 2 f K +1;:::; Tg, we have 2 2.
This can be written as

X

X X
c(i)+ £ () ¢ i)+ S OF (22)

i29a 2L g i29a’ ioL a?
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Decomposition of Suboptimality Gap using the New Baseline.Similar to before, we will use
(22)to relate the widths of the con dence intervals to the suboptimality g&pFor this, we notice
that the suboptimality gap @f can be rewritten as

X

, X
= 0] (M)

@V i2v X
= () ™) GO ()
i3y i2y,
= GHOII0) (20 ™) (23)
i2¢a’ i2@a

The last equality is true becaus®’ )= °(@) outside®2”, and the same holds when we replade
py a. Therejore, our goal is to lower bound the right-hand sidé€a) by an expression that contains
izvg?( a (i) b (i)) and upper bound the left-hand side(2®) by an expression that contains

2ea( 20 D).
P >
Lower Bound on RHS of (22). Since , . & (i) is the maximum padding, we can lower
bound the right-hand side of the inequality bylm? ;”‘? (i). Formally, With*?{"? 9{"? we have
card(8®’ n¥2) 2L card($?’) andL?” =2L card($2’). Thus, by de nition ofL2",
. X X )
¢ ()= max ¢ () OF

LV 2nP2
¢ 2L i2¢2’ nba’

i2L 8’ [
et card(L) 2L card(92")

P ? ? ?
To further provide a lower bound on 12927 a (i), werecall that 2 (i) = U2 (i) Utbl (i), so
with U2 (i) 2°(i), U (i) ™ (i)+2c> ,, andcard(¥2’) 2L, we get

? . X ? . X ? .
g+ 2 (i) a’(ij)

12927 i2L a? izs(vf?
(@) @) 2d )
i2ga’
X )
(@) () 4 g (24)
i29a’

P
Upper Bound on LHS of (22). To make the term iZVf"( a(i) b (i)) appear, we rstrelate it
to the sum of the uplifting indices usingd? (i) aiiy+2c 4.

X X
() (*@)+2¢ 1 (i) (2(0)  ™(@p+4Lle} i1 (25)
i292 i292 292
P
The last inequality Llése(sard(ﬁf‘) 2L. Next, to relate 29 a(i) to the left-hand side af22),
we want to showif ;, a a(i) is small, and i{) We can add additional terms frof n Vta to
the left-hand side 0f22). These two points correspond respectively to inequal{#@yand(18)in
the proof of Proposition 3. Again, this can be done by looking at the de nitioﬁf’ofln fact, if
i2Vn V{", then by de nitionG(i) \Ctb‘ (i) 6 ?, implying that
Mai+ e AP
Mal+c s )
The above two inequalities respectively translate into
U U @) 2 g
VOV Ot
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In other words, forany 2 V n V{j‘ we have 20tbt 1 a(i) 2 ;. Subsequently,

X . X
() 2c 4; (26)
i2L 2 izLXa
2" £): 27)
i2¢anba i29a2nbz
Therefore
X XXX X o "
t()+ (1) t()+ ¢ |t (f()+2¢",)
i292 i2L § i292 i2L § i2¢anba
X X X
= v 2+ 2
t 1 1
i>2<V§‘ i2L g i2¢2nPa
a(i)+4Lc? | +4Lck (28)
292

The rst inequality makes use ¢£6) and(27), and in particular the last term on the right-hand side
is non-negative thanks {@7). The equality in the second line is true becatISe %2. Finally, for

the last inequalityﬁye use the facbthmrd(L?) 2L andcargl,(?ta) 2L. Along with (28) we get
an upper bound on 23 ai)+ 2L @ a(i) that involves i2\9€‘( a(i) B (i)).

Conclusion. Combining (22), (24), (25), and (28), we obtain
X ?
(3(0)  M(@)+8Le} 4 +4Ley () @) ey
298 i2@a’
By the choice oby we havec? ; ¢ ;. With (23), it follows thatl6Lc? ; & and thus

512 2log(1= 9

(22
Repeating the argument in the proof of Theorem 1 (i.e., chbtse the last time that actianis
taken if it is taken more than once and apply decomposition (11)) gives the desired result..]

a
Ntl

Theorem 2. Let °= =(2KmT ). Then the regret ofJPUCB-nAff (Algorithm 2) (respUPUCB-
nAff (b), Algorithm 4), with probability at least |, satis es:

X 2 =
Reg, L Iog(ZEmT ) oA (10)
a2A : a>0
where =512 (resp.32) in the above inequality.
Proof. The proof follows by combining Propositions 3 and 4. O

D Lower Bounds

In this section, we prove Proposition 2 that justi es our key modeling assumptions. In particular, these
lower bounds show that there would be a higher regret in absence of any of the folloiyiignifed

number of affected variabledi)Side information about variables beyond just reward, dhdSome

prior knowledge on how the variables are affected. Moreover, we also derive matching lower bounds
for Proposition 1. We discuss these results in Appendix D.1. Subsequently, we introduce a general
information-theoretic lower bounds for bandit problems with similar design in Appendix D.2, based
on which we prove the lower bounds in Appendix D.3.
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D.1 Lower Bounds for Uplifting Bandits— Statements and Discussion

To begin, we restate Proposition 2 from Section 4 and introduce associated notations. For sake of
conciseness, in the following we say that an uplifting bandit has paranf&tars ( 2;L2)a2a ) if

the number of actions, the number of variables, the suboptimality gaps, and the number of affected
variables of this instance are respectivilym, ( 2)a2a , and(L#)a2a . We focus on instance-
dependent lower-bounds and assume that the learner has full knowledge of the baseline distribution.
We also recall that our lower bounds are derived for the algorithms thaiosssten{24] over

the class ofi-sub-Gaussian uplifting bandits, meaning the induced regret of the algorithm on any
uplifting bandit with1-sub-Gaussian noise satis &g = o(tP) forallp > 0.

Proposition 2. Let be a consistent algorithm over the classleSub-Gaussian uplifting bandits

that at most uses knowledgeRf, (V)4 , and the fact that the noise Issub-Gaussian. Let

K;m > 0and sequencf.?; 2); a k 2 ((Im] R.)K satisfy ! =0. Assume either of the

following holds.

(@) L2 = mforall a2 A, so that in the bandits considered below all actions affect all variables.

(b) Only the reward is observed.

(c) The algorithm does not make use of any prior knowledge about the arms' expected payoffs
( ®aza (in particular, the knowledge dvV?);,y is not used by ).

Then, there exists &sub-Gaussian uplifting bandit with parametéks; m; ( 2;L2)a24 ) such that

the regret induced by on it satis es:

E[Reg; ] X 2m?2

o
IOgT a2A: 23>0

liminf
T! +1

The conditions (a) and (b) echo assumpti@psnd(ll) . Note that, however, the condition (b) does

pot imply the necessity of observing all the payoffs. For example, observing the aggregated payoff
iov a. Yi(i) is suf cient for computing the uplifting indices d#PUCB (b). Having observation of

the entire payoff vectofy; (i))i2v is particularly helpful for the case of unknown affected variables,

as under this condition we can identify the affected variables relatively easily.

Let us now provide some more intuition on the meaning of (c). For this, consider two bandits
with exactly the same baseline and noise distributions and very close expected payoffs of the arms.
Then, with nite observations, they provide very similar feedback which prevents the learner from
distinguishing between the two problems. However, the two bandits may have completely different
structures, and in particular, one of them may have all variables affected by all actions since slight
perturbation to the baseline would mean that a variable is affected. Therefore, the lower bound from
(a) applies to this instance. Now, provided that the learner is doomed to treat the two instances equally,
the lower bound applies to the other instance as well. Of course, one can argue that it is unnatural that
the regrets of two similar problems differ signi cantly even when the learner is provided some prior
knowledge. We believe this is the drawback of the asymptotic analysis that we look at here, since
these differences may indeed be small within a reasonable number of runs. This is exactly related to
the problem of misspeci ed model that we mentioned in Footnote 3.

The next proposition re nes the lower-bound of Proposition 2 to show the optimality of Proposition 1.

Proposition 5. Let be a consistent algorithm over the classlesub-Gaussian uplifting bandits
that at most uses knowledgeRf, (V?)a.a , and the fact that the noise issub-Gaussian. Then,
for anyK;m > 0and sequencéL?®; 2); o k 2 ((m] R:)X with ! = 0, there exists a
1-sub-Gaussian uplifting bandiK; m; ( 2;L?)a2a ) such that the regret induced byon it satis es

X a\2

Tt +1  logT a
azA: 2>0

(29)

Proposition 5 essentially posits that the regret must scale with the magnitudes of the noises, and
the stated lower boun@9) matches an expected version(4j up to a constant factor. One way to
argue this lower bound holds is by reducing a carefully designed uplifting bandits with parameters
(K;m; ( 2;L?)a2a ) to aK -arms bandit with the corresponding noise scales. We will take a different
approach below which allows us prove all the lower bounds following the same schema.
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Remarkl. Our lower bounds are derived with respect to the worst correlation structure of the noise.
It is also possible to obtain lower bounds that depend on the covariance of the noise. For example, if
the variablegy?(i))i2v are independent, the lower bound in (29) only scales linearly kith

D.2 A General Information-theoretic Lower Bound

To prove Proposition 2 and Proposition 5, we establish here a general lemma for deriving instance-
dependent lower-bounds for bandit problems with underlying variables, side observations, and prior
knowledge on the distribution of the variables. In particular, uplifting bandit can be viewed as a
special case of this model.

so that we can write = ' (y) for some deterministic reward function. R™ ! R. LetP?2 be
the distribution of actiorm on the underlying variables aff be the baseline distribution on these
variables. At each round after taking an action, the learner observes a veBfbttiat is itself a
function of the variables, written agy) whereo: R™ | RY is the observation function. The decision
of which action to take can then only be based on the interaction hi&ore(y1);:::;a: 1;0(y: 1))
and some prior knowledge of the learner about the distributions of the varigbie : ::; PX).8

A class of action distributions is de ned &= M ©° M K where eachM 2 is a set of

variables, side observations, and prior knowledge on the variable distribution is thus de ned by the
quadruplgB;";0; ) . Apolicy is said to beonsistenbver(B;" ) if for all p > 0and all instance

of (B;' ), the regret of on the instance satis eReq = o(t?). A policy is compatible with
observatioro and prior knowledge if it can be implemented by a learner that obsemgsd and

By abuse of notation, for any distributiof’son R™ we will write ' (P) = Eyp (' (y)) as the
expected reward when the variables follow distributibrvhenever this quantity is de ned. We
also writeP, as the pushforward d® alongo. LetM be a set of distributions such thafP) is
well-de ned foranyP 2 M . Letr? 2 RandP 2 M such that (P) <r ?. The following quantity
is crucial to the analysis

dint (P;M ;1% %0) = Qi% fDkL (Po; Qo) ' (Q) > °g;

whereDg, (Po; Qo) denotes the KL divergence Bf, from Q. Intuitively, it quantities how dif cult
it is to learn that the expected rewar@P) is smaller tham” (smaller the value ofl,s the more
dif cult it is). The next lemma is a straightforward adaptation 6f Th. 1]/[26, Th. 16.2] to our
model. It provides a lower bound on the asymptotic regret

Lemma4. LetB= M ° M K be aclass of action distributions andbe the reward function.
Let be a consistent algorithm ovéB;' ) that is compatible with prior knowledge functionand

observation functiow. Then, ifB is indistinguishable under , for all P 2 B, it holds that
.. . E[Reg] X a
liminf ———— :
s oo Ginf (P M 217 %0 )

T +1  logT (30)

EVN

Proof. The proof follow closely the one presented #¢]. The key observation is that the same proof
still carries out if we have a random vector and our reward and observation depends on this random
vector. In particular, leQ( ; P ) andQ( ; Q ) be the probability measure on the actions and the
observations induced by the interaction of the policy with the bandit instgfces) and(Q ;')
for P ;Q 2 B. The assumption thatis compatible Bith) and and thatB is indistinguishable

T

under allowsustowriteq; p (a;;01;:::;87,01)= B(ajjas; 014 1,00 1)pR (o),
whereoy;:::;0r are the observations of the learngrp andpi are respectively the probability
density functions o(; P ) andP3,and 2 = . (p )= ¢ ( q) isaprobability kernel that

can be chosen using prior knowledyy#/e have a similar decomposition fqr o . Then, following

8For our purpose, we can regard this as a partition of the set of all bandit instances that the learner may
encounter.

®Many technical details are omitted here. We refer the interested read@#} for[a rigorous treatment of
such proof.
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the proof of [26, Lem. 15.1] we get immediately

X
DL (Q(; P ):Q(; Q)= E. p[NFIDkL (P§;Q3):

az2A

In the aboveE . p means that the expectation is taken with respe@i(to P ). The proof can be
completed in the same way as done for [26, Th. 16.2]. O

D.3 Lower Bounds for Uplifting Bandits— Proof

The following proposition embraces both Proposition 2 and Proposition 5.

Proposition 6. Let be a consistent algorithm over the classlesub-Gaussian uplifting bandits
that at most uses knowledgeR?, (V3)a2a , and the fact that the noise issub-Gaussian. Then,
foranyK;m > 0and sequencéL?®; 2); o « 2 (Im] R:)X with ! = 0, there exists a
1-sub-Gaussian uplifting bandiK; m; ( 2;L?)a2a ) such that the regret induced byon it satis es

E[Reg; ] X 2(L?)2

+1 | T a
o9 a2zA: 23>0

: (31)

Moreover, if can be implemented under either of the following conditions
(a) Only the reward is observed.
(b) The learner does not have any prior knowledge about the arms' expected payoffs.

Then, there exists &sub-Gaussian uplifting bandit with parametéks m; ( 2;L2)a24 ) where
the regret of is

E[Reg; ] X 2m?2

(32)

Proof. Letr? =1+ max 4o 2 > 0. Throughout the proofs, the lower bound will be shown for
problem instances with®(i) 0 and the following mean values far2 A
8

< r? a
; ; a.
a(i)= = ifl i L9 (33)
' 0 ifL2+1 i m:
By construction, we have?(i) 6 °(i)ifandonlyifl i L2 and thus the number of mean-

affected variables dd is exactlyL?. Clearly,1 is an optimal action and the suboptimality gap of
actionais 2.

Next, we will need to de ne the classes of action distributi@isB,; B3 that we will use for proving

(31), (a){32), and (b){32). To begin, we want these classes to be indistinguishable under a certain
prior knowledge function, and since we allow the learner to know the baseline distribuMti®must

be a singleton. As foM 2, it will take the formM 2 = fN (; 2): 2 U?2gfor some mean vector
setU? R™ and covariance matrix? 2 [0; 1]™ ™ to be speci ed. This implies that every noise
variable 2(i) is 1-sub-Gaussian and thusis consistent in each of these classes. Moreover, the
classes will also be de ned in such a way that when the mean values are take3a) h° andP?
indeed have the same marginal distribution on all but theLswariables.

The Importance of Limited Number of Affected Variables. To prove(31), we let the unique
element oM ¢ be the Dirac measure that assigns full weight to the p@nt: :; 0). For anya 2 A,

we de neU? = (Rnf0g)-* f 0g™ -" and block matrix 2 such that 2(i;j ) = 1fmax(i;j )

L2g. In other words, the random variab}@ can be written in the following form

) aiy+ & if1 i LY

a —
vy = 0 LA+l 0 om;

where 2 is Gaussian with zero mean and unit variance. Notice that the same noise applies to all
the affected variables. By construction, every/2 M 2 has exactly the rst.2 variables affected,
i.e.,,V& = f1;:::;L?%g. ThusB; de ned in this way is indistinguishable under prior knowledge on
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baseline distributio®° and the sets of affected variabl@g') ., . To conclude, we would like to
apply Lemma 4. For this, WeéJbserve that for &%, Q2 2 M 2 with means 2 and 2, it holds'®
~2

<
Dk (P%,Q%)= . 2
" +1  otherwise
With this we see immediately that forP? with mean values (33), we have
dinf (P2 M 2:r?;(+) ;1d) =  2=(2(L?)?), where(+) and Id are respectively the sum and
the identity function that gives the reward and the observations of the learner. Plugging t(i&Onto
gives exactly (31).

if @) &@)= ~foralli2f1;::;L%; (34)

The importance of Side Observation.To construcB,, we draw the same noise for all the variables.

In terms of covariance matrix, this means all the entries &f equal tol. The baseline distribution is

P%= N(0;) andforeverya,weset 2 = andchoose agaid® = (RnfOg)-* f Og™ -". This

time, only the reward, that is, the sum of the variables, is observed, and the distribution of the reward at
actionaisN (r?  2;m?). For any two real numbers © oneha®y (N(;m?2);N( %m?)) =

( 92=(2m?). Thereforedi,s (P3; M 2;r?;(+) ;(+)) =  2=(2m?) for P2 with mean values

(33). Notice thatB, is also indistinguishable under prior knowledge on the baseline distribution and
on the sets of affected variabl@g?)..4 , and thus Lemma 4 can be applied, leading to (32).

The Importance of Some Prior Knowledge on How the Variables are AffectedThe clas$B; is

de ned almost in the same way &8s except for the fact that we now sgf = R™ for everya 2 A .

Our condition (b) postulates thBg is indistinguishable under the prior knowledge of the learner.
Similar to (34), for anyP?; Qag M 2 with means 2 and 2, we now have

<~2

D (P%Q%) =, 2

" +1 otherwise
In particular, if 2isdenedasin33)and 2(i)= 2(i)+( &+ ")=mforalli forsome" 2 R,
we haveDg, (P2;Q?) =( 2+ ")2=(2m?). We deduce immediately,s (P2;M 2;r?; (+) ;Id) =
a=(2m?). Invoking Lemma 4 completes the proof. O

if 2@G) ()= ~foralli 2f1;::;mg;

E Case of Unknown Affected Variables: Scenario 2

In this second part of Section 6, we assume a lower bound on individual uplift is known. This means
the learner has access tgp > 0 satisfying that for alb 2 A andi 2 V#,j 2(i) O(i)j up-

This gives us an indicator on how many times we need to take each action in order to identify all the
affected variables. Similar assumption were made by Lu ¢28].to identify which node in the
causal graph affects the reward variable.

Again in this scenario, we derive regret bounds for both when the baseline payoffs are known or
not to the learner. Our algorithms combine UCB, successive eliminatidngdnd the idea that the
affected variables can be identi ed after an action is taken suf ciently many times. Our regret bounds
feature the ratio = ;, suggesting that this knowledge is helpful wheg, is relatively large.

Hereinafter, for anyk; ; 2 R with , we useclip(x; ; ) to denote the clipping function
that restrict to the interval ; ], i.e.,clip(x; ; ) =max( ; min( ;x)).

E.1 Known Baseline Payoffs

As we have seen in Section 6, if the baseline paydffare known, we can directly check whether

9(i) is in the con dence interval. Moreover, with the knowledgé (i) 0(i)j up for all
i 2 V2 we deduce that? can be identi ed correctly with probabilitgy  2m Cafter actiona is
takenNg = d(8= ﬁp)log(lz 9etimes. In fact, ley?;::: 'YX, beNp i.i.d. realizations of* P 2

and~{ (i) = ( :\‘:01 y2(i))=No be the empirical mean of variabie Applying the sub-Gaussian

concentration inequality (12) gives |

N 2
P j~2.() 2] 2“p 2exp 08”p 20 (35)

T his can for example be proved by applying the chain rule of KL divergence.
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Algorithm 5 UpPUCB-iLift (b)
1: Input: Error probability ° Baseline payoffs °, Lower bound on individual uplift
2: Initialization: Take each action once; ¥ d (8= Z,)log(1= 9e andba v
rfort=K +1;:::;T do
4. Compute the UCB indices following (9) p
5. Fora2 A, compute uplifting index2 i20a (UR () H0)
6: Select actiora; 2 argmax,,a ¢
7. if N Npthen
8 Setha f i2v:jrd()  O>)j> =29

With a union bound we conclude that with probability at least 2m ©it holds for alli that
IR, () a()j < uw=2. We distinguish between the following two situations

Li2veteni4,()  °Mi 1 M) 05 R0 0> w o= 2R

2.i2Vva thenj} (i)  °(Mi=jR,(0) 2@)< %

This implies that with the choic@? = fi 2V :j~{ (i) ()] > up=20, we have effectively
P(*?a = V3 1 2m % One natural algorithm is to thus rst pull each aiig times and run
UPUCRB (b) (Algorithm 3) in the remaining rounds by regardﬂﬁ@ as the variables that acti@n
affects. A direct computation shows that the regret of this algorithm@(in _,, . a.o( *= o+
L3)2logT= ?).

However,No can be arbitrarily large when y, gets closer t®, and taking an action much fewer
times is probably suf cient to deduce that action is not optimal (with high probability). We thus
propose to ingplement the above idea in a more exible manner: W&JRICB (b) with the uplifting
indices & =, 42 (UF(i) 0(i)), where

A V if N2 <N o;
CTOfi2Vjat(i)  %>i)j>  p=2g otherwise

This algorithm is summarized in Algorithm 5 and has the following regret guarantee.

Theorem 3. Let °= =(2KmT ). Then the regret ofJPUCB-iLift (b) (Algorithm 5), with probabil-
ity at leastl , satis es:

X 8 clip( 2= p;L?;m)?log(2KmT= ),

a

Regr ao (36)

a2zA: a>0

Proof. As before, we prové36) under the condition tha de ned in (17) occurs. Recall that we
have shown in the proof of Proposition 3 tH{E) 1 with our choice of ©, so this effectively
leads to a high-probability regret bound.

In the following we assume th& occurs and show that for any suboptimal acto? A , it holds
| |

8log(l= 9 8mZlog(l= 9  8(L?)2log(l= 9
o ()2 ’ ()2

The inequality (36) then follows directly from (11) and a rearrangement of the terms.

N2 max min +1: 37)

We rst claim that for anya 2 A if N&  Ng then¥2 = V2. In fact, by the de nition ofNy,
N2 Npimplies thatc? < ,=2. Therefore, as argued in the tex® V2 if and only ifi 2 V2.
Since 2(i) ap(i) for anya andi, this also proves thaft  rg, always holds (we have either

V2 = vorba=va
Lett 2f K +1;:::;Tgbe the last time that a suboptimal actiis taken so thall2 = N2 ; +1.
This indicates 2 f‘7, and hence? rf};. We distinguish between the following two cases:
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Algorithm 6 UPUCB-iLift

1: Input: Error probability ° Lower bound on effect gap yp

2: Initialization: Sett 0,A; A ,andNo d (32= 7)log(1= 9e
3: Phase |: Successive elimination

4: for *=1;:::;Ngdo

5 ifT t card(A-)then

6

7

8

Take each actioa 2 A - once
Sett t+card(A-)
Compute the empirical estimate&for a 2 A - and the radius of con dence intervel

9: Update activesed-,; f a2A - +2Cc maXy H”‘og
10: else
11 TakeT t actions fromA- and terminate the algorithm

12: Phase II: UpUCB
13: Construct the sel@(i) asin (38) and® f i2v:az @(i)g

15:  Compute the UCB indices following (9),(39) p
16: Fora 2 An,+1, compute uplifting index 2 i2pa (UE(I) u2(i))
17:  Select actiora; 2 argmax,,, . &

P
1. N2 ; <Ng: Thenba = Vso 2= oy (VR 9 réo+2meg 4, which in turn leads to
(o a=(2m), or equivalenthyN@ ;  8m?log(1= 9)=( ?)2.

P
2. N2, Ng: Then*?ta =V&so &=, a(UR(3) 9) rip+2L2%c 4, whichin turn leads
toc® | a=(2L2), or equivalenthyN2 ;  8(L?)?log(1= 9=( 2)2.

Since we also havd# ; < N ¢ in the rst case, the above gives

N2 ; max min No 1 8m2(|02§1-: O) : 8(La)(2 |(Z)g2(]_: O)

Plugging in the de nition ofNy we get immediately (37). O

Theorem 3 shows that Algorithm 5 provides a smooth transition between standard UCB and the
strategy that identi es the affected variables of all the actions. Wh&ga , m, the loss of taking
actiona is so large that UCB prevents it from being taken further evéidf Ng. Otherwise, the
affected variables get identi ed after an action is taken suf cient number of times and the algorithm
bene ts from this knowledge to improve the estimate of the uplift. It is also quite straightforward
to combine Algorithm 4 with Algorithm 5 when bothand , are known; this results in a regret
bound that replacedip( #= p;L?# m) byclip( 2= ;L% L)in(36).

E.2 Unknown Baseline Payoffs

Several additional challenges emerge when we want to adapt the aforementioned strategies to the
case where the baseline payoffs are unknown. First, without additional assumption, it is impossible
to tell whether two arbitrarily close estimates indicate the same effect of two actions on a variable.
Then, without a proper baseline to compare with, we can never exclude the possibility that all the
variables are affected by all the actions. To circumvent this issue, we make the following more
stringent assumption.

Assumption 1. The effect of any two actions on a variable differ by at leagf as long as one of them
affects this variable, i.e., foral 2 A,i 2 V2, anda®2 Anf ag, it holdsj 2(i) ao(i)j up-

In other words, p is not only a lower bound on individual uplift, but also a lower bound on
(individual) effect gap. Second, with a UCB-style algorithm, the optimal actions may not be taken
suf ciently many times, in which case we can only conservatively assume that they affect all the
variables. This would incur additional regret in the analysis whis unknown. Therefore, we
would like to ensure that all the (potentially optimal) actions are taken the same number of times at
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the point that the affected variables get identi ed. This leads to a two-stage method as described in
Algorithm 6.

In the rst stage, we perform successive elimination until the uneliminated actions are taken suf-
ciently H1any times. Here# is the empirical estimate of the reward associated to aetiand
c = m 2log(1= 9="is the associated radius of con dence interval. Subsequently, for each
variablei 2 V we construct the set

()= fa2A :9a°2 Anf ag, G 41 (i)\Cf’f+l (i)6 ?g; (38)
wheretg is the number of iterations in the elimination phase and the con dence intervals are de ned

as in(9). If Assumption 1 is veri ed, then with high probabilitg 2 @(i) only if i 2 V2. Therefore,
the observed results from these arms can be used to estimate the baseline payldfeatienti ed

variables for actiom 2 A are thelP? = fi 2V : a2 9(i)g.

The second stage of the algorithm reuses the idea 6flethCB. We de ne the UCB indices following
(9)for a 2 A and for the baseline estimate we choose anﬁ(rigthe action that is taken the most
frequently whenever this set is non-empty. Otherwise we arbitrarily seOitThat is,

if §(i)= ?;

ul(i) = i
() Uta?(')(i) whereal(i) = arg maX ,, iy N2 ; otherwise

(39)
P
The uplifting indices that guide the decision of the algorithm are de neddy 202 (Ua()
uo(i)).
As shown below, the regret of Algorithm 6 takes roughly the same form as the one in Theorem 3, but

as in Theorem 1, the number of variables that an optimal action affects also plays a crucial role in the
regret bound.

Theorem 4. Let Assumption 1 hold and® = =(2KmT ). Then the regret ofUPUCB-iLift
(Algorithm 6), with probability atleast  , satis es: |
X i a— .|a a’. 2 — '
Reg, 8 clip(2 ups L2+ La ;2m)“log(2KmT= ) . a (40)
a2A: 23>0

Proof. We shall again consider the evéhtle ned in (17), which holds with probabilityl as
argued in the proof of Proposition 3. Leveraging the decompositi¢hliit is suf cient to prove

that onE we have | |

32log(l= 9 32m?log(l= 9  8(L2+ L?")2log(1l= 9
. ()2 ’ ()2

We assumé& happens in the rest of the proof.

N& max min +1: (41)

Let us rst focus on the elimination phase, notice that eemnpliesjr® r2j < c- for every
a2 A-. Inthis case, the optimal actions never get eliminated. In faaf, # A -, then for alla 2 A -
it holds that 9 ,

F +2c r® +c r*+c
As a consequence, we also ha/e2 A -.; and we conclude by the principle of induction. With this
we further deduce that all actienawith 2  4c gets eliminated after it is taken at mogimes. To
see this, notice that for such action we have

K +2c <r2+3c = r? a4+3c < 1 d+4c P
Therefore, for alt in phase | of thg algorithm, it is true that
32log(=9  32m2?log(1= 9
2 ' ( )2
up

This suggests that inequality (41) holds if the algorithm terminates in the elimination phase.

N¢ (42)

Otherwise, the algorithm constru@si)'s, 2's, and switches to thelPUCB phase. Let us denote
by S(i) = fa2 A :i 2 V2gthe set of actions that do not affect variablend letAes= An,+1 be

the actions that remain after phase |. We argue that thé%etare constructed such that whEn
occurs,
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M 9G) s ().
(i) If there exista; a2 A 15\ S (i) such that 6 a’then we also hava; a®2 $(i).
The second point is proved by observing that urilere must have °(i) 2 Ch 1 (i)\C{’};Ll (1)

if a;a%2 A es\S (i). To show the rst point, notice that after the elimination phase, each of the
action inA ¢sis taken exactlyi(32= 2 log(1= 9etimes and thus? up=4. By Assumption 1,

if a Z2S(i), then for alla® 2 A .sn fag we havej 2(i) ao(i)j up» Which along with the
de nition of EimpliesG, ., (i) \C{‘LOJ,1 (i) = ?, and therefora Z @(i).
The rest of the proof follows closely that of Theorem 1. Suppose that a suboptimal additaken

at roundt during phase Il of the algorithm. This mearfs ta? (recall thata’ 2 A s SinceE
happens), i.e.,

X )
CHORYE0)) (U (i)  U2(i)):
i29a i2pa’
Rearranging the terms we get
X X X ) X
U@ + Ue(i) U2 (i) + U2 (i):
i29a i29a’nba i29a’ i29anga’?
Ifi 2 92" n 92 thena 2 $(i). In particular,§(i) 6 ? soa’= a%(i) = arg max , g, N& 1 is
well-de ned andU?(i) = Utao(i). With Q(i) S (i) we know that ao(i) = 9(i) and accordingly
i @.3)  °)j] &, by the fact thatE happens. This shows?(i) °(i). Moreover,
N@" N by the choice 0B henceU2(i)  °(i)+2¢®;,  9(i)+2c® ;. The same argument

applies ta 2 92 nPa’ | and the UCB indices ad anda’ can be bounded from above and below as
in previous proofs. In summary, we obtain

X X , X
(2(+2¢ )+ ( °()+2¢ ) i)+ o(i):
i29a i29a?npa i29a? i29anpa’
Equivalently,
2 X 2 X
2card 92[ 92 & ' (j) a(j); (43)
i29a[ pa’ i29a[ pa’
To conclude, we claim that . .
Y292 = va[v e (44)
Letus rstshowvd 92 v a[v @’ The rstinclusion is a consequence i) S (i):
i2v2 =) azS(i) =) a62(i) =) 29
As for the second inclusion we prove it's contrapositive:
i2VA[Va =) aa’2A\S (i) =) aa2$i) =) i2¥
Notice that the second implication holds becaass suboptimal and in particular 6 a’. The
inclusionva”  9a’ v a [V 2 can be proved in a similar way, and combining these results gives

(44). Therefore, the right;hand side @f3)is exactly 2 while the left-hand side of43) is bounded
from above by2(L? + L2 )c? ;. In consequence,
8(L2 + L?")%log(1= 9.
(2?2 '
Therefore, any suboptimal action that gets taken in thelOB phase satis es
8(L2 + L2")2log(1= 9)
(2?2
On the other hand, if an suboptimal action is not taken inth&) CB phase theif42) applies, so in
either case (41) is veri ed, which concludes the proof. O

a
Ntl

+1:

Ng
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Algorithm 7 C2UPUCB: Case of single treatment
1: Input: Budget constraint , Parameters for computing the UCBs indices

3: fori2V do

4: Compute UCB indice$U{ (i)) 22t 0:14

5: Compute uplifting index (i) p { ()= U&G) U3

6: SetVi argmaxsy .cad(s) L i2s t(i)

7:  Select actiora; = (1fi 2 V(Q)iav {this de nes the set of treated customers}

Remark2. A natural candidate fod?(i) is the one that uses aggregated information &S)inThe

problem of this choice is that how we aggregate the observations collected in the rst phase are
only determined at the end of the the phase, while this choice itself depends on these observations.
Mathematically, this prevents us from de ning a suitable martingale difference sequence for which
we establish concentration bound. An easy x is to only aggregate observations from the second
phase, while the use of the observations from the rst phase should be limited to those coming from
just one arm.

F Contextual Combinatorial Uplifting Bandits

To demonstrate the exibility of our framework, we consider in this section another contextual
extension that tackles the problem of targeted campaign. Throughout the section, we refer to
the variables as individuals (customers) that we may want to treat (serve) with some treatment
(campaign). To improve the overall return on investment, it is often bene cial to treat only a subset
of the individuals. The bandit problem thus consists of nding the right set of individuals to treat at
each round. We formalize this model and provide a template algorithm for solving the problem in
Appendix F.1. Subsequently, we specify the algorithm for the case of linear expected payoffs and
present some associated analysis in Appendix F.2. Numerical experiments conducted with the Criteo
Uplift Prediction Dataset are presented in Appendix F.3.

F.1 Model and Algorithm Template

Let us consider a pool ah individuals that may change from round to round, associated with
(time-dependent) contex¢s; (i))i2v with x;(i) 2 RY. At each round, the learner selects at most
individuals to treat. If there is only a single treatment, the action set can be writden-aga 2
f0;1g™ : kakg Lg, wherekakg is the number of non-zero coordinatesaofin this form, thei-th
coordinate ofa is 1 if and only if individuali receives the treatment. Similar to before, the learner
observes the payoffs of all the individuals after treatments are applied.

We also make a practicab interferenceassumption, that the payoff of each individual only depends
on whether they are treated or not (i.e., independent of others). Then, with the notations de ned in
Section 7, we can de ne functiorgg for z 2 f 0; 1g so thatf 2(x.(i)) = g*() (x¢(i)).** Considering

the action oflgaot treating any individual as the baseline, the uplift of actionroundt is given

by ras(xt) = java PO (xe(1))  g°(xt(i)), whereV@ is the set of individuals treated by action

a. For UCB-type methods, we should thus provide upper con dence baupag@3 for g% (x(i)).
Depending on whether the baseline function is known or not, we may subaeti)) or U2(i)

from U2(i) to compute the uplifting indices for each individual. The algorithm then choosés the
individuals with the highest uplifting indices. We formalize the above explanation in Algorithm 7,
and refer to the resulting algorithm as CRUCB, where C2 stands for “contextual combinatorial”.

The Case of Multiple Treatments. More generally, there may be a set of different treatments that
can be applied. Let us denote By= f1;:::;qg this set of treatments, and wril, = Z [f Og,
where, as beford) indicates that no treatment is applied to an individual. The underlying action set
isnowA = fa2 (Zo)™ : kaky Lg. Similarly, we associate each treatment with a funcgén

The reward and the uplg'zt of choosing actiarn rounc;g are given then by

rxg= @Oxd(); rix) = O xe()  gxe(i):

i2v i2va

Ustrictly speakingf 2 is a function of(x;(i);i) here.
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Algorithm 8 C2UPUCB-M: Case of multiple treatments
1: Input: Budget constraint , Parameters for computing the UCBs indices, Treatmer# get

3: fori2V do

SetVi argmaxsy card(s) L i2s  t(i) {this de nes the set of treated customers}
Select actiora;  (z(i) 1fi 2 V{Q)iav {ai(i) = z(i) if i 2 V¢; a(i) = 0 otherwise}

4: Compute UCB indice$UZ (1)) 22z , for (g% (Xt (i))) 22z , {use (47) for linear payoffs}
5: Compute uplifting indice$ {(i)) 22z { 2(i)= UE@) U2(i)}
6: Compute presumed optimal gseatmey(ti) and uplifting index ¢ (i) {use (45)}
7

8:

The new problem consists in nding both the set of customers to treat and the treatments to apply to
these customers at each round. To adz®t/PUCB to this situation, we de ne a treatment-dependent
uplifting index (i) = UZ(i) UQ(i) whereUZ(i) andU?(i) are respectively upper con dence
bounds org®® (x,(i)) andg®(x.(i)). Again, if g° is known,U°(i) can be simply taken ag (x.(i)).

Next, at each time stepwe de ne the presumed optimal treatment for individuahd the associated
uplifting index as

2 =argmax {05 (0= 100 =max 10y )

The adapted 2UPUCB algorithm then chooses thecustomers with the largest uplifting index
and for each of these customers chooses their presumed optimal treatment. The resulting algorithm
(referred to as C2BUCB-M) is summarized in Algorithm 8 .

F.2 Linear Expected Payoffs

To provide a concrete algorithm and its analysis thereof, let us assungg tisdinear in the feature

vector with some unknown coef cient vectof, i.e.,g*(X¢(i)) = h %;x¢(i)i. Then, we can construct
upper con dence bounds fay*(x;(i)) following the ideas of linear UCB]]. To begin, for each

z2Zgandt 2f1;:::;Tg, we de ne

VE=1fi2V :al()= zg

as the set of customers that receive treatrmeéntroundt. Fix a regularization parameter 0, we
further de ne the followingd d matrix andd-dimensional vector

X X . XX
V=1 o+ xs(i)xs(1)";  Bf = Ys(i)xs(i): (46)

s=1 i2v? s=1 i2v?

The regularized least-square estimate?is then given by’\tZ = (V) f. The UCB index is of
the form

UZ(3i) = h'Z ;x(i)i + thxi (D)Kevz ) 1t (47)
for some . that is properly chosen.

Regret Guarantee. In this part, we provide regret analysis for Algorithm 8 whgthe baseline
payoffs are unknownij) the expected payoffs are linear, aiiig the UCB indices are computed
following (47). For technical reasons, we will assume the noisé$ to be mutually independent
(here (i) = yi(i) h Z;x(i)i). We comment on this assumption in Remark 3.

The theorem below establishes a high-probability regret boun@ 2aPU CB-M when the above
conditions are satis ed.

Theorem 5. Assume thaktx;(i)k 1 for all t andi and( (i))iov are mutually independent and

1-sub-Gaussian (conditioning on the past). Bet Osuch thak *k Sforall z2 Z,. Thenif

C2UPUCB-M (Algorithm 8) is run with the UCB indices de ned {47) under the parameter choices
s

q+1

p_
t= S+ 2log —— +dlog 1+m—t

d ;

33



and L, it holds, with probability at least  , that
s s I
Regr 4 dL(gq+1)Tlog 1+;—T p% + 2log g+t + dlog 1+n;7T

(48)

Theorem 5 provides a regret bounoﬂmp max(d; L)dgqLT). We observe that the dependencenon

is only logarithmic. In factm plays no role in ejther the number of parameters to estimate (which is
(g+ 1) d) or the scale of the noise (which is@(" L)). Ideally, we would like to remove completely

the dependence an. However, we are not able to achieve this in our proof, and we leave whether
this is possible gr not as an open question. Finally, due the mutual independence of noises, the regret
only scaleswith L aslongad. d.

Remark3. Thelog(m) factor appears becaué‘% is estimated using feedback from rouginiy

samples (see Lemma 5 below). This is also the reason WPB/ we need mutual independence of the
noises, since otherwise, this estimation may cause the regret tangédrger. It can be easily veri ed

that the dependence om can be completely removed when the baseline payoffs are known and used
for computing the uplifting indices. In this casg, we can also show if the noise& are not mutually
independent, multiplying the second term qfby L still guarantees a regret @(dL™ qT). What

is at stake here is Lemma 5 that we present below, as the size of the con dence ellipsoid varies for
different underlying assumptions.

Analysis. To prove Theorem 5, we need to show thid{(i) as de ned in(47)is indeed an upper

con dence bound ofln %; x¢(i)i. This step is based on the following lemma which establishes the
con dence ellipsoids of the estimated parameters. In 1dg{j) de ned in (47) can be regarded as

the largest estimated payoff that one can get from choosing a parameter from the con dence ellipsoid.

Lemma 5. Assume thakx;(i)k 1forall t andi and( {(i))iov are mutually independent and
1-sub-Gaussian (conditioning on the past). ForaR Z , and °2 (0; 1), with probability at least
1 Oitholds for allt that

S

p— z

K? “ky: | k?k+ 2log = +log 92040
S

“k Zk+ 2log = +dlog 1+zlit

Proof. This is an immediate corollary ofl] Th. 2]. Since( {(i))i2v are mutually independent, we
can apply this theorem by arranging(i))igvsin some arbitrary order; (i1);:::; t(icard(vz)) SO
that ((ix) is 1-sub-Gaussian conditioning ¢n . f s(i) : i 2VZQ)[f (ko)1 ko k-

s=1

follows from the AM—GM inequality on the eigenvalues\gf, det(V;?)  (tr( V;2)=d)®. O

P
For the second inequality, we notice tietVv,?) d + ! i2\,Szkxt(i)kz d + mt. Itthus

The lemma below will also be useful for bounding the regret.

I:,emma 6. Consider subsets of the variablag;:::;V+ V and deneV, = | +
;:l 2V, xs(i)xs(i)™. If max, [t card(Vy) andkx(i)k 1 for all t andi, it holds
that I
P :
X X T vV,
(K2 o 2log 2V g 1+ %rd(t) :
t=1 i2v, v

Proof. Forallt 1, we have
!

X B X _ _ N
Vi= Vo1t (X)) = VTV X ()Y, T2V
i2V¢ i2V¢
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Thus, withw; (i) = V, 17X (i), we get
|

X
det(V;) =det(V; 1)det | + we(Dwe (i)™ (49)
2V ¢
Regardingf w; (i)gi2v, as column vectors, we der\gte by their horizontal concatenatidd &
RY M wherem, = card(V;). We haveWW?> = 2V, wt(i)wéif. Let the eigenvalues of
WW?>_be denoted by 1;:::; ¢, then cIearIydEt(I + WW?>) = ﬁzl (+ ). On the other
hand, E=1 Kk = tr( WW?) =tr( W>W) = i2Vtkwt(i)kz. From the non-negativity of the
eigenvalues oW W~ , we obtain
Yd xd X X
det(l + WW>)=  (1+ ) 1+ K=1+ kwi(i)k? = 1+ kxt(i)kZ 11 (50)
k=1 k=1 i2v, i2v, t

Applying (49) and (50) recursively leads to
! !

Y X Y X
det(Vr) det(1) 1+ kx()ke , = ¢ 1+ kx()k2 + @ (51)
t=1 i2V¢ vt t=1 12V cl
P
We now turn back to bound ,,,,, kxt(i)k\zl . - Since max, [ty card(Vy) andkx(i)k 1, we
have | ]
X ' X '
kxi(DKZ + =min 1 kx(i)KZ . 2log 1+ k(K . 1 (52)
. t 1 . t o1 X to1
12V ¢ i2V¢ 12V ¢
Combining(51) and(52) we get the rst inequality. The second inequality is proved as in Lemma 5.

O

We are now ready to prove Theorem 5. The rst part of the proof reuses the trick that we have seen
several times before, notably in the proof of Theorem 1. We rearrange the UCB indices and show
that the suboptimality gaps can be bounded from above by the sum of the radii of certain con dence
intervals. The details will be omitted. Next, we apply Lemma 6 to bound the sum of these upper

bounds and conclude.

Proof of Theorem 5For anyz 2 Z o, choosing °= =(q+ 1) in Lemma 5 gives

. z Nz1,2 .
P otk iG> o ot

With a union bound we thus deduce that with probability at I&ast, the inequalitk * Atz k\z,lz t
holds for allt andz. This also implies that for atl andz, we have

ihZxe@)ioh % @i do(Dkeve ) (53)

In the following, we will prove(48) under the condition tha53) holds, which happens with
probability at leasi as we just showed.

P _
Lett landal 2 argmaX,n oy kba(');xt(i)i be an optimal action of this round. The

algorithm chooses; that maximizes2 = = ,,,,. (U2(i) U2(i)), and thus
U0 G) U U0 a)  u(i): (54)
i2v at i2vai

On the other hand, inequality (53) can be rewritten as

UZ() 2 ekxe(iDkevz )+ b Zoxe(i)i UE(D): (55)
Combining (54) and (55) and rearranging, we get «
hal® &y ()i = hal® 2.y (i)i 2 (ke (DKo o
t 1
i2v i2vat [V ay i2vat [V af
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Summing the above from= 1 to T and applying the Cauchy—Schwarz inequality, we obtain

X X
Reg; 2 tht(i)k(vat(.)) .
5 t o1
t=1 jovac [v af
U o ¥
,tlj X , X X L,
2 1 card(va [V &) @ kXt(')k(Vlaqi)) .
t=1 t=1 i2Vv at [V a;’
Y 0 1
u X X X X
2 ;far @ kx((I)K2,, . o + kx( (K20 . A
(V¢ 1) (V1)
t=1 z2Z i2V¢ 2V 3t nvat
Since L, by Lemma 6, for alk 2 Z it holds that
. LT
kxt(l)k(zvtz o+ 2dlog 1+ T
t=1 i2v?

- o P, P . > . 0 o . :
Similarly, letusde ne®® = | + ., a7 ya Xs(i)Xs(i)” . Using®? 4 V,% and invoking
Lemma 6 withV; V 2 nVa gives

X X o X X o L
i kXt(I)k(Vto R ] kxt(|)k(\$10 ot 2dlog 1+ q
t=1 jov ai nvat t=1 jov ai nvat
Putting the above three inequalities together, we get exactly (48). O

F.3 Experiments for Targeted Campaign with Criteo Uplift Dataset

In this section, we provide experiments for the contextual combinatorial uplifting model using the
Criteo Uplift dataset. At each roun#ipOindividuals are sampled from the dataset and the problem
consists in choosing0 of them to treat so that the number of visits over #® individuals is
maximized. Here, we compare our methods base@2drPUCB (Algorithm 7) with approaches
based on greedy aridgreedy (seed6] for a description) that are more appropriate baselines in this
setup. Again, our results are averaged d@@independent runs and the shaded areas of the plots
represent the standard errors.

Algorithms. In all the considered algorithms, the learner learns a logistic model based on the
feedback they have received from the individuals they select to'frdathe baseline model is
unknown, the learner also learns a baseline logistic model based on the feedback received from
the individuals they do not treat. In the following, we will denote respectivelgosind¢° the
conditional probability functions of the two tted models using data up to and including round
When the baseline model is known, we denotgbits conditional probability function. The methods

that we look into in this experiment mainly differ in how they select individuals in each rouasl

we detail below. As before, we use the suf x (bl) to indicate modi cation of the respective algorithm

to the case where the baseline payoffs are known.

« Greedy (bl): The learner chooses thi@individuals with the largest estimated uplif§s ;(x)
g°(x).

« "-greedy (bl): The learner reserves a exploration budyeherebis sampled fronB (10;") the
binomial distribution with parametef® and". 10 bindividuals are chosen greedily as in the

greedy strategy while the remainibgndividuals are randomly sampled from those that have not
been selected.

« "-greedy: For the greedy selection part'irgreedy, the estimated uplifts are computedyby; (x)

gto 1(X).

12| ogistic models were also considered in the original Criteo dataset paper [15] to compute uplifts.
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(a) Logistic models only used to generate counterfactual outcomes.

(b) Logistic models used to generate all the outcomes.

Figure 4: Results on the targeted campaign experiment. For the top row the logistic models are only used to
generate counterfactual outcomes, and in the bottom row all the outcomes are generated using the predicted
conditional probabilities of the logistic models. We plot regret computed using the predicted uplifts and the
realized rewards, and the predicted uplift averaged over all the treated individuals.

« C2UPUCB (bl): For each individuai we de ne their uplifting index 2(i) = % ;(x) +
kx¢(i)ks ) 1+ g°(x) whereVi' ; is de ned following (46) with =1 and is a explo-
ration parameter to be tuned. The algorithm consists in choosintOtmelividuals with the largest
uplifting indices.

« C2UPUCB: It works in the same way as C2UPUCB with baseline knowledge but the uplifting
index is now de ned by £(i) =5 () + kxe(Dkws ) 1 6 1(x)  kxe(i)kwype ) +;that
is, it is computed as the difference between two upper con dence bounds.

« C2UCB: It works in the same way &2UPUCB but the baseline is ignored, sg(i) = o 1(x)+
kxt(i)kez ) 2. The linear variant of this algorithm was introduced 82][for contextual

combinatorial bandits.

Note that as the reward comes from a logistic model, we use a logistic regression for the bandit
model based on the idea of GLM-UCRE]. For the results, we select the optimal parameters from

" 2 f0:.050:1;0:2;0:3gand 2 f 0:5;1; 2; 3g. More details on the tuning of the parameters are
provided in Appendix G.1, and the chosen optimal parameters are reported in Table 3.

Data Preprocessing. For this experiment, we normalize the data so that the features are contained
in the rangq0; 1]. Moreover, we also subsample the dataset to increase the visit @&btdn fact,

we found the logistic models to perform very poorly on the original dataset (with a f1-score around
0:4) due to its small visit rate dx04.

Feedback. We consider two ways to use the tted logistic models

1. The logistic models are only used to generate the counterfactual outcomes. That is, the feedback
of an individual is sampled from the Bernoulli distribution with mean predicted by either of the
models only if the learner decides to treat the individual while the individual is not treated in the
dataset or vice-versa.

2. The logistic models are used to generate all the outcomes.

Results. In Fig. 4 (Right), we plot the uplift averaged over all the individuals that have been treated
up to a time horizon by an algorithm. Higher this value is better it is because it means we are selecting
the individuals for which the treatment is the most effective. For comparison, we also indicate the
average uplift of random selection and an oracle strategy that always chood€sitd@iduals

with the highest uplifts. BotlC2UPUCB and"-greedy beat greedy and random selection, which
demonstrates the bene t of considering a bandit model for this problegneedy turns out to be
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Table 3: Parameter values used for the reported experimental results. TS stands for Thompson sampling. Please
refer to the text for a explanation on what is the parameter that we tune for each of the algorithms.

Non-contextual UCB WUCB(b) UPUCB UPUCB-nAff(b) UPUCB-nAff TS

Gaussian 2 5 3 5 3 8 10 2
Bernoulli 7107 810° 8 10 ° 5107 210°% 2107
Appendix H.4 0:6 0.5 0:4 1 04°) 7 10 2
Contextual C2UCB C2BUCB (h) C2WrUCB  "-greedy (b) "-greedy
Logistic for counterfactual 2 2 2 0.2 0.1
Logistic for all 2 2 2 0.2 0.2

quite competitive, bu€C2UPUCB still has a slight advantage no matter whether the baseline is known
or unknown.

For further comparison, we also plot the regret in terms of both the predicted uplifts (Left) and the
rewards that the learner actually receives (Middle) in Fi¢ Bor the two regrets, we de ne the
optimal action as the one that selects H@andividuals with the highest predicted uplifts. Then,

if the logistic models correctly predict the expected rewards, the regret in terms of the predicted
uplifts should be the expectation of the regret in terms of the realized rewards, and thus we should
get similar curves after averaging ov0runs. This is indeed the case in Fig. 4b. Nonetheless,
when the outcomes also come from true data, selecting the samples with higher predicted uplifts
does not necessarily result in higher rewards, which explains the discrepancy between Fig. 4a (Left)
and Fig. 4a (Middle) C2UPUCB and"-greedy perform quite similarly here when we look at the
realized rewards. Since the ground truth outcomes cannot be perfectly predict by logistic models,
we also observe linear regret of all the algorithms in Fig. 4a (Left), while in Fig. 4b (Left), both
C2UPUCB-M and C2UPUCB achieves sublinear regret and performs much better"tgmaedy.

In all the cases, Greedy and C2UCB perform poorly. This points out the importance of exploration
(which is taken into account by bandit algorithms) and uplift modeling in this problem. Finally, to
explain the surprising fact that an algorithm might perform better without knowledge of the baseline,
we look into the data and nd out that samples with higher baselines often have higher uplifts.
Therefore, when the learner is provided with the baselines of the samples, they may avoid choosing
these samples at the beginning, which results a slower exploration and a worse performance.

G Additional Experimental Details

In this section, we present missing experimental details from Section 8. The code implementation of

the proposed methods is attached in supplementary material. All our experiments are run on amazon
m4.xlarge EC2 instances. The Criteo Uplift Prediction Dataset that we use for our experiments has

the "CCO: Public Domain' license.

G.1 Choice of Algorithm Parameters

As mentioned in the main text, we report the results for the parameters that yield the best average
performance. Precisely, we condd@0independent runs for each experimental setup, and in each
run, we x the random seed and test all the candidate algorithms with their parameters chosen from
a prede ned set. The performance of a speci ¢ parameter choice is then evaluated by the sum of
the mean and one standard deviation of the regrets of the nal run. In fact, when the algorithm puts
too much weight on exploitation, we may get lower mean regret while the standard deviation gets
extremely large because the algorithm fails more frequently.

Below we explain in detail what are the parameters that we tune in the non-contextual experiments.
The optimal parameters that we have found are summarized in Table 3.

UCB and UPUCBs. For all UCB-type methods, we tune the exploration parameter. = © which
plays a crucial role in determining the widths of the con dence intervals-{3eend(5). Sincec?

13We use occasionally the term predicted uplift here to remind that they are computed using logistic models
tted on the dataset and we do not have access to any tygeahd-truthuplift.
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